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Abstract 

We generalize the tensor product theory for modules for a vertex operator algebra 
previously developed in a series of papers by the first two authors to suitable module 
categories for a "conformal vertex algebra" or even more generally, for a "Mobius 
vertex algebra." We do not require the module categories to be semisimple, and we 
accommodate modules with generalized weight spaces. As in the earlier series of papers, 
our tensor product functors depend on a complex variable, but in the present generality, 
the logarithm of the complex variable is involved. This first part is devoted to the 
study of logarithmic intertwining operators and their role in the construction of the 
tensor product functors. Part II of this work will be devoted to the construction 
of the appropriate natural associativity isomorphisms between triple tensor product 
functors, to the proof of their fundamental properties, and to the construction of the 
resulting braided tensor category structure. This work includes the complete proofs in 
the present generality and can be read independently of the earlier series of papers. 
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1 Introduction 



In a series of papers ( |HLlj . jHL4j . |HL5j . |HL6j . |HL7j . |Hlp . the first two authors have 
developed a tensor product theory for modules for a vertex operator algebra under suitable 
conditions. A structure called "vertex tensor category structure," which is much richer than 
tensor category structure, has thereby been established for many important categories of 
modules for classes of vertex operator algebras, since the conditions needed for invoking the 
general theory have been verified for these categories. The most important such families of 
examples of this theory are listed below. In the present work, which has been announced in 
|HLZj ■ we generalize this tensor product theory to a larger family of module categories, for 
a "conformal vertex algebra," or even more generally, for a "Mobius vertex algebra," under 
suitably relaxed conditions. A conformal vertex algebra is just a vertex algebra in the sense 
of Borcherds |Bj equipped with a conformal vector satisfying the usual axioms; a Mobius 
vertex algebra is a variant of a "quasi- vertex operator algebra" as in |FHLj . A central feature 



of the present work is that we do not require the module categories to be semisimple and 
that we accommodate modules with generalized weight spaces. 

As in the earlier series of papers, our tensor product functors depend on a complex 
variable, but in the present generality, the logarithm of the complex variable is involved. 
The first part of this work is devoted to the study of logarithmic intertwining operators 
and their role in the construction of the tensor product functors. The remainder of this 
work is devoted to the construction of the appropriate natural associativity isomorphisms 
between triple tensor product functors, to the proof of their fundamental properties, and 
to the construction of the resulting braided tensor category structure. This leads to vertex 
tensor category structure for further important families of examples, or, in the Mobius case, 
to "Mobius vertex tensor category" structure. 

This work includes the complete proofs in the present generality and can be read inde- 
pendently of the earlier series of papers. Our treatment is based on the theory of vertex 
operator algebras and their modules, as developed in |FLM2j . |FHLj . |DLj and |LLj . 

The main families for which the conditions needed for invoking the first two authors' 
general tensor product theory have been verified, thus yielding vertex tensor category struc- 
ture on these module categories, are the module categories for the following classes of vertex 
operator algebras (or, in the last case, vertex operator superalgebras) : 

1. The vertex operator algebras Vl associated with positive definite even lattices L; see 
(B] , jFLM2j for these vertex operator algebras and see |Dlj . |DLj for the conditions 
needed for invoking the general tensor product theory. 

2. The vertex operator algebras L{k, 0) associated with affine Lie algebras and positive 
integers k; see jFZj for these vertex operator algebras and jFZj . |HL8j for the conditions. 

3. The "minimal series" of vertex operator algebras associated with the Virasoro algebra; 
see |FZj for these vertex operator algebras and |Wj, |H2j for the conditions. 



Frenkel, Lepowsky and Meurman's moonshine module \^^; see |FLMlj . |B] . |FLM2j for 
this vertex operator algebra and |D2j for the conditions. 
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5. The fixed point vertex operator subalgebra of V^'' under tfie standard involution; see 
|FLMlj . |FLM2j for this vertex operator algebra and |D2j . |H3j for the conditions. 

6. The "minimal series" of vertex operator superalgebras (suitably generalized vertex op- 
erator algebras) associated with the Neveu-Schwarz superalgebra and also the "unitary 
series" of vertex operator superalgebras associated with the N = 2 superconformal al- 
gebra; see |KWj and |A2|j for the corresponding N = 1 and N = 2 vertex operator 



superalgebras, respectively, and |Alj . |A3j . |HMlj . )HM2j for the conditions. 

In addition, vertex tensor category structure has also been established for the module 
categories for certain vertex operator algebras built from the vertex operator algebras just 
mentioned, such as tensor products of such algebras; this is carried out in certain of the 
papers listed above. 

For all of the six classes of vertex operator algebras (or superalgebras) listed above, each 
of the algebras is "rational" in the specific sense of Huang-Lepowsky's work on tensor prod- 
uct theory. This particular "rationality" property is easily proved to be a sufficient condition 
for insuring that the tensor product modules exist; see for instance |HL5j . Unfortunately, 
the phrase "rational vertex operator algebra" also has several other distinct meanings in the 
literature. Thus we find it convenient at this time to assign a new term, "finite reductiv- 
ity," to our particular notion of "rationality": We say that a vertex operator algebra (or 
superalgebra) V is finitely reductive if 

1. Every V-module is completely reducible. 

2. There are only finitely many irreducible V^-modules (up to equivalence). 

3. All the fusion rules (the dimensions of the spaces of intertwining operators among 
triples of modules) for V are finite. 

We choose the term "finitely reductive" because we think of the term "reductive" as describ- 
ing the complete reducibility — the first of the conditions (that is, the algebra "(completely) 
reduces" every module); the other two conditions are finiteness conditions. 

The vertex-algebraic study of tensor category structure on module categories for cer- 
tain vertex algebras was stimulated by the work of Moore and Seiberg |MSj . in which, in 
the study of what they termed "rational" conformal field theory, they constructed a tensor 
category structure based on the assumption of the existence of a suitable operator product 
expansion for "chiral vertex operators" (which correspond to intertwining operators in ver- 
tex algebra theory). Earlier, in |BPZj . Belavin, Polyakov, and Zamolodchikov had already 
formalized the relation between the (nonmeromorphic) operator product expansion, chiral 
correlation functions and representation theory, for the Virasoro algebra in particular, and 
Knizhnik and Zamolodchikov |KZj had established fundamental relations between conformal 
field theory and the representation theory of affine Lie algebras. As we have discussed in 
the introductory material in |HL4j . |HL5j and |HL8j . such study of conformal field theory 
is deeply connected with the vertex-algebraic construction and study of tensor categories, 
and also with other mathematical approaches to the construction of tensor categories in the 
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spirit of conformal field theory. Concerning tlie latter approaches, we would like to men- 
tion that the method used by Kazhdan and Lusztig, especially in their construction of the 
associativity isomorphisms, in their breakthrough work in jKLlj - [RL5j . is related to the 
algebro-geometric formulation and study of conformal-field-theoretic structures in the in- 
fluential works of Tsuchiya-Ueno-Yamada |TUYj , Drinfeld |Drj and Beilinson-Feigin-Mazur 
BFMj . See also the important work of Deligne |Dej . Finkelberg ( |Filj |Fi2j ) . Bakalov-Kirillov 



|BKj and Nagatomo-Tsuchiya jNTj on the construction of tensor categories in the spirit of 
this approach to conformal field theory. 

The semisimplicity of the module categories mentioned in the examples above is related to 
another property of these modules, namely, that each module is a direct sum of its "weight 
spaces," which are the eigenspaces of a special operator L{0) coming from the Virasoro 
algebra action on the module. But there are important situations in which module categories 
are not semisimple and in which modules are not direct sums of their weight spaces. Notably, 
for the vertex operator algebras L{k, 0) associated with affine Lie algebras, when the sum of k 
and the dual Coxeter number of the corresponding Lie algebra is not a nonnegative rational 
number, the vertex operator algebra L{k, 0) is not finitely reductive, and, working with 
Lie algebra theory rather than with vertex operator algebra theory, Kazhdan and Lusztig 
constructed a natural braided tensor category structure on a certain category of modules 
of level k for the affine Lie algebra f fKLT] . |KL2] . |KL3] . |KL4] . [KL5] l This work of 
Kazhdan-Lusztig in fact motivated the first two authors to develop an analogous theory for 
vertex operator algebras rather than for affine Lie algebras, as was explained in detail in 
the introductory material in |HLlj . |HL4j . |HL5j . |HL6j . and |HL8j . However, this general 
theory, in its original form, does not apply to Kazhdan-Lusztig's context, because the vertex- 
operator-algebra modules considered in (HLlj . ^HL4j, |HL5^, ^HL6j, |iHL7] . |Hlj are assumed 
to be the direct sums of their weight spaces (with respect to L{0)), and the non-semisimple 
modules considered by Kazhdan-Lusztig fail in general to be the direct sums of their weight 
spaces. Although their setup, based on Lie theory, and ours, based on vertex operator algebra 
theory, are very different (as was discussed in the introductory material in our earlier papers), 
we expected to be able to recover (and further extend) their results through our vertex 
operator algebraic approach, which is very general, as we discussed above. This motivated 
us, in the present work, to generalize the work of the first two authors by considering modules 
with generalized weight spaces, and especially, intertwining operators associated with such 
generalized kinds of modules. This allows us to construct braided tensor category structure, 
and even vertex tensor category structure, on important module categories that are not 
semisimple. Using the present theory, the third author f|Zlj. |Z2j ) has indeed recovered the 
braided tensor category structure of Kazhdan-Lusztig, and also extended it to vertex tensor 
category structure. 

Logarithmic structure in conformal field theory was in fact first introduced by physicists 
to describe disorder phenomena |Guj. A lot of progress has been made on this subject. We 
refer the interested reader to the review articles |Ga2j . |F12j . |RTj and |Fuj . and references 



therein, in particular, for example, |F(;STlj . |F(;ST2j . |FHSTj . |FTT] . [Hnj . pOj and 

|GK2j . The paper jFHSTI initiates an interesting direction in logarithmic conformal field 
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theory. The paper |CFj in fact uses the results in the present work as announced in |JiLZj . 

Such logarithmic structures also arise naturally in the representation theory of vertex 
operator algebras. In fact, in the construction of intertwining operator algebras, the first 
author proved (see |H6p that if modules for the vertex operator algebra satisfy a certain 
cofiniteness condition, then products of the usual intertwining operators satisfy certain sys- 
tems of differential equations with regular singular points. In addition, it was proved in 
|H6j that if the vertex operator algebra satisfies certain finite reductivity conditions, then 
the analytic extensions of products of the usual intertwining operators have no logarithmic 
terms. In the case when the vertex operator algebra satisfies only the cofiniteness condition 
but not the finite reductivity conditions, the products of intertwining operators still satisfy 
systems of differential equations with regular singular points. But in this case, the analytic 
extensions of such products of intertwining operators might have logarithmic terms. This 
means that if we want to generalize the results in |HLlj . |HL4j - [5L7j . |Hlj and jH6j to the 
case in which the finite reductivity properties are not always satisfied, we have to consider 
intertwining operators involving logarithmic terms. 

In |Mij . Milas introduced and studied what he called "logarithmic modules" and "loga- 
rithmic intertwining operators." Roughly speaking, logarithmic modules are weak modules 
for a vertex operator algebra that are direct sums of generalized eigenspaces for the operator 
L(0). We will call such weak modules "generalized modules" in this work. Logarithmic in- 
tertwining operators are operators that depend not only on powers of a (formal or complex) 
variable x, but also on its logarithm logx. 

The special features of the logarithm function make the logarithmic theory very subtle 
and interesting. Although we show that all the main theorems in the original tensor prod- 
uct theory developed by the first two authors still hold in the logarithmic theory, many 
of the proofs involve certain new techniques and have surprising connections with certain 
combinatorial identities. 

As we mentioned above, one important application of our generalization is to the category 

of certain modules for an affine Lie algebra studied by Kazhdan and Lusztig in their series 
of papers [I KLlj - jKLSj . It has been shown in |Zlj and [Z2j by the third author that, among 
other things, all the conditions needed to apply our theory to this module category are 
satisfied. As a result, it is proved in |Zlj and |Z2j that there is a natural vertex tensor 
category structure on this module category, giving in particular a new construction, in the 
context of general vertex operator algebra theory, of the braided tensor category structure 
on The methods used in [KLl -[KES] were very different. 

In addition to these logarithmic issues, another way in which the present work generalizes 
the earlier tensor product theory for module categories for a vertex operator algebra is that 
we now allow the algebras to be somewhat more general than vertex operator algebras, in 
order, for example, to accommodate module categories for the vertex algebras Vl where L is 
a nondegenerate even lattice that is not necessarily positive definite (cf. [B , [DLj); see jZlj . 

What we accomplish in this work, then, is the following: We generalize essentially all the 
results in |HL5j . |HL6j . |HL7j and |Hlj from the category of modules for a vertex operator 
algebra to categories of suitably generalized modules for a conformal vertex algebra or a 
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Mobius vertex algebra equipped with an additional suitable grading by an abelian group. 
The algebras that we consider include not only vertex operator algebras but also such vertex 
algebras as Vl where L is a nondegenerate even lattice, and the modules that we consider 
are not required to be the direct sums of their weight spaces but instead are required only to 
be the (direct) sums of their "generalized weight spaces," in a suitable sense. In particular, 
in this work we carry out, in the present greater generality, the construction theory for the 
"P(^)-tensor product" functor originally done in |HL5j . |HL6j and |HL7j and the associativity 
theory for this functor — the construction of the natural associativity isomorphisms between 
suitable "triple tensor products" and the proof of their important properties, including the 
isomorphism property — originally done in |Hlj . This leads, as in |HL9j . to the proof of the 
coherence properties for vertex tensor categories, and in the Mobius case, the coherence 
properties for Mobius vertex tensor categories. 

The general structure of much of this work essentially follows that of |HL5j , |HL6j , |HL7j 
and jHlj . However, the results here are much stronger and more general than in these 
earlier works, and in addition, many of the results here have no counterparts in those works. 
Moreover, many ideas, formulations and proofs in this work are necessarily quite different 
from those in the earlier papers, and we have chosen to give some proofs that are new even 
in the finitely reductive case studied in the earlier papers. 

Some of the new ingredients that we are introducing into the theory here are (as we shall 
explain in detail): an analysis of logarithmic intertwining operators, including "logarithmic 
formal calculus"; a notion of "-P(-Zi, -2;2)-iiitertwining map" and a study of its properties; new 
"compatibility conditions" ; a generalization of the result that the homogeneous components 
of the products and iterates of intertwining maps span the appropriate tensor product mod- 
ules; results strengthening the relation between products and iterates of intertwining maps; 
and a generalized sufficient condition for the applicability of the theory, a condition that can 
be applied in the case of our suitably generalized modules. 

The contents of the sections of this work are as follows: In the rest of this Introduction 
we compare classical tensor product theory for Lie algebra modules with tensor product 
theory for vertex operator algebra modules. A crucial difference between the two theories 
is that in the vertex operator algebra setting, the theory depends on an "extra parameter" 
z, which must be understood as a (nonzero) complex variable rather than as a formal vari- 
able (although one needs, and indeed we very heavily use, an extensive "calculus of formal 
variables" in order to develop the theory). In Section 2 we recall some basic concepts in the 
theory of vertex (operator) algebras. We use the treatments of jFLM2j . |FHLj . |DLj and 
|LLj ; in particular, it is crucial in this tensor product theory to use the formal- calculus point 
of view as developed in these works. Readers can consult these works for further detail. 
We also set up the notation that will be used in this work, and we describe the main cat- 
egory of (generalized) modules that we will consider. In Section 3 we introduce the notion 
of logarithmic intertwining operator as in |Mij and present a detailed study of some of its 
properties. In Section 4 and 5 we present the definitions and constructions of P{z)- and 
Q{z)-tensoT products, generalizing those in |HL5j . |HL6j and |HL7j . Some of the proofs of 
results in Section 5 are given in Section 6. In Section 7 the convergence condition introduced 
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in |Hlj for constructing the associativity isomorphism is given in the present context. The 
new notion of P{zi, 2;2)-intertwining map, generahzing the corresponding concept in |Jilj . is 
introduced in Section 8. This will play a crucial role in the construction of the associativity 
isomorphisms. In Section 9 we prove some properties that are satisfied by vectors in the 
dual space of the vector-space tensor product of three modules that arise from products 
and from iterates of intertwining maps. This enables us to define two crucial subspaces of 
this dual space, by means of suitable compatibility and local grading restriction conditions. 
By relating these two subspaces, we construct the associativity isomorphism in Section 10. 
In Section 11, we generalize a certain sufficient condition for the existence of associativity 
isomorphisms in |Hlj . and we prove the relevant conditions using differential equations. In 
Section 12, we establish the coherence of our tensor category. 

1.1 The Lie algebra case 

It is heuristically useful to start by considering the tensor product theory for modules for a 
Lie algebra in a somewhat unusual way — a way that motivates our approach for the case of 
vertex algebras. 

In the theory of tensor products for modules for a Lie algebra, the tensor product of two 
modules is defined, or rather, constructed, as the vector-space tensor product of the two 
modules, equipped with a Lie algebra module action given by the familiar diagonal action 
of the Lie algebra. In the vertex algebra case, however, the vector-space tensor product of 
two modules for a vertex algebra is not the correct underlying vector space for the tensor 
product of the vertex-algebra modules. In this subsection we therefore consider another 
approach to the tensor product theory for modules for a Lie algebra — an approach, based 
on "intertwining maps," that will show how the theory proceeds in the vertex algebra case. 
Then, in the next subsection, we shall lay out the corresponding "road map" for the tensor 
product theory in the vertex algebra case, which we then carry out in the body of this work. 

We first recall the following elementary but crucial background about tensor product 
vector spaces: Given vector spaces Wi and W2, the corresponding tensor product structure 
consists of a vector space Wi ® W2 equipped with a bilinear map 

W1XW2 — >Wi(» W2, 

denoted 

{W(l),W^2)) ^ (g) W(2) 

for W(^i) G Wi and Wi^2) ^ W2, such that for any vector space W3 and any bilinear map 

B:WixW2 — > Ws, 

there is a unique linear map 

L:Wi^W2 — >W3 

such that 
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for G Wi, i = 1,2. This universal property characterizes the tensor product structure 
Wi ® W2, equipped with its bihnear map ■ ® ■, up to unique isomorphism. In addition, the 
tensor product structure in fact exists. 

As was illustrated in |HL4j , and as is well known, the notion of tensor product of modules 
for a Lie algebra can be formulated in terms of what can be called "intertwining maps": 
Let Wi, W2, Ws be modules for a fixed Lie algebra V. (We are calling our Lie algebra 
V because we shall be calling our vertex algebra V, and we would like to emphasize the 
analogies between the two theories.) An intertwining map of type (^^^J is a linear map 
/ : Wi ® W2 — > W3 (or equivalently, from what we have just recalled, a bilinear map 
W1XW2 — ^W^) such that 

7r3(t;)/(w(i) O W(^2)) = I{rri{v)w(^i) W(^2)) + /(w{i) ® 7r2(t;)w(2)) (1.1) 

for V E V and G Wi, i = 1,2, where 111,712,713 are the module actions of V on Wi, 
W2 and W3, respectively. (Clearly, such an intertwining map is the same as a module map 
from Wi ® W2, equipped with the tensor product module structure, to W3, but we are now 
temporarily "forgetting" what the tensor product module is.) 

A tensor product of the V -modules Wi and W2 is then a pair {Wq,Iq), where Wq is a 
\^-module and Iq is an intertwining map of type (yj^i^^) (which, again, could be viewed 
as a suitable bilinear map Wi x W2 — > Wq), such that for any pair {W,I) with W a V- 
module and / an intertwining map of type (^^^) , there is a unique module homomorphism 
rj : Wq — > W such that I = rj o Iq. This universal property of course characterizes (Wq, Iq) 
up to canonical isomorphism. Moreover, it is obvious that the tensor product in fact exists, 
and may be constructed as the vector-space tensor product Wi W2 equipped with the 
diagonal action of the Lie algebra, together with the identity map from Wi ® W2 to itself (or 
equivalently, the canonical bilinear map Wi x W2 — > Wi ® ^^2)- We shall denote the tensor 
product (Wq, Jo) of Wi and W2 by {Wi Kl W2, Kl), where it is understood that the image of 
W(i) ® W(2) under our canonical intertwining map Kl is Kl (2) . Thus Wi Kl W2 = Wi ® W2 , 
and under our identifications, Kl = It^i^vi/a- 

Remark 1.1 This classical explicit construction of course shows that the tensor product 
functor exists for the category of modules for a Lie algebra. For vertex algebras, it will 
be relatively straightforward to define the appropriate tensor product functor (s) (see |HL4j . 
[HL5j, ^HL6J , |HL7j ). but it will be a nontrivial matter to construct this functor (or more 
precisely, these functors) and thereby prove that the (appropriate) tensor product of modules 
for a (suitable) vertex algebra exists. The reason why we have formulated the notion of 
tensor product module for a Lie algebra in the way that we just did is that this formulation 
motivates the correct notion of tensor product functor(s) in the vertex algebra case. 

Remark 1.2 Using this explicit construction of the tensor product functor and our notation 
W(i)IEIt(;(2) for the tensor product of elements, the standard natural associativity isomorphisms 
among tensor products of triples of Lie algebra modules are expressed as follows: Since 

W(i) Kl W(2) = (S) W(2), we have 

(W(l) M W(2)) M ^(3) = (W(i) (g) 10(2)) 1^(3), 
K (w;(2) K W(3)) = (g) (w;(2) ® W(3)) 



9 



for G Wi, i = 1,2, 3, and so the canonical identification between ® (w(2) ® W(3)) and 
(u'(i) W(2)) "^(3) gives the standard natural isomorphism 

{WiMW2)^W3 Wim{W2^W3) 

M W^2)) ^ W^(3) f-^ 1^(1) K (l(7(2) Kl W(3)). (1.2) 

This collection of natural associativity isomorphisms of course satisfies the classical coherence 
conditions for associativity isomorphisms among multiple nested tensor product modules — 
the conditions that say that in nested tensor products involving any number of tensor factors, 
the placement of parentheses (as in (jl.2j) . the case of three tensor factors) is immaterial; 
we shall discuss coherence conditions in detail later. Now, as was discovered in |Hlj . it 
turns out that maps analogous to ()1.2|) can also be constructed in the vertex algebra case, 
giving natural associativity isomorphisms among triples of modules for a (suitable) vertex 
operator algebra. However, in the vertex algebra case, the elements "ti'(i) Kl W(2)," which 
indeed exist (under suitable conditions) and are constructed in the theory, lie in a suitable 
"completion" of the tensor product module rather than in the module itself. Correspondingly, 
it is a nontrivial matter to construct the triple-tensor-product elements on the two sides of 
()1.2|) : in fact, one needs to prove certain convergence, under suitable additional conditions. 
Even after the triple-tensor-product elements are constructed (in suitable completions of the 
triple-tensor-product modules), it is a delicate matter to construct the appropriate natural 
associativity maps, analogous to ()1.2|) . to prove that they are well defined, and to prove 
that they are isomorphisms. In the present work, we shall generalize these matters (in a 
self-contained way) from the context of jHlj to a more general one. In the rest of this 
subsection, for triples of modules for a Lie algebra, we shall now describe a construction of 
the natural associativity isomorphisms that will seem roundabout and indirect, but this is 
the method of construction of these isomorphisms that will give us the correct "road map" 
for the corresponding construction (and theorems) in the vertex algebra case, as in |HL5j . 
[HLBj . |HL7l and [HT] . 

A significant feature of the constructions in the earlier works (and in the present work) 
is that the tensor product of modules Wi and W2 for a vertex operator algebra V is the 
contragredient module of a certain \^-module that is typically a proper subspace of {Wi 
W2)*, the dual space of the vector-space tensor product of Wi and W2- In particular, our 
treatment, which follows, of the Lie algebra case will use contragredient modules, and we 
will therefore restrict our attention to finite- dimensional modules for our Lie algebra. It will 
be important that the double-contragredient module of a Lie algebra module is naturally 
isomorphic to the original module. We shall sometimes denote the contragredient module of 
a ^-module W by W, so that W" = W. (We recall that for a module W for a Lie algebra V, 
the corresponding contragredient module W consists of the dual vector space W* equipped 
with the action of V given by: {v ■ w*){w) = —w*{v ■ w) for v eV, w* e W*, w G W.) 

Let us, then, now restrict our attention to finite-dimensional modules for our Lie algebra 
V. The dual space {Wi®W2)* carries the structure of the classical contragredient module of 
the tensor product module. Given any intertwining map of type (,4)^2) ' using the natural 
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linear isomorphism 



Hom(l^i ® W2, iy3)-^Hom(1^3*, {W^ ® W2T) (1.3) 

we have a corresponding hnear map in Hom(iy3*, {Wi ® 1^2)*); and this must be a map 
of V^-modules. In the vertex algebra case, given ^-modules Wi and W21 it turns out that 
with a suitable analogous setup, the union in the vector space {Wi ® W2)* of the ranges of 
all such l^-module maps, as and the intertwining map vary (and with replaced by 
the contragredient module VF^), is the correct candidate for the contragredient module of 
the tensor product module Wi Kl W2. Of course, in the Lie algebra situation, this union is 
{Wi ® W2)* itself (since we are allowed to take = Wi ® W2 and the intertwining map to 
be the canonical map), but in the vertex algebra case, this union is typically much smaller 
than (Wi ® W2)*. In the vertex algebra case, we will use the notation to designate 

this union, and if the tensor product module Wi Kl W2 in fact exists, then 

WimW2 = {Wi^W2y, (1.4) 

W1SW2 = {Wimw2y. (1.5) 

Thus in the Lie algebra case we will write 

WisW2 = iWi0W2y, (1.6) 

and (jl.4j) and (jl.Sp hold. (In the Lie algebra case we prefer to write {Wi W2)* rather than 
{Wi (g) W2y, because in the vertex algebra case, Wi <S) W2 is typically not a ^-module, and 
so we will not be allowed to write {Wi ® W2)' in the vertex algebra case.) 

The subspace WiU W2 of {Wi ® W2)* was in fact further described in the following 
terms in |HL5j and [HLZ], in the vertex algebra case: For any map in Hom(Vr3, {Wi ® W2)*) 
corresponding to an intertwining map according to ()1.3|1 . the image of any w'^g^ G under 
this map satisfies certain subtle conditions, called the "compatibility condition" and the 
"local grading restriction condition"; these conditions are not "visible" in the Lie algebra 
case. These conditions in fact precisely describe the proper subspace iyiSiy2 of {Wi ® W2)* ■ 
We will discuss such conditions further in Section 1.2 and in the body of this work. As 
we shall explain, this idea of describing elements in certain dual spaces was also used in 
constructing the natural associativity isomorphisms between triples of modules for a vertex 
operator algebra in |Hlj . 

In order to give the reader a guide to the vertex algebra case, we now describe the analogue 
for the Lie algebra case of this construction of the associativity isomorphisms. To construct 
the associativity isomorphism from {Wi Kl W2) Kl to Wi M (W2 Kl W3), it is equivalent (by 
duality) to give a suitable isomorphism from WiS {W2 Kl Ws) to (Wi Kl W2) s W3 (recall ()1.4|) . 

Rather than directly constructing an isomorphism between these two V"-modules, it turns 
out that we want to embed both of them, separately, into the single space {Wi ® W2 ® W3)*. 
Note that (Wi ® W2 ® W3)* is naturally a V^-module, via the contragredient of the diagonal 
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action, that is, 



(7r(f)A) («;(!) (g)W(2) ®W(3)) = -A(7ri(f)w;(i) (g) W(2) ® W(3)) 

- A(w(i) (g) 7r2(t;)u'(2) ® tf(3)) 

- A(W(i) (g) W(2) (g 7r3(f )W(3)), (1.7) 

for f G K and W(i) G Wj, i = 1,2,3, where 711,112,713 are the module actions of V on Wi, 
W2 and 11^3, respectively. A concept related to this is the notion of intertwining map from 
Wi (g W2 (g W3 to a module W^, a natural analogue of (jHH), defined to be a linear map 

F ■Wi®W2®W3 — >Wi (1.8) 

such that 

^Ti{v)F{W(^,) (g W{2) (g W(3)) = F{7li{v)W{i) (g W;(2) (g W(3)) 

+ F{W{i) (g 7r2(f )W(2) (g W(3)) 

+ F(ty(i) (gw(2) (g7r(3)(i;)t(;3), (1.9) 

with the obvious notation. The relation between ()1.7|) and ()1.9|) comes directly from the 
natural linear isomorphism 

YiomiWi ®W2® W3, Wi)^Yiom{Wl, {Wi ®W2® W3)*); (1.10) 

given F, we have 

WI — > {Wi®W2®W3y 

V ^ voF. (1.11) 

Under this natural linear isomorphism, the intertwining maps correspond precisely to the 
V^-module maps from WI to {W\ (g W2 ® W-^)* . In the situation for vertex algebras, as was 
the case for tensor products of two rather than three modules, there are analogues of all of 
the notions and comments discussed in this paragraph except that we will not put V -module 
structure onto the vector space Wi (g W2 (g W^; as we have emphasized, we will instead base 
the theory on intertwining maps. 

Two important ways of constructing maps of the type p.8|) are as follows: For modules 
Wi, W2, W3, W4, Ml and intertwining maps Ji and I2 of types {-^l^^ and respec- 
tively, by definition the composition Ji o (1^,/^ (g/2) is an intertwining map from Wi®W2®W3 
to W4. Similarly, for intertwining maps F, P of types {j^^^ and i^^^^^, respectively, the 
composition F o (/^ (g Iwz) is an intertwining map from Wi (g W2 ® W^, to 1^4. Hence we 
have two l^-module homomorphisms 

WI — > {Wi®W2®W3Y 

V ^^ voFx, (1.12) 
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where Fi is the intertwining map Ii o (^l^r_^ ^ I2); and 

— > {Wi®W2®W3y 

V ^ V0F2, (1.13) 

where F2 is the intertwining map F o (J^ o 

The special cases in which the modules W4 are two iterated tensor product modules and 
the "intermediate" modules M\ and M2 are two tensor product modules are particularly 
interesting: When = l^i Kl {W^ Kl W3) and Mi = Kl IVs, and l\ and I2 are the corre- 
sponding canonical intertwining maps, ()1.12j) gives the natural l^-module homomorphism 

1^15(1^2 ^ (W^l ® W^2 ® VTs)* 

V ^ {W(i-) (g) W{2) ® tf(3) '^('W^(l) (W(2) Kl tf(3)))); 

(1.14) 

when 1^4 = iyVx Kl 1^2) ^ W^a and M2 = W^i Kl M/2, and F and are the corresponding 
canonical intertwining maps, (|1.13|) gives the natural ^-module homomorphism 

{W^^W2)^W^ — > i^x®W2®W?X 

(1.15) 

Clearly, in our Lie algebra case, both of the maps ()1.14|) and ()1.15|) are isomorphisms, since 
they both in fact amount to the identity map on {Wi ® W2 ® W3)*. However, in the vertex 
algebra case the analogues of these two maps are only injective homomorphisms, and typically 
not isomorphisms. (Recall the analogous situation, mentioned above, for double rather than 
triple tensor products.) These two maps enable us to identify both 1^15(1^2 ^ W^s) and 
(Wi Kl 1^2) S 1^3 with subspaces of {Wi ® W2 ® W3)*. In the vertex algebra case we will have 
certain "compatibility conditions" and "local grading restriction conditions" on elements of 
{Wi<S)W2<S)Ws)* to describe each of the two subspaces. In either the Lie algebra or the vertex 
algebra case, the construction of our desired natural associativity isomorphism between the 
two modules (Wi Kl W2) Kl W3 and Wi Kl {W2 Kl 1^3) follows from showing that the ranges of 
homomorphisms ()1.14|) and ()1.15p are equal to each other, which is of course obvious in the 
Lie algebra case since both p.l4|) and (jl.lSp are isomorphisms to (Wi ® VF2 ® W3)*. It turns 
out that, under this associativity isomorphism, (|1.2j) holds in both the Lie algebra case and 
the vertex algebra case; in the Lie algebra case, this is obvious because all the maps are the 
"tautological" ones. 

Now we give the reader a preview of how, in the vertex algebra case, these compatibility 
and local grading restriction conditions on elements of [Wi W2 ® W^)* will arise. As we 
have mentioned, in the Lie algebra case, an intertwining map from Wi ® W2 ® W3 to W4 
corresponds to a module map from to {Wi ® W2 ® W3)*. As was discussed in [Hl^, for 
the vertex operator algebra analogue, the image of any w^^-j G under such an analogous 
map satisfies certain "compatibility" and "local grading restriction" conditions, and so these 
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conditions must be satisfied by those elements of (Wi ® W2 ® W3)* lying in the ranges of 
the vertex-operator-algebra analogues of either of the maps (|1.14|) and (jl.l5j) (or the maps 
(fTT^ and (inSl)). 

Besides these two conditions, satisfied by the elements of the ranges of the maps of both 
types p.l4|) and (jl.lSp , the elements of the ranges of the analogues of the homomorphisms 
()1.14|) and ()1.15|) have their own separate properties. First note that any A G {Wi<^W2<^W3)* 
induces the two maps 



w 



(1) 



A(w(i)®-®-) (1.16) 



and 



/if : ^ (Wi (g) 

^(3) ^ A(- (g) ■ (g) ti?(3)). (1-17) 

In the vertex operator algebra analogue |Hlj . if A lies in the range of ()1.14j) . then it must 
satisfy the condition that the elements /if (w(i)) all lie in a suitable completion of the 
subspace 1^2^ W3 of (W2 ® W3)*, and if A lies in the range of ()1.15|) . then it must satisfy the 
condition that the elements /if (1^(3)) all lie in a suitable completion of the subspace 
of {Wi^W2)* . (Of course in the Lie algebra case, these statements are tautological.) In |Hlj . 
these important conditions, that /tf (VTi) lies in a suitable completion of iy2SM/3 and that 
/tf (VF3) lies in a suitable completion of VriSiy2, are understood as "local grading restriction 
conditions" with respect to the two different ways of composing intertwining maps. 

In the construction of our desired natural associativity isomorphism, since we want the 
ranges of p.l4|) and p.l5|) to be the same submodule of {Wi ® W2 <S) W^s)*, the ranges of 
both ()1.14j) and ()1.15|) should satisfy both of these conditions. This amounts to a certain 
"extension condition" in the vertex algebra case. When all these conditions are satisfied, 
it can in fact be proved |Hlj that the associativity isomorphism does indeed exist and that 
in addition, the "associativity of intertwining maps" holds; that is, the "product" of two 
suitable intertwining maps can be written, in a certain sense, as the "iterate" of two suitable 
intertwining maps, and conversely. This equality of products with iterates, highly nontrivial 
in the vertex algebra case, amounts in the Lie algebra case to the easy statement that in 
the notation above, any intertwining map of the form Ji o {Iwi ® I2) can also be written as 
an intertwining map of the form o (J^ (g) l^^a), for a suitable "intermediate module" M2 
and suitable intertwining maps and and conversely. The reason why this statement is 
easy in the Lie algebra case is that in fact any intertwining map F of the type p.8|) can be 
"factored" in either of these two ways; for example, to write F in the form Ji o (1^^^ (g I2), 
take Ml to be W2 (g W3, I2 to be the canonical (identity) map and Ji to be F itself (with 
the appropriate identifications having been made). 

We are now ready to discuss the vertex algebra case. 
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1.2 The vertex algebra case 



In this subsection, which should be carefully compared with the previous one, we shall lay 
out our "road map" of the constructions of the tensor product functors and the associativity 
isomorphisms for a suitable class of vertex algebras, generalizing, and also following the ideas 
of, the corresponding theory developed in |HL5j . |HL6j . |HL7j and jHlj for vertex operator 



algebras. Without yet specifying the precise class of vertex algebras that we shall be using 
in the body of this work, except to say that our vertex algebras will be Z-graded and our 
modules will be C-graded, we now discuss the vertex algebra case. 

In this case, the concept of intertwining map involves the moduli space of Riemann 
spheres with one negatively oriented puncture and two positively oriented punctures and 
with local coordinates around each puncture; the details of the geometric structures needed 
in this theory are presented in [H4 ] . For each element of this moduli space there is a notion 
of intertwining map adapted to the particular element. Let z be a nonzero complex number 
and let P{z) be the Riemann sphere C with one negatively oriented puncture at oo and two 
positively oriented punctures at z and 0, with local coordinates 1/w, w — z and w at these 
three punctures, respectively. 

Let \^ be a vertex algebra (on which appropriate assumptions, including the existence 
of a suitable Z-grading, will be made later), and let Y{-,x) be the vertex operator map 
defining the algebra structure (see Section 2 below for a brief summary of basic notions and 
notation, including the formal delta function). Let Wi^ W2 and be modules for V , and 
let yi(-,a;), Y2{-^x) and Y^{-,x) be the corresponding vertex operator maps. (The cases in 
which some of the Wi are V itself, and some of the Yi are, correspondingly, Y , are important, 
but the most interesting cases are those where all three modules are different from V .) A 
"P(2;)-intertwining map of type (^^j^^^^^)" is a linear map 

I:Wi®W2 — >W^, (1.18) 
where is a certain completion of related to its C-grading, such that 

x'^^5 Y?Xv,xi)I{w(i) ®W(2)) 



Xq 



-U Xi-Xq 



= Z ^6 [j^-^-^^ Xo)W(^i) O W(2)) 

+Xo's(^—^) I{w(^i)^Y2{v,Xi)w^2)) (1.19) 
V J 

for V , W{\) G W\, W(2) G W^25 where Xq, X\ and X2 are commuting independent formal 
variables. This notion is motivated in detail in |HL4j . |HL5j and |HL7j : we shall recall the 
motivation below. 



Remark 1.3 In this theory, it is crucial to distinguish between formal variables and complex 
variables. Thus we shall use the following notational convention: Throughout this work, 
unless we specify otherwise, the symbols x, xq, xi, X2, . . . , y, yo, yi, y2, ■ ■ ■ will denote 
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commuting independent formal variables, and by contrast, the symbols z, z^, Zi, Z2, ... will 
denote complex numbers in specified domains, not formal variables. 



Remark 1.4 Recall from (FHLlI the definition of the notion of intertwining operator y{-,x) 
in the theory of vertex (operator) algebras. Given (Wi,Yi), (1^2,^2) and (PV3, Y3) as above, 
an intertwining operator of type (^.J^^) ^^'^ viewed as a certain type of linear map 3^(-, x)- 
from Wi ® W2 to the vector space of formal series in x of the form w(^)a^"^, where the 

coefficients w{n) lie in W3, and where we are allowing arbitrary complex powers of x, suitably 
"truncated from below" in this sum. The main property of an intertwining operator is the 
following "Jacobi identity" : 

Xq'^6 ( — — ) Y3{v,Xi)y{W(^i),X2)W(^2) 

-Xq^S (^^^^—^^ yiWi^i), X2)Y2{V, Xi)W(^2) 
= X2^5 (^-^—^—^^ yiYi{v,Xo)W(i),X2)W(2) (1-20) 

for V & V, G Wi and W(2) G W2. (When all three modules Wi are V itself and all four 
operators Yi and 3^ are Y itself, (jl.2(J|) becomes the usual Jacobi identity in the definition of 
the notion of vertex algebra. When Wi is V, W2 = W3 and y = Y2 = Y3, p.20|) becomes 
the usual Jacobi identity in the definition of the notion of \^-module.) The point is that by 
"substituting z for X2" in ()1.2U|) . we obtain ()1.19p . where we make the identification 

liw(i) (g) W(2)) = 3^(w(i), z)w(2); (1.21) 

the resulting complex powers of the complex number z are made precise by a choice of branch 
of the log function. The nonzero complex number z in the notion of P(2;)-intertwining map 
thus "comes from" the substitution of z for X2 in the Jacobi identity in the definition of the 
notion of intertwining operator. In fact, this correspondence (given a choice of branch of 
log) actually defines an isomorphism between the space of P(2;)-intertwining maps and the 
space of intertwining operators of the same type ([HL5], |HL7p : this will be discussed below. 

There is a natural linear injection 

Hom(iyi (g) W2,Ws) — > RomiW;^, {Wi ® 1^2)*), (1-22) 

where here and below we denote by W the (suitably defined) contragredient module of a 
l^-module W; we have W" = W. Under this injection, a map / G Hom(Vri ® W2, W3) 
amounts to a map /' : — > {Wi W2)*: 

«;'(3)^(^|3),/(-®-)), (1-23) 

where (■, ■) denotes the natural pairing between the contragredient of a module and its 
completion. If J is a P(z)-intertwining map, then as in the Lie algebra case (see above). 
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where such a map is a module map, the map ()1.23p intertwines two natural V^-actions on 
W3 and {Wi ® W2)*. We will see that in the present (vertex algebra) case, {Wi W2)* is 
typically not a l^-module. The images of all the elements G under this map satisfy 
certain conditions, called the "P(z)-compatibility condition" and the "P(2;)-local grading 
restriction condition," as formulated in jHL5j and ^HL7j : we shall discuss these below. 

Given a category of V^-modules and two modules Wi and W2 in this category, as in the Lie 
algebra case, the "P(2;)-tensor product of Wi and W2" is then defined to be a pair {Wq, Iq), 
where Wo is a module in the category and /q is a P( 2;) -intertwining map of type 
such that for any pair {W, I) with W a module in the category and I a P( 2;) -intertwining 
map of type (^^^^), there is a unique morphism rj : Wq — > W such that I = f] o I^-^ here 
and throughout this work we denote by x the linear map naturally extending a suitable 
linear map x from a graded space to its appropriate completion. This universal property 
characterizes {Wq, Iq) up to canonical isomorphism, if it exists. We will denote the P{z)- 
tensor product of Wi and W2, if it exists, by {Wi Mp^^) W2, Klp(^)), and we will denote the 
image of ® W(2) under ^p(z) by ^p(z) "^(2), which is an element of Wi Mp(z) W2, not 
oiWi Kp(^) W2. 

From this definition and the natural map p.22|) . we will see that if the P(z)-tensor 
product of Wi and W2 exists, then its contragredient module can be realized as the union of 
ranges of all maps of the form ()1.23|) as and / vary. Even if the P(z)-tensor product of 
Wi and W2 does not exist, we denote this union (which is always a subspace stable under a 
natural action of V) by WiSp(^z)W2. If the tensor product does exist, then 



examining ()1.24p will show the reader why the notation s was chosen in the earlier papers 
(K = s'!). Several critical facts about WiRp(^z)W2 were proved in |HL5j . |HL6j and |HL7j . 
notably, WiSp(^z)W2 is equal to the subspace of {Wi ® W2)* consisting of all the elements 
satisfying the P(z)-compatibility condition and the P(2;)-local grading restriction condition, 
and in particular, this subspace is V^-stable; and the condition that WiRp(^z)W2 is a module 
is equivalent to the existence of the P(2;)-tensor product Wi ^p(z) W2- All these facts will 
be proved below. 

In order to construct vertex tensor category structure, we need to construct appropriate 
natural associativity isomorphisms. Assuming the existence of the relevant tensor products, 
we in fact need to construct an appropriate natural isomorphism from {Wi^p(^zi-Z2)'^2)^p{z2) 
W3 to Wi^p(^zi)iW2^p(z2)W2,) for complex numbers Zi, Z2 satisfying |zi| > |z2| > \z\—Z2\ > 0. 
Note that we are using two distinct nonzero complex numbers, and that certain inequalities 
hold. This situation corresponds to the fact that a Riemann sphere with one negatively 
oriented puncture and three positively oriented punctures can be seen in two different ways 
as the "product" of two Riemann spheres each with one negatively oriented puncture and 
two positively oriented punctures; the detailed geometric motivation is presented in |H4j . 



To construct this natural isomorphism, we first consider compositions of certain inter- 



nal Kp(,) W2 

Wi^P^z)W2 



{w,sp^z)W2y, 



(1.24) 
(1.25) 



[HLi] and |HT]. 
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twining maps. As we have mentioned, a P( 2;) -intertwining map / of type (^^j^^^^^) maps into 
rather than W3. Thus the existence of compositions of suitable intertwining maps al- 
ways entails certain convergence. In particular, the existence of the composition ^p(zi) 
(w(2) ^p(z2) when \zi\ > \z2\ > and the existence of the composition ^p(^zi-z2) 
W(2)) ^P{z2) u){3) when \z2\ > \z\ — Z2\ > 0, for general elements w^i) of Wi, i = 1,2, 3, requires 
the proof of certain convergence conditions. These conditions will be discussed in detail 
below. 

Let us now assume these convergence conditions and let zi, Z2 satisfy \zi\ > \z2\ > \zi — 
Z2\ > 0. To construct the desired associativity isomorphism from (Wi^p(zj^_z2) ^2)^p(z2) ^3 
to WiMp(^zi)iW2^p{z2)W3), it is equivalent (by duality) to give a suitable natural isomorphism 
from WiSp(^zi)iW2^p{z2) W3) to {Wi^p(^zi-Z2) W^2)Sp(22)W^3- As we mentioned in the previous 
subsection, instead of constructing this isomorphism directly, we shall embed both of these 
spaces, separately, into the single space {Wi W2 (S> W3)*. 

We will see that (Wi^W2®Ws)* carries a natural K-action analogous to the contragredi- 
ent of the diagonal action in the Lie algebra case (recall the similar action of V on {Wi^W2)* 
mentioned above). Also, for four \^-modules Wi, W2, W3 and W4, we have a canonical no- 
tion of "P(-2i, 2:2) -intertwining map from Wi (8> W2 (8> W3 to W4" given by a vertex-algebraic 
analogue of ()1.9|) : for this notion, we need only that Zi and Z2 are nonzero and distinct. The 
relation between these two concepts comes from the natural linear injection 

Rom{Wi0W2®W3,W4) — y Rom{W^, {Wi W2 ® W^)*) 

F ^ F', (1.26) 

where F' : — > {Wi ^ W2 ® W^)* is given by 

uh^uoF, (1.27) 

which is indeed well defined. Under this natural map, the P{xi, ^2) -intertwining maps cor- 
respond precisely to the maps from to [Wi (S> W2 W3)* that intertwine the two natural 
l^-actions on and {Wi 1^2 ® W^)*. 

Now for modules Wi, W2, W3, W4, Mi, and a P(2;i)-intertwining map Ji and a P{z2)- 
intertwining map I2 of types (^^^jj and (^^^J, respectively, where \zi\ > \z2\ > 0, it 
turns out that by definition the composition Ii o {Iwi ® I2) is a P{zi, 2;2)-intertwining map. 
Similarly, for a P(2;2)-intertwining map P and a P{zi — 2;2)-intertwining map P of types 
(a^vKs) ^^'^ (HW2)' ^^spectively, where \z2\ > \z\ — Z2\ > 0, the composition P o (g) Iws) 
is a P(2;i, 2;2)-intertwining map. Hence we have two maps intertwining the \^-actions: 

Wi — > iWi®W2^W3y 

V ^ voFi, (1.28) 
where Pi is the intertwining map Ji o (1^^^ (g) Jg), and 

W[ — > (W^i ® W^2 ® W^a)* 

V ^ V0F2, (1.29) 
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where F2 is the intertwining map o i^P o 1^^^) . 

It is important to note that we can express these compositions 7i o {Iw-^ ® I2) and o 
{P®ly/.^) in terms of intertwining operators, as discussed in Remark IT^ Let 3^i, 3^2, and 
y'^ be the intertwining operators corresponding to Ji, /2, and J^, respectively. Then the 
compositions Ji o (ly^-j 0/2) and I'^o^P^lw-i) correspond to the "product" a;i)3^2(-, a;2)- 
and "iterate" 3^^(3^^(-, a;o)-, a;2)- of intertwining operators, respectively, and we make the 
"substitutions" (in the sense of Remark ll.4p xi Zi, X2 ^ and ^ zx — Z2 in order 
to express the two compositions of intertwining maps as the "product" 3^i(-, -2i)3^2('5 ^2)' 
and "iterate" y^iy^i ■, Zi — Z2)-, Z2)- of intertwining maps, respectively. (These products and 
iterates involve a branch of the log function and also certain convergence.) 

Just as in the Lie algebra case, the special cases in which the modules W4 are two 
iterated tensor product modules and the "intermediate" modules Mi and M2 are two tensor 
product modules are particularly interesting: When = Wi ^p{zi) (W2 ^p{z2) ^3) and 
Ml = W2 ^p{z2) and Ji and I2 are the corresponding canonical intertwining maps, p.28|) 
gives the natural l^-homomorphism 

WlBp(z,){W2^Piz2)W3) {Wi®W2^W3y 

Z/(W(1) ^P(zi) {W(2) ^P{Z2) «^(3)))); 

(1.30) 

when W4 = {Wi Mp(z,-Z2) W2) ^p(z2) and M2 = Wi Kp(^i-^2) W2, and and P are the 
corresponding canonical intertwining maps, ()1.29|) gives the natural l^-homomorphism 

{Wimp(,,_,,)W2)Rpi^z2)W^ {Wi®W2®w^y 

V ^ (W(l) ® W(2) ® W(3) ^ 

v{{Wix) Kp(^i_^2) W(2)) ^P{z2) 

(1.31) 

It turns out that both of these maps are injections |Hlj . as we prove below, so that we 
are embedding the spaces W^p{^zx)^2 ^p{z2) W^a) and {W\ Mp(^zx-Z2) ^'2)'^p(z2)^3 into the 
space {W\ ® W2 ® Ws)*. Following the ideas in |Hlj . we shall give a precise description of 
the ranges of these two maps, and under suitable conditions, prove that the two ranges are 
the same; this will establish the associativity isomorphism. 

More precisely, as in |Hlj . we prove that for any P{zi, 2:2) -intertwining map F, the image 
of any u G under F' (recall ()1.27|) ) satisfies certain conditions that we call the "P[zi, Z2)- 
compatibility condition" and the "P(2;i, ^2) -local grading restriction condition." Hence, as 
special cases, the elements of (Wi ® W2 ® W3)* in the ranges of either of the maps ()1.28j) or 
fll.29|) . and in particular, of ()1.30|) or p.31|) . satisfy these conditions. 

In addition, any A G {Wi ® W2 ® W^)* induces two maps iJ,^p and jj,^^ as in p.lfij) and 
fll.l7|) . We will see that any element A of the range of ()1.28|) . and in particular, of ()1.30|) . 
must satisfy the condition that the elements /i^^^(ty(i)) all lie in a suitable completion of 
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the subspace W2Sp(z2)W3 of (W2 ® W3)*, and any element A of the range of ()1.29p . and in 
particular, of p.31|) . must satisfy the condition that the elements fi\ (u^(3)) all lie in a suitable 
completion of the subspace WiRp(^zi-z2)^2 of (Wi W2)*. These conditions will be called 
the "P*^^''(z)-local grading restriction condition" and the "P''^'*(z)-local grading restriction 
condition," respectively. 

It turns out that the construction of the desired natural associativity isomorphism follows 
from showing that the ranges of both of ()1.30|) and ()1.31|) satisfy both of these conditions. 
This amounts to a certain "extension condition" on our module category. When this exten- 
sion condition and a suitable convergence condition are satisfied, as in jHlj we show below 
that the desired associativity isomorphisms do exist, and that in addition, the associativ- 
ity of intertwining maps holds. That is, let zi and Z2 be complex numbers satisfying the 
inequalities \zi\ > \z2\ > \zi — Z2\ > 0. Then for any P(zi)-intertwining map Ji and P{z2)- 
intertwining map I2 of types {y^ljj and (^^^^^, respectively, there is a suitable module 
M2, and a P(z2) -intertwining map and a P{zi — ^2) -intertwining map P of types 
and (iJ^^J , respectively, such that 

(W(4), ® /2(W(2) ® W(3)))) = (W^(4)> ® «^(2)) ® W(3))) (1.32) 

for e Wi,W(2) e W2, W(3) G W3 and w'^^^ G W^; and conversely, given P and P as 
indicated, there exist a suitable module Mi and maps Ji and /2 with the indicated properties. 
In terms of intertwining operators (recall the comments above), the equality ()1.32j) reads 

(W(4), 3^1 (W(i), Xi)3^2(W(2), 2:2)^(3)) |:,,=^i, ^2=^2 

= (w(4),3^^(3^^(w;(i),xo)w(2),a;2)w(3)))Uo=^i_^2,^2=^2, (1.33) 

where 3^i, 3^2, 3^^ and are the intertwining operators corresponding to Ji, I2, and J^, 
respectively. (As we have been mentioning, the substitution of complex numbers for formal 
variables involves a branch of the log function and also certain convergence.) In this sense, 
the associativity asserts that the "product" of two suitable intertwining maps can be written 
as the "iterate" of two suitable intertwining maps, and conversely. 

From this construction of the natural associativity isomorphisms we will see, by analogy 
with p.2|) . that {w(i) Mp^^^^^i) W(2)) ^p{z2) ^(3) is mapped naturally to W(i) lElp(^j) {w(2) ^P{z2) 
W(3)). The coherence property of the associativity isomorphisms will follow from this fact. 

Remark 1.5 Note that equation ()1.33|) can be written as 

3^l(W(l), Zl)3^2(u^(2), Z2) = 3^^(3^^(W(1), Zi - Z2)W^2),Z2), (1.34) 

with the appearance of the complex numbers being understood as substitutions in the sense 
mentioned above, and with the "generic" vectors W(3) and w'^^-^ being implicit. This (rigorous) 
equation amounts to the "operator product expansion" in the physics literature on conformal 
field theory; indeed, in our language, if we expand the right-hand side of ()1.34j) in powers 
of Zi — Z2, we find that a product of intertwining maps is expressed as an expansion in 
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powers of Zi — with coefficients that are again intertwining maps, of the form y^{w^ ^2)- 
When all three modules are the vertex algebra itself, and all the intertwining operators are 
the canonical vertex operator Y{-,x) itself, this "operator product expansion" follows easily 
from the Jacobi identity. But for intertwining operators in general, it is hard to prove the 
operator product expansion, that is, to prove the assertions involving p.32|) and ()1.33p above. 

Remark 1.6 The constructions of the tensor product modules and of the associativity iso- 
morphisms previewed above for suitably general vertex algebras follow those in jHL5j . |HL6j . 
(irCTj and [HI]. Alternat ive constructions are certainly possible. For example, an alterna- 
tive construction of the tensor product modules was given in p]. However, no matter what 
construction is used for the tensor product modules of suitably general vertex algebras, one 
cannot avoid constructing structures and proving results equivalent to what is carried out 
in this work. The constructions in this work of the tensor product functors and of the nat- 
ural associativity isomorphisms are crucial in the deeper part of the theory of vertex tensor 
categories. 

Remark 1.7 A braided tensor category structure on certain module categories for affine 
Lie algebras, and more generally, on certain module categories for "chiral algebras" associ- 
ated with "rational conformal field theories," was discovered by Moore and Seiberg |MSj in 
their important study of conformal field theory. However, they constructed this structure 
based on the assumption of the existence of a suitable tensor product functor (including 
a tensor product module) and also the assumption of the existence of a suitable operator 
product expansion for chiral vertex operators, which is essentially equivalent to assuming 
the associativity of intertwining maps, as we have expressed it above. As we have discussed, 
the desired tensor product modules were constructed under suitable conditions in the series 
of papers |HL5j . |HL6j and |HL7j . and in |Hlj the appropriate natural associativity isomor- 
phisms among tensor products of triples of modules were constructed and it was shown that 
this is equivalent to the desired associativity of intertwining maps (and thus the existence of 
a suitable operator product expansion). The results in these papers will now be generalized 
in this work. 
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2 The setting 



In this section we define and discuss the basic structures and introduce some notation that 
will be used in this work. More specifically, we first introduce the notions of "conformal vertex 
algebra" and "Mobius vertex algebra." A conformal vertex algebra is just a vertex algebra 
equipped with a conformal vector satisfying the usual axioms; a Mobius vertex algebra is a 
variant of a "quasi- vertex operator algebra" as in |FHLj . with the difference that the two 
grading restriction conditions in the definition of vertex operator algebra are not required. 
We then define the notion of module for each of these types of vertex algebra. Relaxing 
the L(0)-semisimplicity in the definition of module we obtain the notion of "generalized 
module." Finally, we notice that in order to have a contragredient functor on the module 
category under consideration, we need to impose a stronger grading condition. This leads to 
the notions of "strong gradedness" of Mobius vertex algebras and their generalized modules. 
In this work we are mainly interested in certain full subcategories of the category of strongly 
graded generalized modules for certain strongly graded Mobius vertex algebras. Throughout 
the work we shall assume some familiarity with the material in |FLM2j . |FHLj and |LLj . 
and in fact, as we mentioned in the Introduction, we will not require any results in vertex 
(operator) algebra theory outside of these three books. 

Throughout, we shall use the notation N for the nonnegative integers and for the 
positive integers. 

We shall continue to use the notational convention concerning formal variables and com- 
plex variables given in Remark 11.31 Recall from |FLM2j , |FHLj or |LLj that the "formal 
delta function" is defined as the formal Laurent series 



We will consistently use the binomial expansion convention: For any complex number A, 
(x + y)^ is to be expanded in nonnegative integral powers of the second variable, i.e.. 



Here xory might be something other than a formal variable (or a nonzero complex multiple of 
a formal variable); for instance, x or y (but not both!) might be a nonzero complex number, 
or X or ?/ might be some more complicated object. The use of the binomial expansion 
convention will be clear in context. 

Objects like 6{x) and {x + y)^ lie in spaces of formal series. Some of the spaces that we 
will use are, with W a vector space (over C) and x a formal variable: 



X 





G VF, all but finitely many a, 



"n 



0}, 



W[x,x-'] = [Y1 



OnX^lttn e W, all but finitely many a. 



•n 
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^[M] — |^^ctna;"|a„ G W (with possibly infinitely many a„ not 0)|, 

neN 

W{{x)) = l^^a^x^lan G W, a„ = for sufficiently small n|, 

Vr[[a;, x^"*^]] = |^^a„a;"|a„ G 1^ (with possibly infinitely many a„ not 0) 

nez 

We will also need 

Ty{a;} = l^ttnx'^la^ e Ty forn G C} (2.1) 



neC 



as m 



FLM2j : here the powers of the formal variable are complex, and the coefficients may 



all be nonzero. We will also use analogues of these spaces involving two or more formal 
variables. 

The following formal version of Taylor's theorem is easily verified by direct expansion 
(see Proposition 8.3.1 of !FLM2p : For f{x) G W{x}, 

ey£f{x) = f{x + y), (2.2) 

where the exponential denotes the formal exponential series, and where we are using the 
binomial expansion convention on the right-hand side. It is important to note that this 
formula holds for arbitrary formal series f{x) with complex powers of x, where f{x) need 
not be an expansion in any sense of an analytic function (again, see Proposition 8.3.1 of 
jFLM2j ). 

The formal delta function 5{x) has the following simple and fundamental property: For 
any f{x) G [x, 

f{x)5{x) = fimx). (2.3) 

(Here we are taking the liberty of writing complex numbers to the right of vectors in W.) This 
is proved immediately by observing its truth for f{x) = and then using linearity. This 
property has many important variants; in general, whenever an expression is multiplied by 
the formal delta function, we may formally set the argument appearing in the delta function 
equal to 1, provided that the relevant algebraic expressions make sense. For example, for 
any 

X{xi,X2) G (End 1^) [[xi, x^^"^, X2, "^]] 



such that 



exists, we have 



lim X(xi,X2) = X(xi,X2) 



Xl=X2 



X{xi,X2)S = X{X2,X2)S . 



(2.4) 



(2.5) 



The existence of the "algebraic limit" defined in ()2.4|) means that for an arbitrary vector 
w G W, the coefficient of each power of X2 in the formal expansion X{xi, X2)w is a finite 

Xl=X2 
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sum. In general, the existence of such "algebraic limits," and also such products of formal 
sums, always means that the coefficient of each monomial in the relevant formal variables 
gives a finite sum. Often, proving the existence of the relevant algebraic limits (or products) 
is a much more subtle matter than computing such limits (or products), just as in analysis. 

(In this work, we will typically use "substitution notation" like or X{x2,X2) rather 

Xl=X2 

than the formal limit notation on the left-hand side of ()2.4|) .) Below, we will give a more 
sophisticated analogue of the delta- function substitution principle (|2.5|) . an analogue that 
we will need in this work. 

This analogue, and in fact, many fundamental principles of vertex operator algebra the- 
ory, are based on certain delta-function expressions of the following type, involving three 
(commuting and independent, as usual) formal variables: 

here the binomial expansion convention is of course being used. 

The following important identities involving such three-variable delta-function expres- 
sions are easily proved (see |FLM2j or |LLj . where extensive motivation for these formulas is 
also given): 

X- [^^) = ^I'S , (2.6) 

Xi-X2\ ^i^fx2-Xi\ ^^IXi-Xq 



'6 ^-^-^ -x-,'5 ^^^-^ =X2'S ^^^-^ . (2.7) 



Xq J V -^0 J \ X2 

Note that the three terms in ()2.7|1 involve nonnegative integral powers of X2, xi and xq, 
respectively. In particular, the two terms on the left-hand side of ()2.7|1 are unequal formal 
Laurent series in three variables, even though they might appear equal at first glance. We 
shall use these two identities extensively. 

Remark 2.1 Here is the useful analogue, mentioned above, of the delta-function substitu- 
tion principle ()2.5j) : Let 

f{xi,X2,y) e (End W)[[xi,x^\ X2,X2\ y,y'^]] (2.8) 

be such that 

lim /(xi, ^2, ?/) exists (2.9) 

and such that for any w E W, 

f{xi, X2, y)w E W[[xi, x^\x2, X2^]]{{y)). (2.10) 

Then 

Xi^S (-^^^^ /(^i' ^2, y) = x^^S (-^^^^ /(^2 - y, X2, y). (2.11) 

For this principle, see Remark 2.3.25 of |LLj . where the proof is also presented. 
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The following formal residue notation will be useful: For 

/(x) = 5^a„x"Giy{x} 

neC 

(note that the powers of x need not be integral), 

Resa;/(x) = a_i. 
For instance, for the expression in ()2.6|) . 

Res,,X2-^ (^V^) " ^' ^^'^^^ 

For a vector space Ty, we will denote its vector space dual by W* (= Homc(VF, C)), and 
we will use the notation (-, or (•, •) if the underlying space W is clear, for the canonical 
pairing between W* and W . 

We will use the following version of the notion of "conformal vertex algebra": A con- 
formal vertex algebra is a vertex algebra (in the sense of Borcherds |Bj; see |LLj ) equipped 
with a Z-grading and with a conformal vector satisfying the usual compatibility conditions. 
Specifically: 

Definition 2.2 A conformal vertex algebra is a Z-graded vector space 

V = Wv^n) (2.13) 

(for V e V(ji), we say the weight of f is n and we write wt w = n) equipped with a linear map 
V ®V ^ V^x^ x~^'\\, or equivalently, 

V ^ {En<lV)[[x,x-^]\ 

= ^t;„a;-"-^ (where w„ G End V), (2.14) 

Y{v,x) denoting the vertex operator associated with v, and equipped also with two distin- 
guished vectors 1 G V(o) (the vacuum vector) and u G V(2) (the conformal vector), satisfying 
the following conditions for u,v & V: the lower truncation condition: 

UnV = for 72 sufficiently large (2-15) 

(or equivalently, Y{u,x)v G V{{x)))] the vacuum property: 

y(l,x) = lv; (2.16) 

the creation property: 

y(f,x)l G and \imY{v,x)l = v (2.17) 
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(that is, Y{v,x)l involves only nonnegative integral powers of x and the constant term is 
v); the Jacobi identity (the main axiom): 



Xn-^Si— — —]Y{u,xi)Y{v,X2) - Xn^Si— — —]Y{v,X2)Y{u,xi) 

\ Xq / \ —Xq / 

= x2's{^^^^y{Y{u,Xo)v,X2) (2.18) 



(note that when each expression in ()2.18|) is applied to any element of V, the coefficient of 
each monomial in the formal variables is a finite sum; on the right-hand side, the notation 
Y{-, X2) is understood to be extended in the obvious way to ^[[xq, a^o ^]]); the Virasoro algebra 
relations: ^ 

[L(m), L(n)] = (m - n)L{m + n) + —{m^ - m)6n+m,oC (2.19) 
for m,n E Z, where 

L{n)= Un+i forneZ, i.e., F(cj, x) = ^ L(n)x^"~^ (2.20) 

ceC (2.21) 

(the central charge or rank of V); 

^Yiv, x) = Y(L(-l)v, x) (2.22) 
dx 

(the L{—1)- derivative property); and 

L{0)v = nv = (wt v)v for n G Z and v G V(„). (2.23) 

This completes the definition of the notion of conformal vertex algebra. We will denote 
such a conformal vertex algebra by (V, Y, 1, u) or simply by V. 

The only difference between the definition of conformal vertex algebra and the definition 
of vertex operator algebra (in the sense of |FLM2j and [ FHLj ) is that a vertex operator algebra 
V also satisfies the two grading restriction conditions 

V(„) = for n sufficiently negative, (2.24) 

and 

dim V(„) < 00 for n G Z. (2.25) 

(As we mentioned above, a vertex algebra is the same thing as a conformal vertex algebra 
but without the assumptions of a grading or a conformal vector, or, of course, the L(?t,)'s.) 

Remark 2.3 Of course, not every vertex algebra is conformal. For example, it is well known 
[Bj that any commutative associative algebra A with unit 1, together with a derivation 
D : A ^ A can be equipped with a vertex algebra structure, by: 

Y{-,x)- -.AxA^ A[[x]], Y{a,x)b = (e^^a)6. 
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and 1 = 1. In particular, = for any u & A and n > 0. If is a conformal vector for 
such a vertex algebra, then for any m G A, Du = M_2l = L{—l)u from (|2.17|) and (|2.22p . 
so D = L{—1) = uq, which equals because u = L{0)u/2 = uiUj/2 = 0. Thus a vertex 
algebra constructed from a commutative associative algebra with nonzero derivation in this 
way cannot be conformal. 

Remark 2.4 The theory of vertex tensor categories inherently uses the whole moduli space 
of spheres with two positively oriented punctures and one negatively oriented puncture (and 
in fact, more generally, with arbitrary numbers of positively oriented punctures and one 
negatively oriented puncture) equipped with general (analytic) local coordinates vanishing 
at the punctures. Because of the analytic local coordinates, our constructions require certain 
conditions on the Virasoro operators. However, recalling the definition of the moduli space 
elements P{z) from Section 1.2, we point out that if we restrict our attention to elements 
of the moduli space of only the type P{z), then the relevant operations of sewing and sub- 
sequently decomposing Riemann spheres continue to yield spheres of the same type, and 
rather than general conformal transformations around the punctures, only Mobius (projec- 
tive) transformations around the punctures are needed. This makes it possible to develop 
the essential structure of our tensor product theory by working entirely with spheres of this 
special type; the general vertex tensor category theory then follows from the structure thus 
developed. This is why, in the present work, we are focusing on the theory of P(z)-tensor 
products. Correspondingly, it turns out that it is very natural for us to consider, along with 
the notion of conformal vertex algebra fPefinition 12. 2|) . a weaker notion of vertex algebra 
involving only the three-dimensional subalgebra of the Virasoro algebra corresponding to 
the group of Mobius transformations. That is, instead of requiring an action of the whole 
Virasoro algebra, we use only the action of the Lie algebra s[(2) generated by L(— 1), L(0) 
and ^(1). Thus we get a notion essentially identical to the notion of "quasi- vertex operator 
algebra" in [FHL] : the reason for focusing on this notion here is the same as the reason why 
it was considered in |FHLj . Here we designate this notion by the term "Mobius vertex alge- 
bra" ; the only difference between the definition of Mobius vertex algebra and the definition 
of quasi- vertex operator algebra |FHLj is that a quasi- vertex operator algebra V also satisfies 
the two grading restriction conditions ()2.24|) and ()2.25|) . 

Thus we formulate: 

Definition 2.5 The notion of Mobius vertex algebra is defined in the same way as that of 
conformal vertex algebra except that in addition to the data and axioms concerning V, Y 
and 1 (through (j2.18|) in Definition l2.2|) . we assume (in place of the existence of the conformal 
vector u and the Virasoro algebra conditions ()2.19p . ()2.20p and ()2.21|) ) the following: We 
have a representation p of s 1(2) on V" given by 



L{j)=p{L,), j=0,±l, 
where {L_i, Lq, Li} is a basis of s[(2) with Lie brackets 
[Lo,L„i] = [Lo,Li] = -Li, and 



2Lo, 



(2.26) 



(2.27) 
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and the following conditions hold for v G V: 

[L(-l), Y{v, x)] = YiLi-l)v, x), (2.28) 

[L(0), Y{v, x)] = Y{L{0)v, x) + xY{L{-l)v, x), (2.29) 

[L(l), Y{v, x)] = Y{L{l)v, x) + 2xY{L{0)v, x) + xV(L(-l)f , x), (2.30) 
and also, (IT^ and (IT^ . Of course, ^TM - ^^^ can be written as 

i+i 



[Lij),Yiv,x)] = X^(^ + ^')x^F(L(j-A:)t;,x) 

= E r I U^'+'-'>^(^fc-l)t;,x) (2.31) 



for J = 0,±1. 



We will denote such a Mobius vertex algebra by {V,Y, l,p) or simply by V. Note that 
there is no notion of central charge (or rank) for a Mobius vertex algebra. Also, a conformal 
vertex algebra can certainly be viewed as a Mobius vertex algebra in the obvious way. (Of 
course, a conformal vertex algebra could have other s[(2)-structures making it a Mobius 
vertex algebra in a different way.) 

Remark 2.6 By flT^ and ^^TT^i we have [L(0),L(j)] = -jL{j) for j = 0,±1. Hence 

L{j)V^n) C V^n-j), for J = 0, ±1. (2.32) 

Moreover, from ^TM . (IT^ and with = 1 we get, by (ITTHll and (pTTjl . 

L(j)l = for j = 0,±1. 

Remark 2.7 Not every Mobius vertex algebra is conformal. As an example, take the com- 
mutative associative algebra C[t] with derivation D = —d/dt, and form a vertex algebra as 
in Remark 12.31 By Remark |2.3( this vertex algebra is not conformal. However, define linear 
operators 

L{-1) = D, L{0)=tD, L{l)=t^D 

on C[t]. Then it is straightforward to verify that C[t] becomes a Mobius vertex algebra with 
these operators giving a representation of 5t(2) having the desired properties and with the 
Z-grading (by nonpositive integers) given by the eigenspace decomposition with respect to 
L(0). 

Remark 2.8 It is also easy to see that not every vertex algebra is Mobius. For example, 
take the two-dimensional commutative associative algebra A = CI © Ca with 1 as identity 
and = 0. The linear operator D defined by D(l) = 0, D{a) = a is a nonzero derivation of 
A. Hence A has a vertex algebra structure by Remark 12.31 Now if it is a module for s[(2) as 
in Definition 12.51 since A is two-dimensional and -^^(0)1 = 0, L{Q) must act as 0. But then 
D = L(-l) = [L(0),L(-1)] = 0, a contradiction. 
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A module for a conformal vertex algebra y is a module for V viewed as a vertex algebra 
such that the conformal element acts in the same way as in the definition of vertex operator 
algebra. More precisely: 

Definition 2.9 Given a conformal vertex algebra (V, Y, 1, a;), a module for y is a C-graded 
vector space 

W = l[ W^n) (2.33) 

ngC 

(graded by weights) equipped with a linear map V ®W ^ W[[x,x~^]], or equivalently, 

V (EndW)[[x,x-^]\ 

V ^ Y{v,x) ^^ynX-""-^ (where e End W^) (2.34) 

neZ 

(note that the sum is over Z, not C), Y{v,x) denoting the vertex operator on W associated 
with V, such that all the defining properties of a conformal vertex algebra that make sense 
hold. That is, the following conditions are satisfied: the lower truncation condition: for 

V E V and w G W, 

VnW = for n sufficiently large (2.35) 
(or equivalently, Y{v,x)'w G W{{x))); the vacuum property: 

y(l,x) = W; (2.36) 

the Jacobi identity for vertex operators on W: for u,v eV, 

i^/ao — ^\Y{u,Xi)Y{y,X2) - x^^si— — —]Y{y,X2)Y{u,Xi) 

\ Xq / \ —Xq / 

^ ^-is(^^—^)y{Y{u,Xo)v,X2) (2.37) 

\ X2 / 

(note that on the right-hand side, Y{u,Xo) is the operator on V associated with u); the 
Virasoro algebra relations on W with scalar c equal to the central charge of V: 

[L(m), L(n)] = (m - n)L{m + n) + - m)6n+m,oC (2.38) 

for m,n & 'Z, where 

L{n)=Un+i fornGZ, i.e., F(u;, x) = ^ L(n)a;~""^; (2.39) 

neZ 

-^Y{v, x) = Y{L{-l)v, x) (2.40) 
ax 

(the L(—l) -derivative property); and 

(L(0) -n)w = for n G C and w G W(n)- (2.41) 
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This completes the definition of the notion of module for a conformal vertex algebra. 



Remark 2.10 The Virasoro algebra relations ()2.38j) for a module action follow from the 
corresponding relations ()2.19|1 for V together with the Jacobi identities ()2.18j) and ()2.37j] 
and the L(— l)-derivative properties ()2.22|) and ()2.4U|) . as we recall from (for example) pHL] 
or jLLj. 

We also have: 

Definition 2.11 The notion of module for a Mobius vertex algebra is defined in the same 
way as that of module for a conformal vertex algebra except that in addition to the data 
and axioms concerning W and Y (through (j2.37j) in Definition I2.9|) . we assume (in place of 
the Virasoro algebra conditions ()2.38|) and ()2.39p ) a representation p of sl(2) on W given 
by ()2.26p and the conditions ()2.28p . ()2.29|) and ()2.30|) . for operators acting on W, and also, 
(fT^ and pTHl . 

In addition to modules, we have the following notion of generalized module (or logarithmic 
module, as in, for example, |Mij ): 

Definition 2.12 A generalized module for a conformal (respectively, Mobius) vertex algebra 
is defined in the same way as a module for a conformal (respectively, Mobius) vertex algebra 
except that in the grading ()2.33|) . each space W(^n) is replaced by W[n], where W[n] is the 
generalized L(0)-eigenspace corresponding to the (generalized) eigenvalue n G C; that is, 
(j2.33p and (|2.41|) in the definition are replaced by 

W = Y[ W[n] (2.42) 

TlGC 

and 

for n eC and w G W[n], {L{0) - n)'^w = for m G N sufficiently large, (2.43) 

respectively. For w G W[n], we still write wt w = n for the (generalized) weight of w. 

We will denote such a module or generalized module just defined by {W, Y), or sometimes 
by {W, Y]y) or simply by W. We will use the notation 

TTn-.W^ W[n] (2.44) 

for the projection from W to its subspace of (generalized) weight n, and for its natural 
extensions to spaces of formal series with coefficients in W. In either the conformal or 
Mobius case, a module is of course a generalized module. 
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Remark 2.13 For any vector space U on which an operator, say, L{0), acts in such a way 
that 

U=l[ U[^] (2.45) 

where for n G C, 

U[n] = {u e U\{L{0) - n)'^u = for m G N sufficiently large}, 
we shall typically use the same projection notation 

Tin-.U U^n] (2.46) 

as in ()2.44|) . If instead of ()2.45|) we have only 

n.ec 

then in fact this sum is indeed direct, and for any L(0)-stable subspace T of U , we have 
(as with ordinary rather than generalized eigenspaces) . 

Remark 2.14 A module for a conformal vertex algebra V is obviously again a module for V 
viewed as a Mobius vertex algebra, and conversely, a module for V viewed as a Mobius vertex 
algebra is a module for V viewed as a conformal vertex algebra, by Remark 12.101 Similarly, 
the generalized modules for a conformal vertex algebra V are exactly the generalized modules 
for V viewed Mobius vertex algebra. 

Remark 2.15 A conformal or Mobius vertex algebra is a module for itself (and in particular, 
a generalized module for itself). 

Remark 2.16 In either the conformal or Mobius vertex algebra case, we have the obvious 
notions of V-module homomorphism, submodule, quotient module, and so on; in particu- 
lar, homomorphisms are understood to be grading-preserving. We sometimes write the 
vector space of (generalized-) module maps (homomorphisms) Wi W2 for (generalized) 
l^-modules Wi and W2 as Homy(W^i, W2). 

Remark 2.17 We have chosen the name "generalized module" here because the vector 
space underlying the module is graded by generalized eigenvalues. (This notion is different 
from the notion of "generalized module" used in |HL5j . A generalized module for a vertex 
operator algebra V as defined in, for example. Definition 2.11 of jHL5j is precisely a module 
for V viewed conformal vertex algebra.) 

We will use the following notion of (formal algebraic) completion of a generalized module: 
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Definition 2.18 Let W = Unec ^ generalized module for a Mobius (or conformal) 

vertex algebra. We denote by W the (formal) completion of W with respect to the C-grading, 
that is, 

^=n^M- (2-47) 

neC 

We will use the same notation U for any C-graded subspace U of W. We will continue to 
use the notation vr^ for the projection from W to W[n]- We will also continue to use the 
notation {■,-)w, or (-, ■) if the underlying space is clear, for the canonical pairing between 
the subspace IJnec(^N)* ^ ■ '^^ course viewing (W^[n])* as embedded in 

W* in the natural way, that is, for w* G (iy[„])*, 

{w\w)w = {w\wn)wy„^ (2.48) 

for any w = ^mgc^m (finite sum) in W, where Wm G W[m]- 

The following weight formula holds for generalized modules, generalizing the correspond- 
ing formula in the module case (cf. |Mij ) : 

Proposition 2.19 Let W be a generalized module for a Mobius (or conformal) vertex algebra 
V. Let both v & V and w & W be homogeneous. Then 

wt (Vnw) = wtv + wtw — n— 1 for any n G Z, (2.49) 
wt {L{j)w) =wtw-j for j = 0, ±1. (2.50) 

Proof Applying the L(— l)-derivative property ()2.4()j) to formula ()2.29|1 . with the operators 
acting on W, and extracting the coefficient of we obtain: 

[L{0),vn] = (L(0) v)n + i-n - l)Vn. (2.51) 

This can be written as 

(L(0) -{wtv-n- l))Vn = VnL{0), 

and so we have 

(L(0) — (wt V + m — n — l))vn = Vn{L{0) — m) 

for any m G C. Applying this repeatedly we get 

(L(0) - {wt v + m-n - l))*w„ = w„(L(0) - mf 

for any t G N, m G C, and ()2.49p follows. 

For ()2.5U|) . since as operators acting on W we have 

[L(0),L(j)] = -jX(j) (2.52) 

for j = 0, ±1, we get {L{0) + j)L{j) = L{j)L{0) so that 

(L(0)-m + j)^(j) = L(j)(L(0)-m) 

for any m G C. Thus 

(L(0) - m + jYLU) = L(j)(L(0) - my 
for any t G N, m G C, and ()2.50j) follows. □ 
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Remark 2.20 From Proposition 12.191 we see that a generalized V^-module W decomposes 
into submodules corresponding to the congruence classes of its weights modulo Z: For fi G 
C/Z, let 

W^M = IIW^W, (2-53) 

n=fi 

where n denotes the equivalence class of n G C in C/Z. Then 

W= H W[,] (2.54) 

and each VTi^j is a l^-submodule of W. Thus if a generalized module W is indecomposable (in 
particular, if it is irreducible), then all complex numbers n for which W[n] 7^ are congruent 
modulo Z to each other. 

Remark 2.21 Let W he a generalized module for a Mobius (or conformal) vertex algebra 
V. We consider the "semisimple part" L{0)s G End W of the operator L{0): 

L{0)sW = nw for w G W[n], n G C. 

Then on W we have 

[L{0)s,Vr,] = [L{0),Vn] for all G \^ and n G Z; (2.55) 
[L(0)„ L{j)] = [L(0), L(j)] for j = 0, ±1. (2.56) 

Indeed, for homogeneous elements v & V and w G W, ()2.49|) and ()2.5H) imply that 

[L{0)s,Vn]w = L{0)s{VnW) - Vn{L{0)sW) 

= (wt V + Wt W — n — l)VnW - (wt w)VnW 
= (wt v)VnW + { — n — l)VnW 

= {L{0)v)nW + {-n - l)VnW 
= [L{0),vn]w. 

Similarly, for any homogeneous element w & W and j = 0, ±1, (|2.5(J|) and (j2.52j) imply that 

[m,,Lij)]w = m,iLij)w)-Lij)iL{0),w) 

= (wt w — j)L{j)w — (wt w)L{j)w 
= -jL{j)w 

= [m,L{j)]w. 

Thus the "locally nilpotent part" L{Q) — L(0)s of L{Q) commutes with the action of V and 
of 5l(2) on W. In other words, L{{]) — L(0)s is a l/-homomorphism from W to itself. 
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Now suppose that L{1) acts locally nilpotently on a Mobius (or conformal) vertex algebra 
V, that is, for any v & V, there is m G N such that L{l)"^v = 0. Then generalizing formula 
(3.20) in |HL5j (the case of ordinary modules for a vertex operator algebra), we define the 
opposite vertex operator on a generalized \^-module {W, Yw) associated to f G by 

Y^{v,x) = FH.(e^^«(-x-^)^(°)t;,x-i), (2.57) 

that is, for /c G Z, and v G V(fc), 

Y^{v,x) = 



as in |HL5j . (In the present work, we are replacing the symbol * used in |HL5j for opposite 
vertex operators by the symbol a; see also Subsection 5.1 below.) Here we are defining the 
component operators 

< = (-1)' E A(^(l)"^^)-n-m-2+2. (2.59) 



ml 

mgN 



for V G V(fc) and n,k ^ Z. Note that the L(l)-local nilpotence ensures well-definedness here. 
Clearly, v h-* Y-^{v, x) is a linear map V —>■ (End Vr)[[x, x~^]] such that V ®W ^ W{{x~^)) 
{v <S) w i-^ Y^r{v, x)w). 

By (12321), (P32|) and (jTi^ . we see that for n,k eZ and v G V(k), the operator v° is of 
generalized weight n + 1 — A; (= n + 1 — wt f ), in the sense that 

v°W[m] C W[ra+n+i-k] for any m G C. (2.60) 



As mentioned in |HL5j (see (3.23) in |HL5j ). the proof of Jacobi identity in Theorem 
5.2.1 of (FHLj proves the following opposite Jacobi identity for Y^ in the case where is a 
vertex operator algebra and 1^ is a \^-module: 

V, X2)Y^(u, Xi) 

\ Xq / 

-:,-^sf^^l^)Y^^u,xi)Y^iv,X2) 

\ —Xq / 

= a:-^s(^^^)Y^{Y{u,xo)v,X2) (2.61) 



for u,v & V, and taking ReSx^ gives us the opposite commutator formula. Similarly, the proof 
of the L(— l)-derivative property in Theorem 5.2.1 of |FHLj proves the following L(— 1)- 
derivative property for Y^ in the same case: 

^Y^{v,x) = Y^iLi-l)v,x). (2.62) 
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The same proofs carry over and prove the opposite Jacobi identity and the L(— l)-derivative 
property for Y^r in the present case, where is a Mobius (or conformal) vertex algebra with 
L(l) acting locally nilpotently and where is a generalized V^-module. In the case in which 
y is a conformal vertex algebra, we have 

Y^{uj, x) = Yw{x-^uj, x-^) = J2 L{n)x^-'^ (2.63) 

since L{l)uj = 0. 

For opposite vertex operators, we have the following analogues of fl2.28|l - ()2.31|l in the 
Mobius case: 

Lemma 2.22 For v E V, 

[Y^{v,x),L{l)]=Y^{Li-l)v,x), (2.64) 

[Y^{v, x), L(0)] = Y^{L{0)v, x) + xY^{L{-l)v, x), (2.65) 
[Y^{v, x), L(-l)] = Y^{L{l)v, x) + 2xY^{L{0)v, x) + x^Y^{L{-l)v, x). (2.66) 
Equivalently, 

i+i 



[Y-^(t;,x),L(-j)] = f2(^l^)'''^wiLij-k)v,x) 

k=o ^ ^ 

^ P t "^'^"''"^wiLik - l)v, x) (2.67) 



k=0 

for i = 0, ±1. 

Proof For j = 0, ±1, by definition and ()2.31|) we have 

[Y^{v,x),L{j)] = -[L(j),lV(e-^«(-x-^)^Wt;,x-^)] 

= k )^'''^w{L{3 -k)e''''^^\-x-y^°^v,x-^). (2.68) 

fc=0 ^ ^ 

By (5.2.14) in [ FHL] and the fact that 

x^(°)L(j>-^(°) = x-^L{j) (2.69) 

(easily proved by applying to a homogeneous vector), 

i:(-l)e-^«(-x-2)^(0) 

= e^^«L(-l)(-x-=^)^(o) -2xe^^«L(0)(-x-2)^(°) +x2e^^«L(l)(-x-2)^(o) 

= _a;2g.L(i)(_^-2)L(o)^(_l) _ 2a;e^^«(-x-2)^(o)L(0) - e^-^«(-x-2)^(o)^(i) 

= _e-^(i)(_a;-2)i(o)(3,2^(_l) + 2xL(0) + L(l)). (2.70) 
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We also have 

L(l)e-i(i)(-a;-2)i(o) = e^^«L(l)(-x-2)^(o) 
By (EZOD, (EHH), i^(0) = i^(-l)] and L(0)] = L(l), we have 

= -iL(l)e"^«(-x-2)^(°)(a;'^(-l) + 2xL(0) + L(l)) 

= ix-V^(i)(-a;~')^^°^^(l)(a;'l^(-l) + 2xL(0) + L(l)) 
_la;-2e"^«(-a;"')^^°na;'^(-l) + 2xL(0) + L(1))L(1) 

Thus we obtain 

[Y^iv,x),Lil)] 

fc=0 ^ ^ 

-2x-'Yw{e''''^^\-x-^f^''\L{0) + x-^L{l))v, x~^) 
+x-^Yw{e''''^^\-x-^)'''^^\x^L{-l) +2xL{0) + L{l))v,x-') 

= Yw{e'''''^^\-x-Y^'^^L{-l)v,x~^) 

= Y^{L{-l)v,x), 

[Y^{v,x),m] 

k=0 ^ ^ 
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+x-^Yw{e''''^^\-x-^f^^\x^L{-l) + 2xL{<d) + L{l))v,x-^) 
Yw{e''''^^\-x~^f^''\xL{-l)+L{<d))v,x-^) 
Y^{L{Q)v,x) + xY^{L{~l)v,x) 



and 



[Y^{v,x),L{-l)] = -F^(L(-l)e-^«(-x-2)^(°)t;,x-i) 

= Yw{e''''^^\-x-^f^'^\x^L{-l) + 2xL(0) + L{l))v,x-^) 
= Y^{L{l)v, x) + 2xY^{L{Q)v, x) + x^Y^{L{-l)v, x), 

proving the lemma. □ 

As in Section 5.2 of |FJiLj . we can define a ^-action on W* as follows: 

{Y\v, x)w', w) = {w', Y^{v, x)w) (2.73) 

for V & V, w' & W* and w G W\ the correspondence v ^ Y'(v, x) is a linear map from V to 
(Endiy*)[[x,x-i]]. Writing 

Y'{v,x) = Y,VnX-''-^ 

neZ 

(Wn G EndPF*), we have 

KV,^/;) = (2.74) 

for w G V^, G W* and w G T^. (Actually, in |FHLj this l^-action was defined on a space 
smaller than W* , but this definition holds without change on all of W* .) In the case in 
which ^ is a conformal vertex algebra we define the operators L'{n) [n G Z) by 



FV,x) = ^L', 



ne5 



then, by extracting the coefficient of a; ^ in ()2.73|) with v = uj and using the fact that 
L{l)u! = we have 

{L'{n)w\w) = {w\L{-n)w) for n G Z (2.75) 

(see fl2.63|) ). as in Section 5.2 of |FHLj . In the case where V is only a Mobius vertex algebra, 
we define operators L'(— 1), L'{0) and L'{1) on W* by formula ()2.75p for n = 0, d=l. It follows 
from (ITHni) that 

L'(j)(VrH)* C {W^rn-,])* (2.76) 

for m G C and j = 0, ±1. By combining (j2.74j) with (j2.6(Jj) we get 

Vn{W[m]y C iW[m+k-n-l]r (2.77) 

for any n, k E "Z, v E V(fc) and m G C 

We have just seen that the L(l)-local nilpotence condition enables us to define a natural 
vertex operator action on the vector space dual of a generalized module for a Mobius (or 
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conformal) vertex algebra. This condition is satisfied by all vertex operator algebras, due 
to (j2.32p and the grading restriction condition (j2.24j) . However, the functor W ^— W* is 
certainly not involutive, and W* is not in general a generalized module. In this work we 
will need certain module categories equipped with an involutive "contragredient functor" 
W ^ W which generalizes the contragredient functor for the category of modules for vertex 
operator algebras. For this purpose, we introduce the following: 

Definition 2.23 Let A be an abelian group. A Mobius (or conformal) vertex algebra 

neZ 

is said to be strongly graded with respect to A (or strongly A-graded, or just strongly graded 
if the abelian group A is understood) if there is a second gradation on V, by A, 

V = Wv^''\ 

such that the following conditions are satisfied: the two gradations are compatible, that is, 
^^"^ = II ^In) (where V^^^ = V^n) fj V^^"^) for any a G A; 

neZ 

for any a, P E A and n G Z, 

'^{n) ~ ^ for n sufficiently negative; (2.78) 

diml//^']) <oo; (2.79) 

1 e V^^; (2.80) 

viV^^^ C for any v G / G Z; (2.81) 

and 

L(j)V(") C V^"'^ for J = 0,±1. (2.82) 
If V is in fact a conformal vertex algebra, we in addition require that 

u G F(^2?' (2-83) 
so that for all j G Z, follows from (jSSH)- 

Remark 2.24 Note that the notion of conformal vertex algebra strongly graded with re- 
spect to the trivial group is exactly the notion of vertex operator algebra. Also note that 
()2.32|) . ()2.78p and ()2.82p imply the local nilpotence of L(l) acting on V, and hence we have 
the construction and properties of opposite vertex operators on a generalized module for a 
strongly graded Mobius (or conformal) vertex algebra. 
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For (generalized) modules for a strongly graded algebra we will also have a second grading 
by an abelian group, and it is natural to allow this group to be larger than the second grading 
group A for the algebra. (Note that this already occurs for the first grading group, which is 
Z for algebras and C for (generalized) modules.) 

Definition 2.25 Let A be an abelian group and V a strongly A-graded Mobius (or confor- 
mal) vertex algebra. Let A be an abelian group containing A as a subgroup. A l^-module 
(respectively, generalized \^-module) 

W^=IIvr(„) (respectively, = P^m) 

is said to be strongly graded with respect to A (or strongly A-graded, or just strongly graded) 
if the abehan group A is understood) if there is a second gradation on W, by A, 

Ty=]Jiy(/3), (2.84) 

such that the following conditions are satisfied: the two gradations are compatible, that is, 
for any P E A, 

ly(^) = H Wl^^ (where wl^^ = f| W^^^^) 
(respectively, W^f^^ = ]J VTjJ^^^ (where VTjJ^^^ = W[n]f]W^'^^y, 

nGC 

for any a & A, f3 & A and nGC, 

W^^l,^^ = (respectively, VT^Jfj^j = 0) for A; G Z sufficiently negative; (2.85) 
dim VT^^f)^ < oo (respectively, dimVTjJJj^ < oo); (2.86) 

ViW'^'^) C y g yia)^ I ^ ^. ^2.87) 

and 

L(j)iy('3) ^ y^(/3) ^ ^ Q^^^^ (2.88) 

(Note that if V is in fact a conformal vertex algebra, then for all j G Z, (j2.88|) follows from 
and (EHZI).) 

Remark 2.26 A strongly A-graded conformal or Mobius vertex algebra is a strongly A- 
graded module for itself (and in particular, a strongly A-graded generalized module for 
itself). 

Remark 2.27 Let be a vertex operator algebra, viewed (equivalently) as a conformal 
vertex algebra strongly graded with respect to the trivial group (recall Remark I2.24j) . Then 
the l^-modules that are strongly graded with respect to the trivial group (in the sense of 
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Definition I2.25|) are exactly the (C-graded) modules for as a vertex operator algebra, with 
the grading restrictions as follows: For n G C, 

W(^n+k} = for A; G Z sufficiently negative (2.89) 

and 

dimVr(„) < oo. (2.90) 

Also, the generalized V^-modules that are strongly graded with respect to the trivial group 
are exactly the generalized ^-modules (in the sense of Definition I2.12|l such that for n G C, 

W^[n+fc] =0 for /c G Z sufficiently negative (2-91) 

and 

dimiy[„] < oo. (2.92) 

Remark 2.28 In the strongly graded case, algebra and module homomorphisms are of 
course understood to preserve the grading by A or A. 

Example 2.29 An important source of examples of strongly graded conformal vertex alge- 
bras and modules comes from the vertex algebras and modules associated with even lattices. 
Let L be an even lattice, i.e., a finite-rank free abelian group equipped with a nondegenerate 
symmetric bilinear form (-, ■), not necessarily positive definite, such that {a, a) G 2Z for all 
a E L. Then there is a natural structure of conformal vertex algebra on a certain vector 
space Vl, see jB] and Chapter 8 of |FLM2j . If the form (-, •) on L is also positive definite, 
then Vl is a vertex operator algebra (that is, the grading restrictions hold). If L is not 
necessarily positive definite, then Vl is equipped with a natural second grading given by L 
itself, making Vl a strongly L-graded conformal vertex algebra in the sense of Definition 
12.231 Any (rational) sublattice M of the "dual lattice" L° of L containing L gives rise to a 
strongly M-graded module for the strongly L-graded conformal vertex algebra (see Chapter 
8 of |FLM2j : cf. [LL]). 

Remark 2.30 As mentioned in Remark 12.241 strong gradedness for a Mobius (or conformal) 
vertex algebra V implies the local nilpotence of L{1) acting on V. In fact, strong gradedness 
implies much more that will be important for us: From ()2.78p . ()2.79|) . ()2.81|) and ()2.82|) (and 
(j2.83p in the conformal vertex algebra case), it is clear that strong gradedness for V implies 
the following local grading restriction condition on V (see [H5J): 

(i) for any m > and f(i), . . . G V, there exists r G Z such that the coefficient of 
each monomial in xi, . . . , Xm-i in the formal series Y{v(i), xi) ■ ■ ■ Y{v(rn-i),Xm-i)v{m) 
lies in lJ„>r^{n); 

(ii) in the conformal vertex algebra case: for any element of the conformal vertex algebra 
V homogeneous with respect to the weight grading, the Virasoro-algebra submodule 
M = Unez ^(n) (where M(„) = M f] V(„) ) of V generated by this element satisfies the 
following grading restriction conditions: M(„) = when n is sufficiently negative and 
dim M(„) < oo for n G Z 
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or 

(ii') in the Mobius vertex algebra case: for any element of the Mobius vertex algebra V 
homogeneous with respect to the weight grading, the s[(2)-submodule M = U^ez ^{n) 
(where M(„) = M V(„) ) of V generated by this element satisfies the following grading 
restriction conditions: M(„) = when n is sufficiently negative and dimM(„) < oo for 
n G Z. 

As was pointed out in |H5j . Condition (i) above was first stated in |DLj (see formula (9.39), 
Proposition 9.17 and Theorem 12.33 in |DLj ) for generalized vertex algebras and abelian 
intertwining algebras (certain generalizations of vertex algebras); it guarantees the conver- 
gence, rationality and commutativity properties of the matrix coefficients of products of 
more than two vertex operators. Conditions (i) and (ii) (or (ii')) together ensure that all 
the essential results involving the Virasoro operators and the geometry of vertex operator 
algebras in |H4j still hold for these algebras. 

Remark 2.31 Similarly, from (jT^ . (pi?7j) and (and (^1^1 in the conformal 

vertex algebra case), it is clear that strong gradedness for (generalized) modules implies 
the following local grading restriction condition for a (generalized) module W for a strongly 
graded Mobius (or conformal) vertex algebra V: 

(i) for any m > 0, f (i), . . . , f (m-i) G V^, n G C and w G W^[n], there exists r G Z such that 
the coefficient of each monomial in xi, . . . , Xm-i in the formal series Y{v{i),Xi) ■ ■ ■ Y{v(rn~i 
lies in lJfc>r^[n+fe]; 

(ii) in the conformal vertex algebra case: for any w G W\n] (n G C), the Virasoro- algebra 
submodule M = Yikez ^[n+k] (where M[„+fc] = M f]W[n+k]) of W generated by w 
satisfies the following grading restriction conditions: M[n+k] = when k is sufficiently 
negative and dimM[„+fc] < cxd for G Z 

or 

(ii') in the Mobius vertex algebra case: for any w G W[n] {n G C), the s[(2)-submodule 
M = Y[k£Z^[n+k] (where Min+k] = Mf]W[n+k]) of W generated by w satisfies the 
following grading restriction conditions: M[n+k] = when k is sufficiently negative and 
dim M[n+k] < oo for G Z. 

Note that in the case of ordinary (as opposed to generalized) modules, all the generalized 
weight spaces such as W[n] mentioned here are ordinary weight spaces W(n)- 

With the strong gradedness condition on a (generalized) module, we can now define the 
corresponding notion of contragredient module. First we give: 

Definition 2.32 Let W = Yi/seA nec ^[n] ^ strongly A-graded generalized module for a 
strongly A-graded Mobius (or conformal) vertex algebra. For each (3 E A and n G C, let us 
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identify )* with the subspace of W* consisting of the hnear functionals on W vanishing 

on each M^jJ^J with 7 ^ /? or m 7^ n (cf. fl2.48j) ). We define W to be the (A x C)-graded 
vector subspace of W* given by 

^' = II where {W')\^^ = {wf-'Y, (2-93) 

/3Gi, neC 

we also use the notations 

(W'Y"^ = II(Vr[i/V C {W^-"^)* C W* (2.94) 

(where (P1/('^))* consists of the hnear functionals on W vanishing on all W^"'^ with 7 7^ /5) 
and 

= II(</V C (H^m)* C (2.95) 

for the homogeneous subspaces of W with respect to the A- and C-grading, respectively 
(The reason for the minus signs here will become clear below.) We will still use the notation 
{■,-)w, or (-, ■) when the underlying space is clear, for the canonical pairing between W and 

^cn^,^,„ec<? (recall (|233). 

Remark 2.33 In the case of ordinary rather than generalized modules, Definition 12.321 still 
applies, and all of the generalized weight subspaces W[n] of W are ordinary weight spaces 
W(^n)- In this case, we can write (W^')(ri) rather than (W^')m for the corresponding subspace 
of W. 

Let W he a. strongly graded (generalized) module for a strongly graded Mobius (or 
conformal) vertex algebra V. Recall that we have the action ()2.73|) of V on W* and that 
fETfll holds. Furthermore, dTHHll . (ITTIll and (07|l imply for any n, k G Zi, a G A, /3 E A, 

V G V^^^"^ and m G C, 

Miw')[^^) = v4{w{-f^r) c (<-:;fLi])* = (W^')K-„-ir (2.96) 

Thus Vn preserves W for v E V, n E Z. Similarly (in the Mobius case), ()2.75|) . ()2.76|) and 
fj2.88p imply that W is stable under the operators L'(— 1), L'{0) and L'{1), and in fact 

for any j = 0, ±1, /3 G A and n G C. In the case or ordinary rather than generalized modules, 
the symbols (W^Offj^ etc., can be replaced by (W^Olnj; etc. 

For any fixed (3 E A and n G C, by (j2.43j) and the finite-dimensionality (j2.86j) of W^~^^\ 
there exists N Efi such that (L(0) - n^W^''^^ = 0. But then for any w' E (Vr')[fp 

((L'(0) - nfw', w) = {w', (L(0) - nfw) = (2.97) 
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for all w eW. Thus (L'(0) - n^w' = 0. So (jTlH]) holds with W replaced by W. In the 
case of ordinary modules, we of course take = 1. 

By (|2.85|) and (j2.96|) we have the lower truncation condition for the action Y' of V on 

W: 

For any v & V and w' G W', Vnw' = for n sufficiently large. (2.98) 

As a consequence, the Jacobi identity can now be formulated on W. In fact, by the above, 
and using the same proofs as those of Theorems 5.2.1 and 5.3.1 in |FHLj . together with 
Lemma 12221 we obtain: 

Theorem 2.34 Let A be an ahelian group containing A as a subgroup and V a strongly 
A-graded Mobius (or conformal) vertex algebra. Let {W, Y) be a strongly A-graded V -module 
(respectively, generalized V -module). Then the pair {W',Y') carries a strongly A-graded 
V -module (respectively, generalized V -module) structure, and {W",Y") = {W,Y). □ 

Definition 2.35 The pair {W, Y') in Theorem 12 . 341 will be called the contragredient module 
of iW,Y). 

Let Wi and W2 be strongly A-graded (generalized) V-modules and let / : Wi — > W2 be a 
module homomorphism (which is of course understood to preserve both the C-grading and 
the A-grading, and to preserve the action of si{2) in the Mobius case). Then by ()2.74|) and 
fj2.75|) . the linear map /' : W2 — > WI given by 

(/'K2)),«^{i)) = K2),/(«^(i))) (2.99) 

for any G Wi and ^^2) G W2 is well defined and is clearly a module homomorphism from 
to Wi. 

Notation 2.36 In this work we will be especially interested in the case where V is strongly 
graded, and we will be focusing on the category of all strongly graded modules, for which 
we will use the notation A4sg, or the category of all strongly graded generalized modules, 
which we will call QAigg- From the above we see that in the strongly graded case we have 
contravariant functors 

(.y:(W,Y)^iW'X), 
the contragredient functors, from Msg to itself and from QAigg to itself. We also know that 
V itself is an object of Aisg (and thus of QJ^sg as well); recall Remark 12.261 Our main 
objects of study will be certain full subcategories C of Msg or QAigg that are closed under 
the contragredient functor and such that G obC. 

Remark 2.37 In order to formulate certain results in this work, even in the case when 
our Mobius or conformal vertex algebra V is strongly graded we will in fact sometimes use 
the category whose objects are all the modules for V and whose morphisms are all the V- 
module homomorphisms, and also the category of all the generalized modules for V. (If V is 
conformal, then the category of all the l^-modules is the same whether V is viewed as either 
conformal or Mobius, by Remark 12.141 and similarly for the category of all the generalized 
V^-modules.) Note that in view of Remark 12.281 the categories A4sg and QAigg are not full 
subcategories of these categories of all modules and generalized modules. 



43 



We now recall from |FLM2j . |FHLj . |DLj and |LLj the well-known principles that vertex 
operator algebras (which are exactly conformal vertex algebras strongly graded with respect 
to the trivial group; recall Remark I2.24|) and their modules have important "rationality," 
"commutativity" and "associativity" properties, and that these properties can in fact be 
used as axioms replacing the Jacobi identity in the definition of the notion of vertex operator 
algebra. (These principles in fact generalize to all vertex algebras, as in |LLj .) 

In the propositions below, C[a;i,a;2]5 is the ring of formal rational functions obtained by 
inverting (localizing with respect to) the products of (zero or more) elements of the set S of 
nonzero homogeneous linear polynomials in Xi and X2- Also, 612 (which might also be written 
as LX1X2) is the operation of expanding an element of C[xi,X2]5, that is, a polynomial in xi 
and X2 divided by a product of homogeneous linear polynomials in xi and formal 
series containing at most finitely many negative powers of X2 (using binomial expansions for 
negative powers of linear polynomials involving both xi and X2)', similarly for L21 and so on. 
(The distinction between rational functions and formal Laurent series is crucial.) 

Let \^ be a vertex operator algebra. For W a (C-graded) l^-module (including possibly 
V itself), the space W is just the "restricted dual space" 

^' = II^W- (2-100) 

Proposition 2.38 We have: 

(a) (rationality of products) For v , Vi, V2 &V and v' G V , the formal series 

{v\Y{vi,xi)Y{v2,X2)v), (2.101) 

which involves only finitely many negative powers of X2 and only finitely many positive 
powers of Xi, lies in the image of the map L12: 

{v', Y{vi, xi)Y{v2, X2)v) = Lufixi, X2), (2.102) 

where the (uniquely determined) element f G C[xi,X2]5 is of the form 

f{x.,x,)= .. (2.103) 

x[X2{Xi — X2Y 

for some g G C[a;i, 0:2] and r,s,t E Z. 

(b) (commutativity) We also have 

{v', Y{V2, X2)Y{vi,Xi)v) = L2lfiXi, X2). (2.104) 

Proposition 2.39 We have: 
(a) (rationality of iterates) For v, Vi, V2 E V and v' G V , the formal series 

{v',Y{Y{v^,Xo)v2,X2)v), (2.105) 
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which involves only finitely many negative powers of Xq and only finitely many positive 
powers of X2, lies in the image of the map L20: 

{v', Y(Y{vi,Xo)v2, X2)v) = L2ohixo, X2), (2.106) 

where the (uniquely determined) element h G C[xo,a;2]5' is of the form 

= (2.107) 

XqX2{Xo + X2)' 

for some k G C[a;o, X2] and r,s,t E Z. 

(b) The formal series {v', Y{vi,Xq + X2)Y{v2,X2)v) , which involves only finitely many neg- 
ative powers of X2 and only finitely many positive powers of Xq, lies in the image of 
lq2, and in fact 

{v\ Y{vi, Xq + X2)Y{V2, X2)v) = LQ2h{xQ, X2). (2.108) 

Proposition 2.40 (associativity) We have the following equality of formal rational func- 
tions: 



i^i {v', Y{vi, Xi)Y{v2, X2)v) = {L20' {v', Y{Y{v,, Xo)v2, X2)v)) , (2.109) 

X0=Xl—X2 

that is, 

f{Xi,X2) = h{xi - X2,X2). 

Proposition 2.41 In the presence of the other axioms for the notion of vertex operator 
algebra, the Jacobi identity follows from the rationality of products and iterates, and com- 
mutativity and associativity. In particular, in the definition of vertex operator algebra, the 
Jacobi identity may be replaced by these properties. 

The rationality, commutativity and associativity properties immediately imply the fol- 
lowing result, in which the formal variables Xi and X2 are specialized to nonzero complex 
numbers in suitable domains: 

Corollary 2.42 The formal series obtained by specializing Xi and X2 to (nonzero) complex 
numbers Zi and Z2, respectively, in \2.1U1\] converges to a rational function of Zi and Z2 in 
the domain 

|2i|>|;Z2|>0 (2.110) 

and the analogous formal series obtained by specializing Xi and X2 to Z\ and Z2, respectively, 
in 1 converges to the same rational function of Zi and Z2 in the (disjoint) domain 

\z2\>\zi\>Q. (2.111) 

Moreover, the formal series obtained by specializing xq and X2 to Zi — Z2 and Z2, respectively, 
in \2.105) converges to this same rational function of Z\ and Z2 in the domain 

1^2! > - 22I > 0. (2.112) 
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In particular, in the common domain 

> \Z2\ > \Zi - Z2\ > 0, (2.113) 

we have the equality 

{V\ Y{VI, ZI)Y{V2, Z2)V) = {V', Y{Y{VI, Z, - Z2)V2, Z2)V) (2.114) 

of rational functions of Z\ and Z2 ■ 

Remark 2.43 These last five results also hold for modules for a vertex operator algebra V; 
in the statements, one replaces the vectors v and v' by elements w and w' of a \^-module 
W and its restricted dual W, respectively, and Proposition 12.411 becomes: Given a vertex 
operator algebra V, in the presence of the other axioms for the notion of ^-module, the 
Jacobi identity follows from the rationality of products and iterates, and commutativity 
and associativity. In particular, in the definition of V^-module, the Jacobi identity may be 
replaced by these properties. 

For either vertex operator algebras or modules, it is sometimes convenient to express the 
equalities of rational functions in Corollarv 12.421 informallv as follows: 

Y{v,, z,)Y{v2, Z2) ~ Y{v2, Z2)Y{v^, z^) (2.115) 

and 

Y{v^, z^)Y{v2, Z2) ~ Y{Y{v^, z^ - Z2)V2, Z2), (2.116) 

meaning that these expressions, defined in the domains indicated in Corollarv 12 . 421 when the 
"matrix coefficients" of these expressions are taken as in this corollary, agree as operator- 
valued rational functions, up to analytic continuation. 

Remark 2.44 Formulas ()2.115p and ()2.116p (or more precisely, ()2.114j) ). express the mero- 
morphic, or single-valued, version of "duality," in the language of conformal field theory. 
Formulas ()2.116|1 (and ()2.114|1 ) express the existence and associativity of the single- valued, 
or meromorphic, operator product expansion. This is the statement that the product of 
two (vertex) operators can be expanded as a (suitable, convergent) infinite sum of vertex 
operators, and that this sum can be expressed in the form of an iterate of vertex operators, 
parametrized by the complex numbers zi — Z2 and Z21 in the format indicated; the infinite 
sum comes from expanding F(fi, Zi — Z2)v2, Z2) in powers of Zi — Z2. A central goal of this 
work is to generalize ()2.115|1 and ()2.116|1 . or more precisely, ()2.114|1 . to logarithmic inter- 
twining operators in place of the operators Y{-^z\ This will give the existence and also the 
associativity of the general, nonmeromorphic operator product expansion. This was done in 
the non-logarithmic setting in |HL5j - |HL7j and [Hlj . In the next section, we shall develop 
the concept of logarithmic intertwining operator. 
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3 Logarithmic intertwining operators 



In this section we study the notion of "logarithmic intertwining operator" introduced in 
|Mij . For this, we will need to discuss spaces of formal series in powers of both x and 
"logx" , a new formal variable, with coefficients in certain vector spaces. We establish certain 
properties, some of them quite subtle, of the formal derivative operator d/dx acting on 
such spaces. Then, following jMij with a slight variant (see Remark I3.25|) . we introduce 
the notion of logarithmic intertwining operator. These are the appropriate replacements 
of ordinary intertwining operators when L(0)-semisimplicity is relaxed. In the strongly 
graded setting, it will be natural to consider the associated "grading-compatible" logarithmic 
intertwining operators. We work out some important principles and formulas concerning 
logarithmic intertwining operators, certain of which turn out to be the same as in the ordinary 
intertwining operator case. Some of these results require proofs that are quite delicate. 

Recall the notation W{x} fj2.1|) for the space of formal series in a formal variable x with 
coefficients in a vector space W, with arbitrary complex powers of x. 

From now on we will sometimes need and use new independent (commuting) formal vari- 
ables called logx, logy, logxi, loga;2, . . . , etc. We will work with formal series in such formal 
variables together with the "usual" formal variables x, y, xi, X2, ■ ■ ■ , etc., with coefficients in 
certain vector spaces, and the powers of the monomials in all the variables can be arbitrary 
complex numbers. (Later we will restrict our attention to only nonnegative integral powers 
of the "log" variables.) 

Given a formal variable x, we will use the notation ^ to denote the linear map on 
W{x,loga;}, for any vector space W not involving x, defined (and indeed well defined) by 
the (expected) formula 




= ((^ + ^)l^n+l,m + {m + l)w„+i,^+i)x"(logx)"' 

(= J2 nw^^mx^'-'ilogxr + mWn,mX''-\\ogxr-'^ (3.1) 

where Wn.m ^ VV for all m,n E C We will also use the same notation for the restriction of ^ 
to any subspace of W{x, logx} which is closed under e.g., W{a:}[[logx]] or C[x, logx]. 
Clearly, ^ acting on VV{a:;} coincides with the usual formal derivative. 

Remark 3.1 Let /, g and /«, i in some index set J, all be formal series of the form 

J2 W„,„x"(l0gx)'^ G W{x,\0gx}, Wn,m € W. (3.2) 

One checks the following straightforwardly: Suppose that the sum of fi, i E I , exists (in the 
obvious sense). Then the sum of the -^fi, i E I, also exists and is equal to ^ ^jg/ fi- More 
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generally, for any T = p{x) G C[x, x^^], the sum of T/j, i E I, exists and is equal 

to T'^-^j fi. Thus the sum of e'^'^ fi, i E I, exists and is equal to e^^ Xlie/ (^^^ being the 
formal exponential series, as usual). Suppose that W is an (associative) algebra or that the 
coefficients of either f or g are complex numbers. If the product of / and g exists, then the 
product of ^/ and g and the product of / and -^g both exist, and -^{fg) = {'£:f)9 + fi'^d)- 
Furthermore, for any T as before, the product of Tf and g and the product of / and Tg both 
exist, and T{fg) = {T f)g + f(Tg). In addition, the product of e^^/ and e^^g exists and is 
equal to e^^^fg), just as in formulas (8.2.6)-(8.2.10) of |FLM2j . The point here, of course, 
is just the formal derivation property of except that sums and products of expressions 
do not exist in general. 

Remark 3.2 Note that the "equality" x = e'°s^ does not hold, since the left-hand side is 
a formal variable, while the right-hand side is a formal series in another formal variable. 
In fact, this formula should not be assumed, since, for example, the formal delta function 
^i^) = Snez ^" would not exist in the sense of formal calculus, if x were allowed to be 
replaced by the formal series e^"^^. By contrast, note that the equality 



does indeed hold. This is because the formal series is of the form 1 + X where X involves 
only positive integral powers of x and in ()3.3p . "log" refers to the usual formal logarithmic 
series 



not to the "log" of a formal variable. We will use the symbol "log" in both ways, and the 
meaning will be clear in context. 

We will typically use notations of the form f{x), instead of f{x, logx), to denote elements 
of W{x, log x} for some vector space W as above. For this reason, we need to interpret 
carefully the meaning of symbols such as f{x + y), or more generally, symbols obtained by 
replacing x in f{x) by something other than just a single formal variable (since logx is a 
formal variable and not the image of some operator acting on x). For the three main types 
of cases that will be encountered in this work, we use the following notational conventions; 
the existence of the expressions will be justified in Remark 13.41 

Notation 3.3 For formal variables x and y, and f{x) of the form ()3.2|) . we define 



log = X 



(3.3) 




(3.4) 




Wn,m{x + y)"" (log X + 



(-1) 




X 



y 



) 



) 



m 



(3.5) 
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(recall (|3.4|) ): in the right-hand side, (logx + ^j>]^ ^-^^ — (-)*)'") according to the binomial 
expansion convention, is to be expanded in nonnegative integral powers of the second sum- 
mand X]i>i — (|)*) the right-hand side of (j3.5|) is equal to 

m,n€C jeN ^ i>l 

when expanded one step further. Also define 

f{xey)= J2 Wn,mx''e"^ihgx + yr (3.7) 

m,nSC 

and 

fixy)= J2 «^n,r„a;V(logx + logi/)'", (3.8) 
where the binomial expansion convention is again of course being used. 



Remark 3.4 The existence of the right-hand side of ()3.5|1 . or ()3.fij) . can be seen by writing 
(x + y)" as x"'{l + ^)"' and observing that 



-1 



vi-l 























.X. 





The existence of the right-hand sides of ()3.7|1 and of ()3.8j) is clear. Furthermore, both f{x + y) 
and fi^xe^) lie in W{a;, logx} [[?/]], while f{xy) lies in W{xy, log x} [[log y]]. One might expect 
that f(x + y) can be written as e^^^ f{x), and /(xe^) as e^^d^ f{x) (cf. Section 8.3 of |FLM2j ). 
but these formulas must be verified (see Theorem 13. 61 below) . 

Remark 3.5 It is clear that when there is no logx involved in /(x), the expression f{x + y) 
(respectively, /(xe^), f{xy)) coincides with the usual formal operation of substitution of 
X + y (respectively, xe^, xy) for x in /(x). In general, it is straightforward to check that 
if the sum of /j(x), i E I, exists and is equal to /(x), then the sum of /j(x + y), i E I 
(respectively, fi{xe^),i G /, fi{xy),i G /), also exists and is equal to f{x + y) (respectively, 
/(xe^), f{xy)). Also, suppose that W is an (associative) algebra or that the coefficients of 
either f or g are complex numbers. If the product of /(x) and g{x) exists, then the product 
of /(x + y) and g{x + y) (respectively, /(xe^) and gi^xe^), f{xy) and g{xy)) also exists and 
is equal to ifg)ix + y) (respectively, {fg){xey), ifg)ixy)). 



Note that by ^T^ . 



log(x + y) = log X + 2_, ■ ( - ) = log ^• 

i>i ^ ^ 



(3.9) 
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The next result includes a generalization of this to arbitrary elements of W{x, logx}. For- 
mula (|3.1(jp is a formal "Taylor theorem" for logarithmic formal series. In the case of non- 
logarithmic formal series, this principle is used extensively in vertex operator algebra theory; 
recall ()2.2|) above and see Proposition 8.3.1 of |FLM2j for the proof in the generality of formal 
series with arbitrary complex powers of the formal variable. In the logarithmic case below, a 
much more elaborate proof is required than in the non-logarithmic case. The other formula 
in Theorem 13. 61 formula (j3.1H) . is easier to prove. It too is important (in the non-logarithmic 
case) in vertex operator algebra theory; again see Proposition 8.3.1 of |FLM2j . 

Theorem 3.6 For f{x) as in ( I,'/. we have 

ey^f{x) = fix + y) (3.10) 
("Taylor's theorem" for logarithmic formal series) and 

ey-i^f{x) = fixe^). (3.11) 

Proof By Remarks 13.11 and 13.51 (or 13. 4j) . we need only prove these equalities for f{x) = 
and f{x) = (logx)™, m, n G C. The case f{x) = x"' easily follows from the direct expansion 
of the two sides of ^nU^ and of ^JT^ (see Proposition 8.3.1 in jFLM2p . Now assume that 
f{x) = (logx)*", m G C. 

Formula ()3.11|) is easier, so we prove it first. By ()3.1|) we have 

x-^(logx)"' = m(logx)'""\ 
ax 

so that for A; G N, 



/ d \ ^ ( ni\ 

(^x— j (logx)"" = m(m - 1) ■ ■ ■ (m - A; + l)(logx)™"'' = ^ j i^ogx) 



m—k 



Thus 



e^-^(logx)'" = J2l^{x^)\^ogxr = Yl Cl)y'i^ogxr-' = i\ogx + yr, 

fcGN ■ keN ^ ^ 



as we want. 

For (j3.10|) . we shall give two proofs — an analytic proof and an algebraic proof. First, 
consider the analytic function (log 2;)™ = e™'°si°s^ over, say, l^; — 3| < 1 in the complex plane. 
In this proof we take the branch of log z so that 

- TT < Im(logz) < vr. (3.12) 



Then by analyticity, for any z in this domain, when \zi\ is small enough the Taylor series 
expansion e^^a^ {log z)"^ converges absolutely to (log(z + zi))'^. That is, 

{\og{z + zi))"" = e"i^(logz)™ = e^'^ilogz^. (3.13) 
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Observe that as a formal series, the right-hand side of ()3.13|) is in the space (log z)"*C[(log z) ^] [[zi/ 
On the other hand, by the choice of domain and the branch of log we have 

log{z + zi) = \ogz + log(l + Zi/ z) 

and 

I log2;| > log 2 > I log(l + zi/z)\ 
when \zi\ is small enough. So when \zi\ is small enough we have 

{\og{z+zi)r = {log z+\og{i+zi I z)r 



Since as formal series, the right-hand sides of ()3.13|) and ()3.14|) are both in the space 
(logz)™C[(logz)""'^][[2;i/z]], and both converge to the same analytic function (log(2; + zi))"^ 
in the above domain, by setting 2:1 = in these two functions and their derivatives with 
respect to Zi we see that their corresponding coefficients of powers of Zi/ z and further, of 
all monomials in log 2; and Zi/ z must be the same. Hence we can replace z and zi by formal 
variables x and respectively, and obtain ()3.10p for /(x) = (logx)™. 

An algebraic proof of ()3.10|) (for (logx)™") can be given as follows: Since 

-^(logx)"^ = ma;-^(loga;)"^-^ 
dx 

and higher derivatives involve derivatives of products of powers of x and powers of log x, let 
us first compute {d/ dx)^{x'^{\ogx)''^) directly for all m, n G C and G N. Define linear maps 
To and Ti on C{x, logx} by setting 



Tox"(logx)'" = nx"-^(logx)'" and rix"(logx)'" = mx'^-^(logx)'"-\ 
respectively, and extending to all of C{a;, logx} by formal linearity. Then the formula 

-^x"(logx)'™ = nx""i(logx)™ + mx"-^(logx)"-^ 
dx 

(extended to C{x, logx}) can be written as 

— = To + T^ 
ax 



on C{a;,loga;}. So for > 1, on C{a;,loga;}, 

d\k 
.dx^ 



(ii,...,ifc)G{0,l}fe 



ifc-1 

^ ^ ^ ^ rpk ik—j rj-}tk—j ^k — j — 1 ^ — ^1 — _j_ 

j=0 0<ii<t2< - <tfe-j<fc 
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where j gives the number of Ti's in the product Tj^ ■ ■ - Ti^; there are k — j Tq's, which are 
in the following positions, reading from the right: ti + 1, t2 + 1, ■ ■ ■ , tk_j + 1. That is, for 
A; > 1, 



1^— j x"(logx)'" = m{m — 1) ■ ■ ■ (m — j + !)• 

• ( {n-t,){n-t2)---{n- 4_,))a;'^-^(loga;)'"-^ 



0<ti<t2<-<tk_,<k 



where it is understood that if j = k, then the latter sum (in parentheses) is 1. In this 
formula, setting n = 0, multiplying by y'^/kl, and then summing over k eN, we get (noting 
that ti = contributes 0) 



k. 



e^i^(iogxr = $:g) E 7 (i°g-r^^- 



k\ 



■( E (-ti)(-t2)---(-4-,)). (3.15) 



0<tl<t2<--<tfc-j<fc 

So (j3.1(J|) for /(x) = (logx)™ is equivalent to equating the right-hand side of (j3.15p to 



( log X + E 



i>i * ^ 

E(7)('o.^o"i5:^^(!)'^^ 

EC;)(>°-r-E( E S^)(f)' 

l<Zl,...,Zj <fc 



1 < ii . . . . , ij < fc 

Comparing the right-hand sides of ()3.15|) and we see that it is equivalent to proving 

the combinatorial identity 

^ E M2---4-,= E . . V (3.17) 

0<ti<t2<--<tk^j<k ii + --- + ij=fc -J 

1 < i 1 , . . . , i J < k 

for all G N and j = 0, . . . ,k. Note that there is no m involved here. But for m a 
nonnegative integer, ()3.1()|1 for /(x) = (logx)*" follows from 

e^^(logx)"^ = (e^^logx)" 
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(recall Remark \'S.l\i and 



e^^ logx = logx + V — (- 



(recall ()3.9p ). Thus the expressions in ()3.15p and ()3.16|) are equal for any such m. Equating 
coefficients and choosing m > j gives us (|3.17|) . Therefore (j3.1Up also holds for any m G C. 

□ 

Remark 3.7 Note that in both the left- and right-hand sides of ()3.10|) or ()3.11|) . y can be 
replaced by a suitable formal series, for example, by an element of ?/C[x][[y]], and Theorem 
13.61 in fact still holds if y is replaced by an arbitrary formal series in ?/C[2;] [[?/]]. We will 
exploit this later. 

Remark 3.8 Here is an amusing sidelight: When we were writing up the proof above, 
one of us (L.Z.) happened to pick up the then-current issue of the American Mathematical 
Monthly and happened to notice the following problem from the Problems and Solutions 
section, proposed by D. Lubell |Luj : 



Let N and j be positive integers, and let S = {{wi, . . . , Wj) G Z-^ | < Wi + ■ ■ ■ + 
Wj < N} and T = {{wi, ■ ■ ■ ,Wj) G Z''^ | 

Wi, . . . ,Wj are distinct and bounded by A^}. Show that 

Wi - ■ ■ Wj ^ W\ - ■ ■ Wj 

But this follows immediately from ()3.17|) (which is in fact a refinement), since the left-hand 
side of (|3.17|) is equal to 

j! y — - — =y — - — 

W1W2 ■ ■ ■ Wj^ik ^ W1W2 ■■■Wj 

where 

Tk = {(yWi, . . . , Wj) G {1,2,..., ky I Wi distinct, with maximum exactly k}, 
the right-hand side is 

^ W1W2 ■■■Wj 

where 

Sk = {{wi, . ..,Wj) E {1,2, ...,ky\wi^ = k}, 

and one has S = UfcLi Sk and T = JJ^^ Tk. 



53 



When we define the notion of logarithmic intertwining operator below, we will impose 
a condition requiring certain formal series to lie in spaces of the type W[logx]{x} (so that 
for each power of x, possibly complex, we have a polynomial in logx), partly because such 
results as the following (which is expected) will indeed hold in our formal setup when the 
powers of the formal variables are restricted in this way (cf. Remark 13 . 1 01 below) . 

Lemma 3.9 Let a G C and m G Z_(_. // f{x) G W[logx]{x} (W any vector space not 
involving x or logx) satisfies the formal differential equation 

d 



then f{x) G Wx"" © Wx"- logx © ■ ■ ■ © Wa;'^(loga;)'" ^, and furthermore, if m is the smallest 
integer so that / IJ. i<^) is satisfied, then the coefficient of x"' {log x)"^~^ in f{x) is nonzero. 

Proof For any f{x) = Y.n,k^n,kx'^ (log x)^ G W{x,logx}, 

x^/(x) = ^nWn,kx''{logx)^ + ^kwn,kx''{logx)^~^ 

n,k n,k 

= y^^{nwn,k + {k + l)w„,fc+i)a;"(log x)''. 

n,k 

Thus for any a G C, 

{x-^ - a) f{x) = ^{{n - a)wn,k + (k + l)w;„,fc+i)x"(logx)^ (3.19) 

71, fc 

Now suppose that f{x) lies in VV[loga;]{2;}. Let us prove the assertion of the lemma by 
induction on m. 

If m = 1, by (j3.19|) we see that (x^ — a)/(x) = means that 

{n — a)wn,k + {k + l)wn,k+i = for any n G C, A; G Z. (3.20) 

Fix n. If Wn,k 7^ for some k, let A;„ be the smallest nonnegative integer such that Wn,k = 
for any k > kn (such a /c„ exists because /(x) G >V[logx]{x}). Then 

(n - a)Wn,k„ = -{kn + l)Wn,k„+l = 0. 

But Wn,kn 7^ by the choice of fc„, so we must have n = a. Now ()3.20|1 becomes {k+l)wa,k+i = 
for any /c G Z, so that Wa^k = unless k = 0. Thus f{x) = WafiX"". If in addition m = 1 is 
the smallest integer such that ()3.18p holds, then f{x)^0. So Wa,o, the coefficient of x", is 
not zero. 

Suppose the statement is true for m. Then for the case m + 1, since 

/ d \m+i / d / d \ 
0=(a;- a) f{x)=ix- a) ix- aj/(x) (3-21) 
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implies that 

(x^ - a) f{x) = wox" + wix" log a; + ■ ■ ■ + Wm-ix^ilog (3.22) 

for some Wq, Wi, ■ ■ ■ , Wm-i G W, by ()3.19|) we get 

{n — a)wnj + (j + l)wnj+i = for any n ^ a and any j E Z 
(j + l)wa,j+i = Wj for any j G {0, 1, . . . , m - 1} 
(j + l)wa,j+i = for any j ^ {0, 1, . . . , m - 1} 

By the same argument as above we get Wnj = for any n ^ a and any j. So 
/(x) = u;,,oa;" + wox^logx + ^^'^(logx)' + ■ ■ ■ + ^^x'^(logx)"^, 

as we want. If in addition m + 1 is the smallest integer so that ()3.21|) is satisfied, then by the 
induction assumption, Wm-i in (j3.22j) is not zero. So the coefficient in /(x) of x"(logx)™', 
Wm-i/fn, is not zero, as we want. □ 

Remark 3.10 Note that there are solutions of the equation ()3.18p outside >V[logx]{x}, 
for example, f{x) >V[[loga;]] for any complex number b ^ a and any 

Following |Mij . with a slight generalization (see Remark I3.25|) . we now introduce the 
notion of logarithmic intertwining operator, together with the notion of "grading-compatible 
logarithmic intertwining operator," adapted to the strongly graded case. We will later see 
that the axioms in these definitions correspond exactly to those in the notion of certain 
"intertwining maps" (see Definition 14.21 below). 

Definition 3.11 Let {Wi,Yi), (^^2,^2) and (1^3,1^3) be generalized modules for a Mobius 
(or conformal) vertex algebra V. A logarithmic intertwining operator of type (^^^J is a 
linear map 

y{;xy ■.Wi0W2^ W3[\ogx]{x}, (3.23) 

or equivalently, 

W(i) ® w;(2) ^ 3^(w(i),x)w(2) = ^^w;(i)^.^W(2)X"""^(logx)'' G iy3[logx]{x} (3.24) 

nGC fceN 

for all G Wi and w^2) ^ W2, such that the following conditions are satisfied: the lower 
truncation condition: for any G Wi, w^2) ^ W2 and nGC, 

'"^(i)^+m A:^(2) ~ ^ for m G N sufficiently large, independently of k; (3.25) 
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the Jacobi identity: 

Xq^6(— —)Y3{v,Xi)y{w(^i),X2)w(^2) 

\ Xq / 

-Xq^6(— —) y{W(^i),X2)Y2{v, Xi)W(2) 

V —Xq / 

= X2^6 ( J^ ^ ^^ ^y(Yi{v, Xo)w(^i), X2)w^2) (3.26) 



for V E V, G Wi and W(^2) ^ W2 (note that the first term on the left-hand side is 
meaningful because of ()3.25|l ): the L[—l)- derivative property: for any W[i) G Wi, 

3^(L(-l)w;(i), x) = ^y{w(^),x); (3.27) 
and the s[{2) -bracket relations: for any W{i) G Wi, 

[LU),y{w^,),x)] = Y,v' ^ )x'y{LU-i)w^,),x) (3.28) 
i=o ^ ^ 



for j = —1, and 1 (note that if V is in fact a conformal vertex algebra, this follows auto- 
matically from the Jacobi identity (|3.26|) by setting v = uj and then taking ReSa;(,Res2,^x{^^). 

Remark 3.12 We will sometimes write the Jacobi identity ()3.26p as 

Xq^6 (— —) Y{v, Xi)y{W(^i),X2)W(^2) 

\ Xq / 

-Xq^6 (— —)y{W(^i), X2)Y{V, Xi)W(^2) 

\ —Xq / 

= X2'^(^y jy(Y{v,Xo)W(^i),X2)W(^2) (3.29) 

(dropping the subscripts on the module actions) for brevity. 

Remark 3.13 The ordinary intertwining operators (as in, for example, |HL5j ) among triples 
of modules for a vertex operator algebra are exactly the logarithmic intertwining operators 
that do not involve the formal variable logx, except for our present relaxation of the lower 
truncation condition. The lower truncation condition that we use here can be equivalently 
stated as: For any G Wi, W(2) ^ W2 and G C, there is no nonzero term involving x^'"^ 
appearing in y{w{i),x)w(2) when m G N is large enough. In |HL5j . the lower truncation 
condition in the definition of the notion of intertwining operator states: For any W(i-^ G Wi 
and W{2) £ W^25 

{w(i))nW(2) = for n whose real part is sufficiently large. 

This is slightly stronger than the lower truncation condition that we use here, even if no 
logx is involved, when the powers of x in y{w(i),x)w{2) belong to infinitely many different 
congruence classes modulo Z. 
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Remark 3.14 Given a generalized module (W, Yvk) for a Mobius (or conformal) vertex 
algebra V, the vertex operator map IV itself is clearly a logarithmic intertwining operator 
of type (^); in fact, it does not involve logx and its powers of x are all integers. In 
particular, taking {W, Yw) to be {V, Y) itself, we have that the vertex operator map F is a 
logarithmic intertwining operator of type {yy) not involving log x and having only integral 
powers of x. 

The logarithmic intertwining operators of a fixed type (^^j^^) form a vector space. 

Definition 3.15 In the setting of Definition IH.IH suppose in addition that V and Wi, W2 
and W3 are strongly graded (recall Definitions I2.2HI and 12.2,^ . A logarithmic intertwining 
operator y as in Definition 13.111 is a grading- compatible logarithmic intertwining operator if 
for ^, 7 G v4 (recall Definition and G W^i \ W(2) e W2^\ n eC and A; G N, we have 

w^,Z,kn,)^Wt^'\ (3.30) 

Remark 3.16 The term "grading-compatible" in Definition 13.151 refers to the A-gradings; 
any logarithmic intertwining operator is compatible with the C-gradings of Wi, W2 and VF3, 
in view of Proposition I3.21f b) below. 

Remark 3.17 Given a strongly graded generalized module (VF, Yiy) for a strongly graded 
Mobius (or conformal) vertex algebra V, the vertex operator map Yw is a grading-compatible 
logrithmic intertwining operator of type (J^) not involving log a; and having only integral 
powers of x. Taking [W, Yw) in particular to be (V, Y) itself, we have that the vertex operator 
map y is a grading-compatible logarithmic intertwining operator of type (yy) not involving 
logo; and having only integral powers of x. 

In the strongly graded context (the main context for our tensor product theory), we 
will use the following notation and terminology, traditionally used in the setting of ordinary 
intertwining operators, as in |FHLj : 



Definition 3.18 In the setting of Definition 13. l5| the grading-compatible logarithmic inter- 
twining operators of a fixed type (^^^J form a vector space, which we denote by Vwtw2- 
We call the dimension of VwiW2 fusion rule for Wi, W2 and W3 and denote it by N^^^y^. 

Remark 3.19 In the strongly graded context, suppose that Wi, W2 and W3 in Definition 
13. Ill are expressed as finite direct sums of submodules. Then the space VwiW2 natu- 
rally expressed as the corresponding (finite) direct sum of the spaces of (grading-compatible) 
logarithmic intertwining operators among the direct summands, and the fusion rule A'^^^^y^ 
is thus the sum of the fusion rules for the direct summands. 

Remark 3.20 As we shall point out in Remark 13.241 below, it turns out that the notion 
of fusion rule in Definition 13.181 agrees with the traditional notion, in the case of a vertex 
operator algebra and ordinary modules. The justification of this assertion uses Parts (b) and 
(c), or alternatively. Part (a), of the next proposition. Part (a), whose proof uses Lemma 
13.91 shows how logarithmic intertwining operators yield expansions involving only finitely 
many powers of logx. Part (b) is a generalization of formula ()2.49|) . 



57 



Proposition 3.21 Let Wi, W2, he generalized modules for a Mobius (or conformal) 
vertex algebra V, and let y{-,x)- be a logarithmic intertwining operator of type (^^^J. 
Let and W{2) be homogeneous elements of Wi and W2 of generalized weights ni and 
n2 G C, respectively, and let ki and ^2 be positive integers such that {L{0) — ni)^^W(^i) = 
and {L{0) — n2)^^W(^2) = 0. Then we have: 

(a) C^Mi]) For any w',^-. G W^, n-^eC and h e Z+ such that (L'(0) - n3)^^w[^^ = 0, 

(u;(3),3^(W(i),x)W(2)) 

(3.31) 

(b) For any n G C and k E N, W(iy^,^W{2) G VF3 is homogeneous of generalized weight 
ni + n2 — n — 1 . 

(c) Fix n G C and A; G N. For each i,j G N, let rriij be a nonnegative integer such that 

(L(0) -m-n2 + n + 1)™-(((L(0) - n,yw^,^)l,{L{0) - n2yw^2)) = 0. 
Then for all t > maxjmjj \ < i < ki, < j < k2} + ki + k2 — 2, 

^(l)J'.fc+,«^(2) =0. 

We will need the following lemma in the proof: 

Lemma 3.22 Let Wi, W2, W3 be generalized modules for a Mobius (or conformal) vertex 
algebra V . Let 

y{-,x)- -.Wi^Wi W3{x,\ogx] 

W^(l)®W(2) H-^ 3^(U;(1),X)U7(2) = ^ U'(l)^.^W(2)X~""^(l0gx)^ 

(3.32) 

be a linear map that satisfies the L(-l)- derivative property \3.21 ) and the L{0)-bracket rela- 
tion, that is, i!^. 2^) with j = 0. Then for any a,b,c & C, t E N, G Wi and W{2) G W2, 

(L(0)-c)*3^(^(i),a;)^(2)= ^' 



'i+i=t 



d 



x—-c + a + b] y{{L{0) - a)>i), x)(L(0) - 6)^W(2). 



(3.33) 



Also, for any a,b,n, k E C, t E N, W(i) G Wi and W(2) G W2, we have 
(L(0) -a-b + n + l)*(u;(i)^.^W(2)) 

= ^ [ I [ il ^«L;.-.A Jl 

i,j,l>0, i+j+l=t ^ ^ •' 



(3.34) 
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in generating function form, this gives 



^.(L(0)-a-.+n+l)(^^^ ^^^^^ 



(e^(^(°)-'^)«;(i))X .^.(e^(^(°)-^)«;(,))y'. (3.35) 



Proof From ()3.27|) and ()3.28p with j = we have 

L(0)3^(w(i),x)w(2) = 3^(w(i),x)L(0)«;(2) 
d 



Hence 



+x—y{w^^i),x)w(^2) + y{L(Q)w(^i), x)w(2)- (3.36) 



(L(0) -c)3^(t/7(i),x)w;(2) = y{w^i~^,x){L{{])-h)w 



(2) 

+ {^-J^ -c + a + h^ y{w{i),x)w{2) + 3^((-^(0) - a)u^(i), x)w(2) 

for any complex numbers a, h and c. In view of the fact that the actions of L{Q) and d/dx 
commute with each other, this imphes ()3.33|) essentially because of the expansion formula 
for powers of a sum of commuting operators, that is, for any commuting operators Ti, . . . , 
and if: G N, 

(Ti + --- + T,)*= ^ -JL_Ti'...Ti\ (3.37) 

ii,...,isGN, JiH Hs=t ^ '^^ 

On the other hand, by taking coefficient of x~""^(logx)'^ in ()3.3fj|l we get 

^(0)w(i)^.;,w;(2) = Wi^i)l.^L{Q)w^^2) + {-n - l)w;(i)^.^w7(2) 
+ {k + l)wii)l,^^^W(2) + (L(0)u;(i))^.fcW(2). 

So for any a, b,n,k E C, 

(L(0) - a - 6 + n + l)(u;(i)^.^W(2)) = ((L(0) - a)w(^i))l^^W(^2) 

+^wlkim - b)w^2) + {k + l)w^,Z^,^^W(2). (3.38) 
For p,q eN and n. A; G C, let us write 

T,,,,, = ((L(0) - aYw^,£.,{{m - hfw^^)). (3.39) 
Then from ()3.38p we see that for any g G N and a, b,n,k G C, 

(L(0) - a - 6 + n + l)rp,fc,g = + (A; + l)Tp,fc+i,g + Tp,fc,g+i. (3.40) 

Hence by ()3.37|) we have 

(T(n^ m^Vt ,\ Sr (fc + l)(fe + 2)---(fc + /) ^ 

i,j,l>0,i+j+l=t 
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for any a,b,n,k G C and p,q & N. In particular, by setting p = q = we get ()3.34|) . and 
(|3.35p follows easily from (j3.34p by multiplying by y^/t\ and then summing over t G N. □ 

Proof of Proposition [S~2l\ (a): Under the assumptions of the proposition, let us show 
that 

W(3), f a;— -ns + ni +^2 j y{w(^i),x)w(2)) = (3.41) 

by induction on fci + /c2- 

For ki = k2 = 1, from ()3.33|) with a = ni, b = n2, c = and t = k^ we have 



= {{L'i0)-ns)''w[,),y{w^^),x)w^2)) 



Kg), (L(0) - n3)^^^3^(w;(i),x)w;(2)) 



^W(3), (^^'^ -ris + ni +n2^ y{w(i), x)w(2)^ 



which is ()3.41|) in the case ki = k2 = 1. 

Suppose that ()3.41|) is true for all the cases with smaller ki + ^2. Then from ()3.33p with 

a = Hi, b = n2, c = and t = k^ + ki + k2 — 2 we have 



= ((L'(0)-n3)^'=+'=^+'=-V(3),3^(«;(i),x)«;(2)) 

/r/n\ „ \k3+ki+k 

'(3)' 



(u;'(3), (L(0) - n3)^'^+^^+^-^3^Ki), a:)^(2)) 



^ {k^+ ki + k2 - 2)\ 



i\j\k\ 

i,j,k&i,i+j+k=kz+kx+k2-2 •' 



— - ^3 + ni + ^2 j y{{L{0) - ni)^W(i), x)(L(0) - n2yw(^2) ) 
W(3), f -n^ + ni+n2\ 3^(w^(i), x)w(2) 



where the last equality uses the induction assumption for the pair of elements (i^(0) — 

and (i^(0) — n2)''w(2) for all (i, j) ^ (0, 0). So ()3.41|1 is established, that is, we have the formal 

differential equation 



^ \ fc3+fcl+fc2-2 



X— -n^ + ni + n2j (W(3), y{w(i),x)w(^2)) = 0. 

This implies (a) by Lemma f3. 91 

(b): This follows from ()3.34j) with a = rii, b = n2 and the fact that for any W(^i) G Wi, 
W{2) £ W2 and 72 G C, there exists i^' G N so that {w (^i^y^^jijo (2) = for all k > K, due to 
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(c): Let us prove (c) by induction on ki + ^2 again. For ki = k2 = I, ()3.34|) with a = rii 
and b = n2 gives 



(L(0) - m - n2 + n + iy{w^,)l^w^2)) = {{k + t)\/k\)wt^^)l.^^pf^2) 



that is 



«^(i)^.fc+,^(2) = {k\/{k + t)!)(L(0) - ni - n2 + n + l)\w^^/^,^w^2))- 

So for t > moo, W(iy^,j^j^^W[2) = 0, proving the statement in case ki = k2 = 1. 

Suppose that the statement (c) is true for all smaller ki + k2. Then for ^ (0,0), 



I i\ "(^0 ... I Jl "(^V 







when / > max{mj/j/ | i < i' < /ci, j < j' < ^^2} + (^1 ~ + (^2 — j) — 2, and in particular, 
when / > max{mj/j/ | < < fci, < j' < ^2} + ki + k2— i — j — 2. But then for all 
t > max{mij | < i < fci, < j < k2} + ki + k2-2, gives = {{k + t)\/k\)w(^i)^, f^^^W(^2), 

proving what we need. □ 

The following corollary is immediate from Proposition 13. 2lt b): 

Corollary 3.23 Let V be a Mobius (or conformal) vertex algebra and let Wi, W2 and W3 be 
generalized V -modules whose weights are all congruent modulo Z to complex numbers hi, /i2 
and h^, respectively. (For example, Wi, W2 and might he indecomposable; recall Remark 
\2.2(\ ) Let y{-,x)- he a logarithmic intertwining operator of type (^^'^^ . Then all powers of 
X in 3^(-,x)- are congruent modulo Z to h-^ — hi — h2- □ 

Remark 3.24 Let Wi, W2 and W3 be (ordinary) modules for a Mobius (or conformal) vertex 
algebra V. Then any logarithmic intertwining operator of type (^^^^) is just an ordinary 
intertwining operator of this type, i.e., it does not involve logx. This clearly follows from 
Proposition 13. 21f b) and (c), where ki and k2 are chosen to be 1, A; is chosen to be 0, and moo 
is chosen to be 1. It also follows, alternatively, from Proposition 13 .2 it a) . As a result, for V a 
vertex operator algebra (viewed as a conformal vertex algebra strongly graded with respect 
to the trivial group; recall Remark I2.24j) and Wi, W2 and \^-modules in the sense of 
Remark 12.271 the notion of fusion rule defined in this work (recall Definition I3.18|) coincides 
with the notion of fusion rule defined in, for example, |HL5j (except for the minor issue of 
the truncation condition for an intertwining operator, discussed in Remark I3.13|) . 

Remark 3.25 Our definition of logarithmic intertwining operator is identical to that in 
|Mij (in case is a vertex operator algebra) except that in |Mij . a logarithmic intertwining 



operator 3^ of type (^^^J is required to be a linear map Wi }iom{W2,W3){x}[\ogx] 
instead of as in ()3.23|) . and the lower truncation condition ()3.25p is replaced by: For any 
W(i) e Wi, W{2) e W2 and G N, 

W(i)^.^W(2) = for 72 whose real part is sufficiently large. 
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Given generalized V^-modules Wi, W2 and W^, suppose that for each i = 1,2, 3, there exists 
some Ki G Z_|_ such that {L{0) — L{0)s)^^Wi = (this is satisfied by many interesting 
examples and is assumed in |Mij for all generalized modules under consideration). Then for 
any logarithmic intertwining operator y, any homogeneous elements 1^(1) G Wi[ni], ""^(2) ^ 
W^2[n2]! ^1,^2 £ C, any n G C and any k E N, all the mj/s in Proposition I3.21f c) can 
be chosen to be no greater than K^, while ki and k2 can be chosen to be no greater than 
Ki and K2, respectively. Proposition I3.2ir c) thus implies that the largest power of log a; 
that is involved in y is no greater than Ki + K2 + K3 — 3. In particular, y maps Wi to 
Hom(iy2, M/3){a;}[logx], and in fact, we even have that i^i + ,^'2 + -^3 — 3 is a global bound 
on the powers of logx, independently of G Wi, so that 

y{-,x)- G }lom{Wi0W2,Ws){x}[\ogx]. (3.42) 

Remark 3.26 Given a logarithmic intertwining operator y as in ()3.24|) . set 

y^''\w^,),x)w^2) = $^^(i)i';fc^(2)a:-"-' 

neC 

for k eN, W(i) G Wi and W(2) ^ W2, so that 

y{w^i),x)w^2) = ^3^(^Hw{i),a;)w(2)(loga;)^ 

ken 

By taking the coefficients of the powers of logX2 and logx in (j3.26|) and (j3.28|) . respectively, 
we see that each 3^*^^^) satisfies the Jacobi identity and the sl(2)-bracket relations. On the 
other hand, taking the coefficients of the powers of log x in ()3.27|) gives 

(L(-l)^(i) , x) = ^3;^ (u;(i) , x) + ^y^'^'^ (^(1) , x) (3.43) 

for any /c G N and G Wi. So 3^'-'^^ does not in general satisfy the L(— l)-derivative 
property. (If y^''+^^ = 0, then y^''^ of course does satisfy the L(— l)-derivative property and 
so is an (ordinary) intertwining operator; this certainly happens for = in the context of 
R,emark 13.241 and for k = Ki + K2 + — 3 in the context of Remark 13.251 ) However, in 
the following we will see that suitable formal linear combinations of certain modifications of 
3^'-'^^ (depending on t G N; see below) form a sequence of logarithmic intertwining operators. 

Remark 3.27 Given a logarithmic intertwining operator 3^, let us write 

y(w(i),x)w(2) = ^^w;(i)^.^W(2)X-"-^(logx)^ 

neC ken 

^lev./1 n=n ken 
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for any G Wi and w^2) ^ W2, where n denotes the equivalence class of n in C/Z. By 
extracting summands corresponding to the same congruence class modulo Z of the powers 
of X in (jT^ . (nTTTfl and (jT^ we see that for each /i G C/Z, 

®w;(2) ^ y^\w(^i),x)w^2) = 5]]X]^(i)n;fc^(2)a;-"-^(logx)'= (3.44) 

still defines a logarithmic intertwining operator. In the strongly graded case, if y is grading- 
compatible, then so is the operator in ()3.44j) . Conversely, suppose that we are given a 
family of logarithmic intertwining operators {y^lfi G C/Z} parametrized by /i G C/Z such 
that the powers of x in y^ are restricted as in ()3.44|) . Then the formal sum Yl^iec/zy^ 
well defined and is a logarithmic intertwining operator. In the strongly graded case, if each 
is grading-compatible, then so is this sum. 

In the setting of Definition 13.111 for any integer p, set 

y{w^i),e'^'Px)w^2)=y{wii),y)w^2) , , , • (3-45) 

This is in fact a well-defined element of iy3[logx]{x}. Note that this element certainly 
depends on p, not just on e^'^*^ (= 1). This substitution, which can be thought of as 
"x I— > e'^'^^'^x" will be considered in a more general form in ()3.74|) below. 

Remark 3.28 It is clear that in Definition 13. IH for any integer p, all the axioms are formally 
invariant under the substitution x ^ e^'^^^x given by ()3.45|) . That is, if we apply this 
substitution to each axiom, the axiom keeps the same form, with the operator y{-,x) replaced 
by 3^(-, e^'^*^). For example, for the Jacobi identity ()3.26p . we perform the substitution 
X2 ^ e'^'"^Px2', the formal delta- functions remain unchanged because they involve only integral 
powers of X2 and no logarithms. It follows that y{-, e'^'^^^x) is again a logarithmic intertwining 
operator. 

From Remark 13.281 for any yU G C/Z and logarithmic intertwining operator as in 
(j3.44p . the linear map defined by 

u^d) ® ^(2) ^ y^iw^i), e'-'Px)w(^2) = E E ^{i)i';fc^(2)e'"^(-"-')x-"-i(logx + 2mp)'' 

n=fi fcGN 

is also a logarithmic intertwining operator. In the strongly graded case, if the operator in 
fl3.44|) is grading-compatible, then so is this one. The right-hand side above can be written 

as 





^-2..p. y: y: e (^) i^ogxr'i^mpY 

fi-n tGN ^ ^ 



n=^ fcGN tGN 
-2nipii ' 

tGN fcGN ^ " ^ n=ii 

(the coefficient of each power of x being a finite sum over t and k). We now have: 
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Proposition 3.29 Let Wi, W2, he generalized modules for a Mohius (or conformal) 
vertex algebra V, and let y{-,x)- be a logarithmic intertwining operator of type (^^^J . For 
fxEC/Z andt EN, define Xl" :Wi0W2^W3[\ogx]{x} by: 

Then each Xj^ is a logarithmic intertwining operator of type {^^'^^ . In particular, the 
operator Xf defined by 

X, : ^(1) ® w^2) - E r) E^(i)n;;c+.^(2)^'"''(l°g^)' (3-46) 



is a logarithmic intertwining operator of the same type. In the strongly graded case, if y is 
grading- compatible, then so are X^ and Xf. 

Proof From the above we see that for any integer p, e"^'^*^'^ X]teN(2^^P)*'^/') ^ind hence 

J2i2mpyxr, (3.47) 

is a logarithmic intertwining operator. Let us now prove that X^^ is a logarithmic intertwining 
operator by induction on m. The m = case follows immediately from setting p = in 
fl3.47|) . Suppose that Xq, . . . ,Xl^_^ are all logarithmic intertwining operators. Then for any 
integer p, 



m—l 



J^i^mpfxr = J^i^TTzpYxr - J2(^irzpyX, 

t>m teN t=0 



is also a logarithmic intertwining operator. Dividing this by {2TTip)"^ and then setting p = 
we see that X^^ is also a logarithmic intertwining operator. The second assertion follows 
from Remark 13.271 and the last assertion is clear. □ 

Remark 3.30 Let Wi, W^, i = 1,2,3, be generalized modules for a Mobius (or conformal) 
vertex algebra V. If y{-,x)- is a logarithmic intertwining operator of type (^^^J and 
0"! : —>■ Wi, (72 : —>■ W2 and : W3 are ^-module homomorphisms, 

then it is easy to see that (J3y{ar,x)a2- is a logarithmic intertwining operator of type 
(^^^2). In the strongly graded case, if y is grading-compatible, then so is cr3y{ai-,x)a2- 
(recall from Remark 12.281 that each cxj preserves the A-grading). That is, in categorical 
language, with C a full subcategory of the category of either Ai (the category of l^-modules; 
recall Notation I2.36|) . QA4 (the category of generalized l^- modules), J^sg (the category 
of strongly graded V^-modules) or QAigg (the category of strongly graded generalized V- 
modules), the correspondence from C x C x C to the category Vect of vector spaces given by 

is functorial in the third slot and cofunctorial in the first two slots. 
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Remark 3.31 Now recall from Remark 12.211 that L{0) — L{0)s commutes with the actions 
of both V and 51(2). So (-L(O) — L(O)s)* is a V^-module homomorphism from a generalized 
module to itself for any i G N, and this remains true in the strongly graded case. Hence 
by Remark 13.301 given any logarithmic intertwining operator y{-,x)- as in ()3.23|) and any 

k eN, 

(L(0) - m,)'y{{m - L(0),)\ x)(L(0) - ■ (3.48) 

is again a logarithmic intertwining operator, and in the strongly graded case, if 3^ is grading- 
compatible, so is this operator. In the next remark we will see that the logarithmic inter- 
twining operators ()3.46p are just linear combinations of these. 

Remark 3.32 Let Wi, W2, W3 and 3^ be as above and let G W^i[ni] ""^(2) ^ ^2[n2] 
for some complex numbers ni and n2- Fixing n G C and using the notation Tp ^ g in ()3.39p 
with a = rii and 6 = n2, we rewrite formula (j3.4Uj) in the proof of Lemma [3.221 as 

{k + l)Tp^k+i,q = {L{0) - ni ~ n2 + n + l)Tp^k,q - Tp+i^k,q - Tp,k,q+i 
for any p,q,k & N. From this, by ()3.37|) we see that for any t G N, 

+ ^yp,k+t,q = Yl -n^-n2 + n + l)%+.,k,q+j. 

Setting p = g = we get 

^ ^ i,j,leN, i+j+l=t •' 

.(L(0) -n,-n2 + n + 1)'((L(0) - ni)^«;(i))^^,(L(0) - 7x2)' w^2)) 

(3.49) 

for any t G N. (Note that this formula gives an alternate proof of Proposition 13. 2lf c).) Now 
multiplying by x~"~^(logx)'^ and then summing over n G C and over /c G N we see that for 
every t G N the intertwining operator Xt in (j3.46|) is a linear combination of intertwining 
operators of the form ()3.48p . 

In preparation for generalizing basic results from |FHLj on intertwining operators to the 
logarithmic case, we need to generalize more of the basic tools. We now define operators 
"^±L(o)" ^Qj, generalized modules, in the natural way: 

Definition 3.33 Let be a generalized module for a Mobius (or conformal) vertex algebra. 
We define : W W {x]\^ogx\ C iy[logx]{x} as follows: For any w G W[n\ {n E C), 

define 

(note that the local nilpotence of L{0) — n on W^n] insures that the formal exponential series 
terminates) and then extend linearly to all w G W. (Of course, we could also write 

3,±L{0) ^ ^±L{0).g±loga;(L(0)-L(0).)^ (3.51) 
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using the notation L{0)s.) We also define operators x^^'^^-* on W* by the condition that for 
all w' G W* and w eW, 

= (G C{x}[logx]), (3.52) 

so that a;±^'W : W* iy*{a;}[[logx]]. 

Remark 3.34 Note that these definitions are (of course) compatible with the usual defini- 
tions if W is just an (ordinary) module. In formula ()3.50p . x"^^^^^ is defined in a naturally 
factored form reminiscent of the factorization invoked in Remark 13.101 f providing counterex- 
amples there); the symbol x^^^'^^^"") is given meaning by its replacement by e='='°§^(^(°)~"). 
Also note that in case both V and W are strongly graded, the definition of x^^ ^'^^ given 
by ()3.52|) . when applied to the subspace W of W*, coincides with the definition of ^'^^ 
given by ()3.50|) induced from the contragredient module action of V on W. (Recall Theorem 

EM) 

Remark 3.35 Note that for w G W[n], by definition we have 

= a;±"^M^l:i^(±logx)* G x^'^W^^logx]. (3.53) 

It is also handy to have that for any w E W, 

^m^-m^ = = (3.54) 

which is clear from definition. Later we will also need the formula 

d 



for any w G W, i.e., 
or equivalently. 



±L(o)^ = ±x-^x^^^°^L{0)w (3.55) 
ax 



^_l^±L(o)^ = ±x±^(°)L(0)«;, (3.56) 



dx 



x-^ ^ L(0) ) = (3.57) 

dx J 

(cf. Lemma 13.91 and Remark I3.10|) . This can be proved by directly checking that for w 
homogeneous of generalized weight n, 



dx 

and hence for such w. 



dx dx 

= ±ra^"-^e^^°s^'(^(°)"")^i; ± a;^"~^e^^°s^(^(°)-'^)(L(0) - n)w 

= ±x±"-^e±^°s"(^(°)-")L(0)«; = ±x-'x^^^''^ L{0)w. 
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In the statement (and proof) of the next result, we shall use expressions of the type 

(1-)- - E(T) 

ken ^ ^ 



L(0)(L(0) - 1) ■ ■ ■ (L (0)-A: + 1) , 



5^ k\ 

fcgN 



which also equals 

as well as expressions involving 



gL{0) log(l-x) 



fegN V / 



for Ti G C and 

log(x(l — yx)^^) = logo; + log(l — 



logx + ^ Uyx)''. 



k 

k>l 

We can now state and prove generalizations to logarithmic intertwining operators of three 
standard formulas for (ordinary) intertwining operators, namely, formulas (5.4.21), (5.4.22) 
and (5.4.23) of FHL. The result is (see also Mij for Parts (a) and (b)): 

Proposition 3.36 Let y be a logarithmic intertwining operator of type (^^^J and let w G 
Wi. Then 

(a) 

ey^^~^^y{w, x)e'y^^-^^ = y{ey^^-^^w, x) = yiw, x + y) (3.58) 

(recall / TO) ) 

(b) 

y'-^'^^yiw, x)2/-^(°) = yiy'-'^^^w, xy) (3.59) 

(recall / TO) ) 

(c) 

e^^(^)3^(u^,x)e-^^« = 3^(e^(^-^")^(^)(l -|/a;)~'''^°^w^,a;(l -yx)-^). (3.60) 
Proof From ()3.28p with j = — 1 we see that for any w G Wi, 

L{-i)y{w, x) = y{L{-i)w, x) + y{w, x)l{-i). 
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This implies 

nl ^-^ \ tl / ?! 

i+j=n 

for any n G N, where y is a new formal variable. Summing over n G N we see that for any 
w G Wi, 

and hence 

ey^(-^)y{w, x)e-y^^'^^ = yiey^'^-^^w, x) = ey^y{w, x) = y{w, x + y), (3.61) 

where in the last equality we have used ()3.10|) . Note that all the expressions in 1)3.611) remain 
well defined if we replace y by any element of 7/C[x] [[?/]]. Thus by Remark 13.71 ()3.61|) still 
holds if we replace y by any such element. 

For (b), note that for homogeneous G Wi and W(2) G W2, by ()3.35p with the formal 
variable y replaced by the formal variable logy, we get (recalling Proposition I3.2ir b) and 

for any n G C and k eN. Multiplying this by x~"~^(logx)'^, summing over n G C and A; G N 
and using ()3.8p we get 

/(°)3^(u;(i),x)^x;(2) = 3^(/^°)w(i),a;2/)/(°)w;(2). 

Formula ()3.59|) then follows from ()3.54|) . 

Finally we prove (c). From ()3.28|) with j = 1 we see that for any w G Wi, 

L{l)y{w, x) = y{{L{l) + 2xL{0) + x^L{-l))w, x) + y{w, x)L(l). 

This implies that 

ey''^'^y{w,x) = y(^ey^Lii)+2xm+x^Li-i))^^^yLii)^ 

or 

e^^(i)3^(^i;,x)e-^^(i) = y(^ey^Lii)+2-m+-'Li-i))^^ 

Using the identity 

^y{L(l)+2xLiO)+x^L{-l)) ^ ^yx^il-yx)-'' L{-1) ^y{l-yx)L(l) ^-^ _^a;)-2i(0)^ 

whose proof is exactly the same as the proof of formula (5.2.41) of |FHLj . we obtain 

e^^(i)y(w;,x)e-^^(i) = y^ey^^Hi-y^r'Li-D^yH^yxWi) _ y^y2m^^^y (3 53) 
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But by ()3.61|) with y replaced by yx^il — yx) ^, the right-hand side of ()3.62|) is equal to 

y^^yii-yx)L(i)^^ - yx)-^^^")^;, X + yx\l - yx)-^). (3.63) 

Since 

(x + yx^{l - yx)-^Y = - i/x)-^)" 

for n G C and 

log(x + — yx)~^) = log(a;(l — yx)~^), 
()3.63|) is equal to the right-hand side of ()3.60p . proving ()3.60|) . □ 

Remark 3.37 The following formula, also a generalization of the corresponding formula in 
the ordinary case (see (j2.69|) ). will be needed: For j = —1, 0, 1, 

x^(°)L(j>-^(°) = x-'L{j). (3.64) 

To prove this, we first observe that for any m G C, [-^^(0) — m, L{j)] = —jL{j) implies that 

glogz(L(0)-m)^^j^g-loga::(L(0)-m) _ g-J log 

Hence, for a generalized module element w homogeneous of generalized weight n, 

x^^°^L{j)w = x''-^e'°s^(^(°)-"+^U(j> 

= x"-^L(j)e'°s^(^(°)-")u; 
= x-^L(j>^(°)u7, 

and (j3.64p then follows immediately from (j3.54|) . 

Remark 3.38 From (j3.64j) we see that 

^m^yL(j)^^m ^^yx-^LU)^ (3.65) 

For an ordinary module W for a vertex operator algebra and any a G C, the operator 
gaL(o) jg defined by 

gaL(o)^ = e"^u; (3.66) 

for any homogeneous w G W(^h), h & C and then by linear extension to any w G W. More 
generally, for a generalized module W for a Mobius (or conformal) vertex algebra and any 
a G C, we define the operator e""^^^^ on W by 

for any homogeneous w G /i G C and then by linear extension to all w G W. (Note 

that for a formal variable x, we already have e^^^'^^w = e'^^e^^^^^^~^^w.) From the definition, 

gaL(0)g-aL(0)^ = W. (3.68) 

Recalling Remark 12.211 for the notation L{0)s, we see that 

where the exponential series e'^(^(°)^^(°)'') terminates on each element of W. 
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Remark 3.39 The operators defined in ()3.66|) and ()3.67|) can be alternatively defined or 
viewed as the (analytically) convergent sums of the indicated exponential series of operators; 
these operators act on the (finite-dimensional) subspaces of W generated by the repeated 
action of L{0) on homogeneous vectors w G W. 

Remark 3.40 The operator e'^^^^o^-^^o)-) on W is a l^-homomorphism, in view of Remark 
12.211 (cf. Remark 13.311) . Let r be an integer. Then e'^'^^'^^i'^)" is also a l^-homomorphism, by 
Remark I2.2()[ Thus for r G Z, e^'^^'^^^^^ is a ^-homomorphism. In the strongly graded case, 
all of these V^-homomorphisms are grading-preserving. 

Remark 3.41 We now recall some identities about the action of 5[(2) on any of its modules. 
For convenience we put them in the following form: 



e-i(-i) L(0) e-"^(-^) = I -X 1 Oil L(0) I (3.70) 





e-i(o) I ^(0) I e-"^(°) = I 1 | | L(0) | (3.71) 
L(l) 

e-i(i) I L^o) I e-"^(i) = I 1 x | | L(0) | . (3.72) 

Formula (jTTTIl follows from (5.2.12) and (5.2.13) in PTU; Formula (jTT^ follows from 
(5.2.14) in jFHLj and [L(1),L(-1)] = 2L(0); and formula ^Ti^i follows from (HTf^ and the 
fact that 

L(-l) ^ L(l), L(0) ^ -L{0), L(l) ^ L{-1) 
is a Lie algebra automorphism of sl{2). 

Remark 3.42 It is convenient to note that the 5[(2)-bracket relations ()3.28p are equivalent 

to 

y{L{j)w^,^,x) = J2r ^ ){-xy[L{j-z),y{w^i),x)] (3.73) 

i=Q ^ ^ 

for j = —1, and 1. This can be easily checked by writing (j3.28j) as 

[L(-l), 3^(^(1), x)] \ /I \ / 3^(L(-l)w(i),x) 
[L(0), 3^(^(1), x)] \ = \ X 1 y{L{0)w^,),x) 
[L{l),y{w^,),x)] J \x' 2x ij \ 3^(L(l)«;(i),x) 

and then multiplying this by the inverse of the invertible matrix on the right-hand side, 
obtained by replacing x by — x. (Of course, in the case where V is conformal, this equivalence 
is already encoded in the symmetry of the Jacobi identity.) 
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We have already defined the natural process of multiplying the formal variable in a log- 
arithmic intertwining operator by e^'^*^ for p G Z (recall (j3.45|) ). and this process yields 
another logarithmic intertwining operator (recall Remark (I3.28|) ). It is natural to generalize 
this substitution process to that of multiplying the formal variable in a logarithmic intertwin- 
ing operator by the exponential of any complex number (. As in the special case ( = 27iip, 
the process will depend on (, not just on e'», but we will still find it convenient to use the 
shorthand symbol in our notation for the process. In Section 7 of |HL6j . we introduced 
this procedure in the case of ordinary (nonlogarithmic) intertwining operators, and we now 
carry it out in the general logarithmic case. We are about to use this substitution mostly 
for ( = {2r + l)Tri, r G Z. 

Let (Wi,Yi), (14^2,^2) and (W^jY^) be generalized modules for a Mobius (or conformal) 
vertex algebra V. Let 3^ be a logarithmic intertwining operator of type (^^^J. For any 
complex number ( and any W(i) G Wi and W(2) G W2, set 

y{w(^^,e^x)w(^2) = y{w(^i),y)w(^2) ^ , (3.74) 

a well-defined element of IV3[logx]{a;}. Note that this element indeed depends on (, not just 
on e^. 

Remark 3.43 In Section 4 below we will take the further step of specializing the formal 
variable x to 1 (or equivalently, the formal variable y to e^) in (j3.74j) : that is, we will consider 

3^(1^(1), e'^)w(2). 

Given any r G Z, we define 

Qriy) ■.W2®Wi^ W3[\0gx]{x} 

by the formula 

a.(3^)(«;(2),a;)«;(i) = e^'^^-'^yiwf^i^, e^^'-^'^-'x)w^2) (3.75) 

for 1(7(1) G Wi and W(2) G W2. This expression is indeed well defined because of the truncation 
condition ()3.25p (recall Remark I3.13|) . The following result generalizes Proposition 7.1 of 
|HL6j (for the ordinary intertwining operator case) and has essentially the same proof as 
that proposition, which in turn generalized Proposition 5.4.7 of FHLj: 

Proposition 3.44 The operator Vlriy) is a logarithmic intertwining operator of type (^^^J. 
Moreover, 

n_r-i{^riy)) = nrin_r-iiy)) = y. (3.76) 

In the strongly graded case, if y is grading- compatible, then so is Qr{y), one? in particular, 
the correspondence y t-^ ^riy) defines a linear isomorphism from V^'^^r^ to V^^iy^? ^''^^ '^^ 
have 

atWs _ tstWs 
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Proof The lower truncation condition ()3.25|) is clear. From the Jacobi identity ()3.26p for 3^, 

Xq^S (-^-^^ y3{v,xi)y{w(i),y)w(2] 

-Xq^S ( - — — ] y{w(^i),y)Y2{v, xi)w(^2) 
\ —xo J 

-1, I'XI - Xq 



y 5 [ — - — I y{yi{v^XQ)W(i),y)w{2), (3.77) 



with t> G W{i) G Wi and W(2) ^ W^2, we obtain 



( ) e-y'^^-'^Y,{v,x,)y{w^,),y)w(^2) 

Xq 



y,i=g(2r+i),rm^n^ (log {/)'=={ (2r+l)7ri+log a:2 , nGC, fcgN 



j^n=g(2r+l)7rin^n^ (log y) * = ((2r+l)7ri+log 2^2 , nSC, fceN 



j^n=g(2r + l),rm^n^ (log J/)'-' = ((2r + l)7rj + log Z2 ) * , nSC, fcGN 



The first term of the left-hand side of ()3.78j) is equal to 



y"=e(2'-+l)™a;5, (log y)'==((2r+l)7r«+log ^2)'=, nGC, k&i 



) Y3(t;,Xo)fir(3^)(W(2),X2)W(l), 

Xo 



the second term is equal to 



-Xq^5 ( — ) VLr{y){Y2{v,Xi)W{2),X2)W(i) 



and the right-hand side of ()3.78|1 is equal to 



-X2 

Substituting into ()3.78|) we obtain 



X^^5 i— — ) a,(3^)(W(2),X2)yi(f,Xo)W(l). 



Xo^5 ) Y3(t;,xo)fir(3^)(^i'(2),a;2)u^(i) 



Xo 

Xo 
-X2 
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Xo^5 /;^^2_+jri I f]^(3;)(y2(w,xi)w(2),X2)w(i) 
-X2^6 ( — !^ — — ) ilr(3^)(w(2),X2)Fi(t;,xo)w(i), (3.79) 



which is equivalent to 



-X^^5 \ j ^r{y){W(2),X2)Yi{v,XQ)W(i) 

= X^'S ^r{y){Y2{v,Xi)W(^2),X2)W(i) (3.80) 

(recall ()2.(i|l ). This in turn is the Jacobi identity for VLr{y) (with the roles of xq and xi 
reversed in ()3.26|) ). 

To prove the L(— l)-derivative property ()3.27|) for fir (3^), first note that from ()3.74p and 
the L(— l)-derivative property for 

-^y{w{i),e'^x)w^2) = e"^ ( -^3^(u7(i),?/)w(2) ) 

ax \ay J y"=eC"x", (iogj/)'=={c+iogx)'=, nec, feeN 

= e'^3^(L(-l)u;(i),e^x)w(2), (3.81) 

and in particular, 

^3^(^(1), e^'^^'^^'x)w^2) = -y(L(-l)^(i), e(2'^+i)-^x)^(2). (3.82) 
Thus, by using formula ()3.28p with j = — 1 we have 

^fi,(3^)(«;(2),x)«;(i) = Ae-^(-i)3;(^^(,),e(2'^+i)-x)«;(2) 

= e^^(-i)L(-l)3^(«;(i), e(2^+i)-x)«;(2) + ^^"^^''^ -^yi^dh e^''^'^'''x)w^2) 
= e-^(-i)L(-l)3^(«;(i), e(2^+i)-^x)«;(2) - e'''^'^-'^y{L{-l)w^,^, e^'^-+'^'''x)w^2) 
= e^^(-i)3^(«;(i), e(2'-+i)-^x)L(-l)^(2) 

= fir(3^)(L(-l)w;(2),x)w;(i), (3.83) 

as desired. 

In the case that V is Mobius, we prove the sl(2)-bracket relations (j3.28p for ^^(3^)- By 
using the s[(2)-bracket relations for 3^ and the relations 

for i = —1, and —1 (see ()3.70|) ). we have 

a.(3^)(^(j>(2),x)«;(i) =e^^(-i)3^(./;(i),e(2'-+i)-^x)L(j>(2) = 
= e^^(-^)L(j)3^(^(i),e(2'-+i)'^^x)w;(2) 
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which is the alternative form ()3.73|) of the s[(2)-bracket relations for ^^(3^)- 

The identity (j3.76|) is clear from the definitions of ^2^(3^) and Q-r-i{y), smd the remaining 
assertions are clear. □ 

Remark 3.45 For each triple Si,S2,Ss G Z, the logarithmic intertwining operator 3^ gives 
rise to a logarithmic intertwining operator D^[si,s2,s3] of the same type, defined by 

for W(^i) G Wi, by Remarks I3.3UI and I3.4U1 In the strongly graded case, if y is grading- 
compatible, so is 3^[si,s2,s3]- Clearly, 

3^[o,o,o] = y 

and for ri, r2, r^, Si, S2, S3 G Z, 

I,r2,r3])lsi, 82,83] — y[ri+8i,r2+82,r3+83]- 

For any a G C, we have the formula 

eaL(o)-y^^^^^^ ^)g-aL(o) _ y (e^m ^ ^ x) (3.84) 

(cf. ()3.59|l ). This is proved by imitating the proof of ()3.59|1 . replacing y^^'^^ by e"^*-°\ y by 
e°' and log y hj a in that proof, using ()3.(j7j) in place of ()3.5()|1 and keeping in mind formula 
()3.74|) . (When ()3.35|) is used in this proof, for homogeneous elements and W(2), the 
exponential series all terminate, as does the sum over / G N.) From this, we see that ()3.76|) 
generalizes to 

^s(^r(3^)) = y[r+8+l-{r+8+l)-(r+8+l)] = 3^(- , 6^'"*^''"^'"+^^ • ) 

for all r, s G Z. 

In case V, Wi, W2 and W3 are strongly graded, which we now assume, we have the 
concept of "r-contragredient operator" as follows (in the ordinary intertwining operator case 
this was introduced in |HL6p : Given a grading-compatible logarithmic intertwining operator 
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3^ of type (tJ^^ ) and an integer r, we define the r-contragredient operator of y to be the 



hnear map 



Wi^W^ W^{x}[[\ogx]] 



given by 



{Ar{y){W(^l),x)w[r^^,W(2))w2 = 

= ^3),3^(e^'^«e(2^+^)-^W(x-^(°))V)>^"')^(2))^^ (3.85) 
for any W(i) G Wi, W{2) G W2 and w'^^^-^ G W^, where we use the notation 

/(^"')= H ti;„,^x-"(-logx)™ 

mGN, nGC 

for any /(x) = ^^gjsj „g{~. w„^ma;"(loga;)™ G >V{x}[[logx]], W any vector space (not involving 
x). Note that for the case Wi = V and W2 = = W, the operator A^iy) agrees with the 
contragredient vertex operator y' (recall ()2.57|) and ()2.73|) ) for any r G Z. 

We have the following result generalizing Proposition 7.3 in |HL6j for ordinary intertwin- 
ing operators, and having essentially the same proof (and also generalizing Theorem 5.5.1 
and Proposition 5.5.2 of |FHLj ): 



Proposition 3.46 The r-contragredient operator ^^(3^) of a grading- compatible logarith- 
mic intertwining operator y of type {^^^J is a grading- compatible logarithmic intertwining 

operator of type (^^^/) ■ Moreover, 

A_r-l{Ar{y)) = Ar{A_r-l{y)) = 3^- (3.86) 

In particular, the correspondence y h- > Ar{y) defines a linear isomorphism from Vwtw2 
'^WiW,^' anc? we have 



Wi W2 ~ ^'Wi w^- 



Proof First we need to show that for W{i) G Wi and ^^3^ G W^, 

^(3^)(w^(i),a:)u;|3) e W!,[\ogx]{x], (3.87) 

that is, for each power of x there are only finitely many powers of log x. This and the lower 
truncation condition ()3.25|1 as well as the grading-compatibility condition ()3.3()|1 follow from 
a variant of the argument proving the lower truncation condition for contragredient vertex 
operators (recall ()2.98p ): 

Fix elements 1^(1) G Wi and w'^^-^ G homogeneous with respect to the double gradings 
of Wi and (it will suffice to prove the desired assertions for such elements), and in fact 
take 

G W[^^ and «;'(3) G {W;^i^\ 
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where f3 and 7 are elements of the abehan group A, in the notation of Definition I2.25[ and 
fix n G C. The right-hand side of (j3.85p is a (finite) sum of terms of the form 

{w[,.,y{w,x'')w^2))xP{hgxy (3.88) 



where w e Wi is doubly homogeneous and in fact w G Wi^^ (by ()2.88p ). and where p G C 
and g G N. (The pairing (-, ■) is between and W^.) Let be the component of (the 

arbitrary element) w/2) in W2~'^~"'\ with respect to the yi-grading. Then ()3.88|) equals 



{w[,^ , y{w, a;-i)u;(-) "")^"(log (3-89) 

because of the grading-compatibility condition ()3.3()|1 together with ()2.94|1 . (This is why 
we need our logarithmic intertwining operators to be grading-compatible.) This shows in 
particular that 

for G C and G N, so that holds for Ar{y). Let us write (HT^ as 



waZ^w[,,E{WiY^^^^ (3.90) 



lec keN mec keN 

(3.91) 

(3)' "^n-p-l-m;A;"^(2) "^"^ 1^7711 



(recall that we have fixed n G C). But each term {wLs^,w^ _-^_^.i^w,2) in (|3.9ip can be 



replaced by 

(3.92) 

where m'*"' G ^ ''''' is the component of 'w^2)~'^ ^ with respect to the generalized-weight 
grading, of (generalized) weight 

wt u^"^^ = wt wjg-) — wtw + n — p — m, 

by Proposition 13. 21f b). To see that the coefficient of a;" in ()3.91|) involves only finitely many 
powers of logo;, independently of the element W(^2), we take m = in ()3.91|) and we observe 
that the possible elements u^^'^ range through the space 



(-/3-7) 
3/[wt w' —wt w-^n—p]'^ 



which is finite dimensional by the grading restriction condition (|2.86|) . This proves (|3.87|) . 
To prove the lower truncation condition (|3.25|) . what we must show is that for sufficiently 
large m G N, the coefficient of x""™" in ()3.9H) is (independently of ^(2)). But by the grading 
restriction condition ()2.85|) . 

(W"3)tfj;3l-wt«,+n-p-m] = for mGN sufficiently large. 

Hence the coefficient of in ()3.91|) is zero for m G N sufficiently large, as desired, proving 
the lower truncation condition. 
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For the Jacobi identity, we need to show that 

Xq^S (~^~^~^) ^2(^>a;i)A.(3^)(«;(i),X2)w(3),w;(2)^ 



14^2 



By the definitions ()2.73|) and ()3.85|) we have 

{Y^{V, Xi)Ar{y){W(^i),X2)w[^-^,W(2))w2 
{Ar{y){w^l),X2)Y^{v, Xi)w[^),W(2))w2 

= («;[3),y3(e-^«(-xr^)^(%,xr^)- 

.3;(e-^(i)e(2^^+i)-^(0)(a:-^(°))2«;(,),a;,-^)«;(2))u^3, 

{Ar{y){Yl{v, Xo)W(i), X2)W[3),W(2))W2 

= (u;'(3), y^e^Ml)^i2r+l).^m ^^^myy^iv, Xo)^(i), x^')w^2))w,. 

From the Jacobi identity for y we have 

\ ^ ' \X1X2J \-Xo/XiX2 J 

.3;(e-Mi)e(2^+i)-^(0)(a;-^W)2^(,),x,-^)t.(2)^ 



^(3). 



-a;o 



X1X2 

■y2(e-^«(-xr^)"(°)t;,xr^)t/.(2) 



W3 



W3 
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or equivalently, 



/ H/3 

Substituting ()3.94p . ()3.95|) and ()3.96|) into ()3.93|) and then comparing with ()3.98|) . we see 
that the proof of (|3.93p is reduced to the proof of the formula 



( X2 + Xq 

X2+ Xo^ 
Xl , 

.gX.L(l)g(2.+lWL(0)(^^-L(0)^2^^^^^^-l^^ (3.99) 



= x^'6 i^^^ ] 3^(ri(e-^«(-xr^)^(°)t;, -xo/x^X2) ■ 



or of 



.g..L(l)g(2r+lWL(0)(^-L(0)^2^^^^^^-l)_ (3_^qq) 

We see that we need only prove 

gX.L(l)g(2.+lK.L(0)^^-i(0))2y^^^^^^) 

= yi(e(^-^+^'°)^(i)(-(^2 + xoyy^'^^v, -X0/{X2 + X0)X2) ■ 
or equivalently, the conjugation formula 



gX2 



.2L(l)g(2r+lWL(0)(^^-i(0))2y^^^^^^)^^L(0)^2g-(2.+lWL(0)g-x.L(l) 

y^(g(x,+xo)L(i)(_(^^ + xo)-')^(°)t;, -Xo/(x2 + Xo)x2) (3.102) 
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for V & V, acting on the module Wi. But formula ()3.102p follows from ()3.59p . ()3.60|) and the 
forixiU-lcL 



which is a special case of fl3.84|l . This establishes the Jacobi identity. 

The L(— l)-derivative property follows from the same argument used in the proof of 
Theorem 5.5.1 of |FHLj : We have (omitting the subscript W3 on the pairings after a certain 
point) 

^Ar{y){w^l), x)w[3yW(^2)) = -^{Ar{y){w(^i),x)w[3-^,W(2))W2 

I W2 

= {w[,),y{^^{e^'^'^e^'''^'^-^'^'\x 

= {w[,^.y{e^^^''^L{l)e^'^^'~^-^^^^^ 

+ {w[,^,y{e^'^^'\-2mx-')e^'^'^'^-^'^ 



= {w[^),y{e^''^^\2xL{{})-x^L{l))e^^''+^^^'''^'^\x-^^^^ 

+ {w[,),y{L{-l)e^^^'^e^'^^'^-^^^'\x-^^^^^ (3.104) 

Now by ()3.72p . with x replaced by —x, we have 

L(-l)e"^« = e"^(i)(L(-l) - 2xL(0) + ^'^(l)). 

Using this together with ()3.64|1 and ()3.71|) (with x speciahzed to — (2r + l)7r2, and the 
convergence of the exponential series invoked; recall R.emark I3.39p . we see that the right- 
hand side of ()3.1()4|1 equals 

{w[,^,y{e-'^^'^L{-l)e^'^^'^-^^^'\ 

= («;|3),3^(e^^«e(^'-+i)-^^(°)(-L(-l))(x-^W)^(-x-2)«;(i),x-i)^(^^ 
= K3),3^(e^'^^^e(^'-+^)-^^(°)(x-^(°))^L(-l)t.(i),^ 

= {Ar{y){L{-l)W(^i),x)w[^yW(2))w2^ 

as desired. 
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We now show that, in case V is Mobius, the s[(2)-bracket relations ()3.28p hold for ^^(3^). 
For these, we first see that, for j = —1,0,1, by using (|2.75|) . (j3.85|) and the s[(2)-bracket 
relations (|3.28|) for y we have 

{L'{j)Ar{y){w^l),x)w[ri),W(^2))w2 

= {Ar{y){w(i), X)w[ri), L{-j)w(2))w2 

= {w[,^,y{e^'^^'^e'^''^'^-^''^'\x-^^^^^^^ 

= {w[,^,L{-j)y{e^^^'^e^'^^'^-^^'\x'^('^^^^^^ 



i=0 



% 



.(3.105) 

Now from ()3.72j) . ()3.71|1 (with x specialized to — (2r + l)7ri) and ()3.(i4j) . one computes that 

-x^ -2x -1 \ / ^(-1) 

1 L(0) 

j \ L(l) 

on which implies that 

= )x^e^^«e(2'-+i)-^(o)(a;-^(°))2L(j - i) 

on W\. Hence the right-hand side of (j3.105j) is equal to 

(^'(j>(3),3^(e^'"(^)e(^'^+^)-^W(x-^W)^^(,),x-i)^(,))^3 
i+i / ■ I 1 \ 

+ E r V^K3),3^(e^^^'^e(^'^+^)-^(°)(x-^(°))2L(j -^)^^^^ 



(A^(3^)(w(i), x)L'(j)w;(3), w;(2))Ty2 
■^"^^ / ■ + 1\ 



and the s[(2)-bracket relations for ^^(3^) are proved. (Note that this argument essentially 
generalizes the proof of Lemma 12.221 ) We have finished proving that A,. (3^) is a grading- 
compatible logarithmic intertwining operator. 
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Finally, for the relation ()3.86p . we of course identify W2 with W2 and W^' with 
according to Theorem 12.341 Let us view 3^ as a grading-compatible logarithmic intertwining 
operator of type (^^^,), so that Aj.{y) is such an operator of type (^^^J. We have 

{A_r-lAr{y){W(^l),x)w[3^,W^2))w2 

where the last equality is due to the relation 

^{2r+l)7TiL{0) (^^my^xLil) ^^~L{0)y^~{2r+l)7TiL{0) ^ g-x-lL(l) (3.106) 

on Wi, whose proof is similar to that of formula (5.3.1) of |FHLj . Namely, ()3.106|) follows 
from the relation 

g(2.+l)..L(0)^^L(0))2^^(^)(^-L(0))2g-(2r+l)..L(0) ^ -:,~^L{1), (3.107) 

which realizes the transformation x —-, and ()3.107p follows from ()3.64p together with 
fl3.71|) specialized as above. □ 

Remark 3.47 The last argument in the proof shows that for any r, s G Z, formula ()3.86p 
generalizes to: 

AsiAriy)) = 3^[0,r+s+l,0] 

(recall Remark l3.45p . 

With V, Wi, W2 and W3 strongly graded, set 

NwiW2W'j, = NwiW2- (3.108) 

Then Proposition 13.441 gives 

NwiW2W-i = NW2W1W3 

and Proposition I3.4(il gives 

NW1W2W3 = NwiW3W2- 

Thus for any permutation a of (1, 2, 3), 

NW1W2W3 = ^w,(i)W^<,(2)i^a(3)- (3.109) 

It is clear from Proposition I3.2ir b) that in the nontrivial logarithmic intertwining op- 
erator case, taking projections of y{w(^i),x)w(2) to (generalized) weight subspaces is not 
enough to recover its coefficients of x"(logx)'^ for n G C and /c G N, in contrast with the 
(ordinary) intertwining operator case (cf. |HL5j . the paragraph containing formula (4.17)). 
However, taking projections of certain related intertwining operators does indeed suffice for 
this purpose: 
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Proposition 3.48 Let Wi, W2, W3 be generalized modules for a Mobius (or conformal) 
vertex algebra V and let y be a logarithmic intertwining operator of type (^^^J . Let G 
Wi and W(2) G W2 be homogeneous of generalized weights rii and n2, respectively. Then for 
any n G C and any r G N, W{iy^,^W(2) can be written as a certain linear combination of 
products of the component of weight ni + n2 — n — 1 of 

(L(0) - ni - 712 + n + 1)'3^((^(0) - x)(L(0) - n2yw^2) 

for certain i,j, I G N with monomials of the form x""''^(logx)™ for certain m G N. 

Proof Multiplying (j3.49|) by 2;^"~^(loga;)'^ and summing over A; G N (a finite sum by defini- 
tion) we have that for any t G N, 



fcGN ^ ^ fceN ^ ^ 

1 ^(^(0) ^m-n2 + n + iy- 



\k~t 



E 

•((L(0) - ni)>i))^;,.(i.(0) - n2yw(^)x~-~\\ogxf 

E ^(-l)^+^'7r„,+„,„„-i((L(0) -m-n2 + n + iy- 

■ymo) - myw^,),x)iLio) - n2yw^2)). 



(3.110) 



Let i^' be a positive integer such that ti'(i)^. ^,ti'(2) = for all k' > K, Denote the right- 
hand side of ()3.110|) by 7r(t, W(2), x, logx). Then by putting the identities ()3.110|) for 
t = 0,1, . . . , K — 1 together in matrix form we have 



/ ^{i)^;0^{2) \ / 7r(0,M;(i),M;(2),x,logx) \ 



x-^'-'A 



7r(l,u;(i),W(2),a;, logx) 
\ niK - l,w^i),W(2),x,\ogx) J 



(3.111) 



where A is the K x K matrix whose (i, j)-entry is equal to 



J-1 
i - 1 



(logx)-' *. Letting be 



the triangular matrix whose (i,j)-entry is 
we have 



J-1 
i - 1 



A = diag(l, (logo;) \...,(logs) "'^^) ■ ■ diag(l, logx 
Its inverse is 



an upper triangular "Pascal matrix'' 
,(logx)^-i). 



A-' = diag(l, (logx)-\ . . . , (logx)-(^-i)) ■ P^i ■ diag(l, logx, (log 



X 
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and the (i, j)-entry of Pj^^ is ( — 1)*^-' 
by x'"'~^^A~^ we obtain 



J-1 
i - 1 



or explicitly, 



/ «^(l)^;0«^(2) \ 

^(l)n;l«^(2) 

K-\ 



. Now multiplying the left-hand side of (j3.111|) 



( 7r(0,W(i),W(2),x, logx) \ 

7r(l,W(i),W(2),X,logx) 



y 7r(i^' - l,w;(i),W(2),x,logx) y 



{w^))l,^.Wi:,-,=x-^^Y.^-lT'{^\^^^ (3.112) 



for r = 0, 1, . . . , — 1. (In particular, all x's and logx's cancel out in the right-hand side of 

(Una).) □ 
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4 The notions of P{z)- and Q{z)-tensor product 



We now generalize to the setting of the present work the notions of P{z)- and (5(-2)-tensor 
product of modules introduced in |HL5j . |HL6j and |HL7j . We introduce the notions of P{z)- 
and Q(2;)-intertwining map among strongly A-graded generalized modules for a strongly A- 
graded Mobius or conformal vertex algebra V and establish the relationship between such 
intertwining maps and grading-compatible logarithmic intertwining operators. We define the 
P{z)- and Q(2;)-tensor products of two strongly A-graded generalized \^-modules using these 
intertwining maps and natural universal properties. As examples, for a strongly A-graded 
generalized module W , we construct and describe the P(z)-tensor products of V and W and 
also of W and V] the underlying strongly A-graded generalized modules of the tensor product 
structures are W itself, in both of these cases. In the case in which is a finitely reductive 
vertex operator algebra (recall the Introduction), we construct and describe the P{z)- and 
Q(2;)-tensor products of arbitrary V^-modules, and we use this structure to motivate the 
construction of associativity isomorphisms that we will carry out in later sections. 

In view of the results in Sections 2 and 3 involving contragredient modules, it is natural 
for us to work in the strongly-graded setting from now on: 

Assumption 4.1 Throughout this section and the remainder of this work, we shall assume 
the following, unless other assumptions are explicitly made: A is an abelian group and A is 
an abelian group containing A as a subgroup; V is a strongly A-graded Mobius or conformal 
vertex algebra; all V -modules and generalized V -modules considered are strongly A-graded; 
and all intertwining operators and logarithmic intertwining operators considered are grading- 
compatible. (Recall Definitions }^. ^!!A \2.25\ \S~T1\ and \3.15\ ) Also, in this section, z will be a 
fixed nonzero complex number. 

4.1 The notion of P(2;)-tensor product 

We first generalize the notion of P(2;)-intertwining map given in Section 4 of |HL5j : our 
P(2)-intertwining maps will automatically be grading-compatible by definition. We use the 
notations given in Definition 12.181 The main part of the following definition, the Jacobi 
identity (j4.4j) . was previewed in the Introduction (formula (jl.l9|) ). It should be compared 
with the corresponding formula p.l|) in the Lie algebra setting, and with the Jacobi identity 
fl3.26|) in the definition of the notion of logarithmic intertwining operator; note that the 
formal variable X2 in that Jacobi identity is specialized here to the nonzero complex number 
z. Also, the s[(2)-bracket relations (j4.5|) should be compared with the corresponding relations 
(I3.28|) . There is no L(— l)-derivative formula for intertwining maps; as we shall see, the 
P(2;)-intertwining maps are obtained from logarithmic intertwining operators by a process 
of specialization of the formal variable to the complex variable z. 

Definition 4.2 Let {Wi.Yi), {W2,Y2) and (II3, Fa) be generalized l^-modules. A P{z)- 
intertwining map of type {^^^^ is a linear map 

I -.Wi^Wi^W^i (4.1) 
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(recall from Definition 12.181 that W3 is the formal completion of W3 with respect to the C- 
grading) such that the following conditions are satisfied: the grading compatibility condition: 



for /?,7 e A and w^i) G l^f \ W(2) G w}^'^ 



2 



/(^(i)®«;(2))Giyf+^^; (4.2) 

the lower truncation condition: for any elements G Wi, W{2) G 1^2, and any n G C, 

7r„_mJ(w(i) ®u'(2)) = for m G N sufficiently large (4.3) 

(which follows from (j4.2j) . in view of the grading restriction condition (j2.85|) : recall the 
notation 7r„ from Definition I2.18|) : the Jacobi identity: 

Xq^5 Y2.{v, xi)l{w(i) (g) W(2)) 

= Z~'^6( J^ ^ ^° j/(yi(f,Xo)W(i) ® W(2)) 

+Xo^6(^—^)l{w^i)^Y2{v,x,)w^2)) (4.4) 

V — Xq / 

for V G l^, G W^i and W(2) G W2 (note that all the expressions in the right-hand side of 
()4.4|1 are well defined, and that the left-hand side of ()4.4|1 is meaningful because any infinite 
linear combination of Vn (n G Z) of the form Y2n<N ^n^n {O'n ^ C) acts in a well-defined way 
on any /(ti'(i) (S> W(2)), in view of ()4.3p ): and the sl(2)-bracket relations: for any G W^i 
and W(2) G W^2, 

L{j)I{w^i)0w^2)) =I{w(i)®L{j)w^2))+J2[ ■ ]z'l{{L{j -t)w^i))®w^2)) (4.5) 

i=0 ^ * ^ 

for j = —1,0 and 1 (note that if V is in fact a conformal vertex algebra, this follows 
automatically from ()4.4|) by setting v = ui and taking Res^gRes^jX-j'''^). The vector space of 
P(z)-intertwining maps of type {y^^J is denoted by M[P{z)]^l^^, or simply by Mwlw2 
there is no ambiguity. 

Remark 4.3 As we mentioned in the Introduction, P{z) is the Riemann sphere C with 
one negatively oriented puncture at 00 and two ordered positively oriented punctures at 
z and 0, with local coordinates 1/w, w — z and w, respectively, vanishing at these three 
punctures. The geometry underlying the notion of P(2;)-intertwining map and the notions 
of P(2;)-product and P(z)-tensor product (see below) is determined by P{z). 

Remark 4.4 In the case of C-graded ordinary modules for a vertex operator algebra, where 
the grading restriction condition ()2.89|) for a module W is replaced by the (more restrictive) 
condition 

W(^n) = for G C with sufficiently negative real part (4-6) 

as in |HL5j (and where, in our context, the abelian groups A and A are trivial), the notion 
of P( 2;) -intertwining map above agrees with the earlier one introduced in |HL5j : in this case, 
the conditions ()4.2|) and ()4.3p are automatic. 



85 



Remark 4.5 As in Remark l3.42t it is clear that the s[(2)-bracket relations ()4.5|) can equiv- 
alently be written as 



i=0 

J+1 



j=0 



J + 1 



(4.7) 



for G VTi, W(2) £ and j = —1, and 1. 

Following |HL5j we will choose the branch of log z so that 

< Im(log;z) < 27r 



(4i 



(despite the fact that we happened to have used a different branch in ()3.12|) in the proof of 
Theorem 13 .61) . We will also use the notation 



lp{z) = log z + 2nip, p e Z, 



(4.9) 



as in |HL5j . for arbitrary values of the log function. For a formal expression f{x) as in (|3.2p . 
but involving only nonnegative integral powers of log x, and ( & C, whenever 



(4.10) 



or /(e^), and we will call this 



exists algebraically, we will write ()4.10p simply as f{x) 

"substituting for x in f{x)" even though, in general, it depends on (, not just on e^. (See 
also ()3.74|) .) In addition, for a fixed integer p, we will sometimes write 



instead of f{x) 
exists." 



x=e'P 



fix) or f{z) (4.11) 

x=z 

or /(e'*''^^^). We will sometimes say that "/(e'») exists" or that ''f{z) 



Remark 4.6 A very important example of an f{z) existing in this sense occurs when f{x) = 
3^(w(i), x)w(2) (g W^3[logx]{x}) for G Wi, W{2) € W2 and a logarithmic intertwining 
operator 3^ of type (^^'^^ , in the notation of Definition 13.111 note that ()4.1Up exists (as 

an element of W^) in this case because of Proposition 13. 2lt b). Note also that in particular, 
y{w(i),e'^) (or y{w(i), z)) exists as a linear map from W2 to and that y{-^z)- exists as 
a linear map 



Wi ® W2 



y{W(l),z)W(^2)- 



(4.12) 
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Now we use these considerations to construct correspondences between (grading-compatible) 
logarithmic intertwining operators and P(2;)-intertwining maps. Fix an integer p. Let y be 
a logarithmic intertwining operator of type . Then we have a linear map 

Iy,p ■.Wi(g)W2^W3 (4.13) 

defined by 

lyA^W ® ^(2)) = y{wii), e^'^'^)w(2) (4.14) 

for all G Wi and W(2) G W2- The grading-compatibility condition ()3.30p yields the 
grading-compatibility condition ()4.2|) for ly^p, and ()4.3p follows. By substituting e''^^^^ for 
X2 in ()3.26|) and for x in ()3.28p . we see that ly^p satisfies the Jacobi identity ()4.4|) and the 
s[(2)-bracket relations ()4.5j) . Hence /y^p is a P(z)-intertwining map. 
On the other hand, we note that ()3.59j) is equivalent to 

(/'(°)^'(3),3^(r^(°'^(i),a;)y-^(°)w(2))H'3 = {w[,^,y{w^i),xy)w^2))w, (4.15) 

for all G IVi, 1(7(2) G PV2 and w^g-j G W^, where we are using the pairing between the 

contragredient module and W3 or W3 (recall Definition|2ini Theorem ITM ^Tff^ . 
and (|3.53|) ). Substituting e'*''-^-' for x and then e~''^^^^x for y, we obtain 



(y^'Wa;^'Wu;[3),3^(y-^(o)3,-L(o)^^^^^g«,(.))^-L(o)3,-L(o)^^^^^^^ 

= {w[3yy{W(i),x)W(^2))w3, 

or equivalently, using the notation ()4.14|) . 

(w;|3),l/^Wx^W/y,p(y-^(o)x-^Ww(i) ® 2/-^(°)x-^Wti;(2)))w.3 



y=e-'P 



Thus we have recovered y from ly^p. 

This motivates the following definition: Given a P(2;)-intertwining map / and an integer 
p, we define a linear map 

yi,p ■.W,0W2^ W3[logx]{x} (4.16) 

by 

3^/,p(W(i),x)w7(2) 

= /Wa;^W J(y-^(o)x-^(°)w(i) ® 2/-^(°)x-^Wi^(2)) (4.17) 

for any G PV^i and W(^2) ^ (this is well defined and indeed maps to iy3[loga;]{a;}, in 
view of ()3.53|) ). We will also use the notation u'(i)^'.^W(2) G W3 defined by 

yi,p{y^ii),x)w^2) = J] J]w(i)^'^,w;(2)X-"-i(loga;)^ (4.18) 
neC ken 
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Observe that since the operator x^^'-"-' always increases the power of x in an expression 
homogeneous of generahzed weight n by ±n, we see from (I4.17|) that 



(4.19) 



for G (W^i)[ri,i] and W(^2) ^ (W2)[n2]- Moreover, for / = lyp, we have yj^p = y, and for 
3^ = yi,p, we have ly^p = I. 

We can now prove the following proposition generalizing Proposition 12.2 in |HL7j . 



Proposition 4.7 For p G Z, the correspondence y (—> ly p is a linear isomorphism from 
the space V^^^^^ of (grading- compatible) logarithmic intertwining operators of type (^^^J 
to the space ■Mwlw2 of P{z) -intertwining maps of the same type. Its inverse map is given 
by I ^ yi^p. 

Proof We need only show that for any P(2;)-intertwining map / of type (^^^J, yj^p is a 
logarithmic intertwining operator of the same type. The lower truncation condition ()4.3p 
implies that the lower truncation condition ()3.25|) for logarithmic intertwining operator holds 
for yi,p- Let us now prove the Jacobi identity for yi^p- 

Changing the formal variables Xq and Xi to xoc'^'^^-'xg ^ and Xie'^^'^^-'x^^, respectively, in the 



Jacobi identity ()4.4|) for /, and then changing v to y 



we obtain (noting 



that at first, e'"''^^^ could be written simply as z because only integral powers occur) 



Xq^6 



Xi — X2 
Xq 



Ysiy-'^^'^x^'-^'^K, x,y-'x2')Iiw(i) ® w^^)] 



y=e 



-I ^ f Xi — Xq 
Xn 

_1 /X2-Xi 

+Xn d 

V -^0 



I(Yi{y ^^^^X2^^^\,Xoy ^X2'^)W(^i)®W(2), 



y=e 



y=e~'-P 



Using the formula 

>3(l/-^^°^x-''(°^t;,xii/-ix2^) = y-^(°)x-^(°V3(t;,xi)i/^Wx^(°), 

which holds on the generalized module W^, by (j3.59|) . and the similar formulas for Yi and 
¥2, we get 



„1 f Xi- X2 

Xa I 

Xq 



y=e 



-hi") 



Xn 6 



I [ Xi — Xq 



X2 



+Xr, 6 



Ir X2-X1 



-Xq 



/(y-^Wx-^(°Vi(t;,Xo)/(°)xJ(°)^(i) ® ^(2) 
Hw^i) ® l/-^(°)x2-^(°V2(t;, x,)y^^'^x'2^'^w^2) 



y=e 



y=e 



-lp{z) 
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Replacing by y -^(^^Xg ^^^^W(i) 



y=e 



and W(2) by y ^^^^X2 (2) 



y=e 



and then 



applying y^''x 



y=e 



to the whole equation, we obtain 



Xn I 

Xo 



•/(y-^Wx2 xo)u;(i) ® r^Wx2 ^(°)^(2)) 



2/=e 



-Xo 



y ' 



But using ()4.17|) . we can write this as 

Ysiv, a;i)3^/,p(w(i), X2)w(2) 



y=e 



Xq ^6 



Xi - X2 



Xo 



Xi - Xo 



X2 



yi,p(Xl Xo)W(^i) , X2)W(2) 



I [ X2 — Xi 



-Xo 



yi,p{W(i), X2)Y2{V, Xi)W(2)- 



That is, the Jacobi identity for yj^p holds. 

Similar procedures show that the s[(2)-bracket relations for I imply the s[(2)-bracket 
relations for as follows: Let j be —1, or 1. By multiplying ()4.5|) by {yxY and using 
fl3.64|) we obtain 

M-^(°)L(j)(l/x)^(°)j(«;(i)®«;(2)) 

= /(^(i)®(yx)-^(°)L(j)(2/x)^W^(2)) 
i+i 



i=0 



J + 1 

i 



z\yxrmyx)-'^^'^L{3 - i){yxf^'^wt^r)) ® w^2)) 



Replacing by (yx) and W(2) by (yx) ^^^^W(2)i and then applying (yx)^^^^ to the 

whole equation, we obtain 



1=0 



J + 1 
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Evaluating at y = e~''p^^^ and using ()4.17p we see that this gives exactly the s[(2)-bracket 
relations (j3.28|) for 

Finally, we prove the L(— l)-derivative property for 3^/,p. This follows from (j4.17j) . (j3.55p . 
and the 5[(2)-bracket relation with j = for 3^/.p, namely, 

[L(0),3^/,p(w(i),a;)] = yj^p{L{0)w(^i),x) + xyj.p{L{-l)w(^i), x), 

as follows: 

d 

ax 

= x'^L{0)yj^p{w(i), x)w(2) - x^^3^/_p(«;(i),x)L(0)w(2) 

-X^^yi^p{L{0)W(^l), X)W(^2) 

= yi,p{L{-l)w(^i),x)w^2)- □ 

Remark 4.8 Given a generalized y- module {W, Yw), recall from Remark l3 . 1 71 that Yw is a 
logarithmic intertwining operator of type [f^] not involving logx and having only integral 
powers of x. Then the substitution x ^ z in (j4.14j) is very simple; it is independent of p and 
Y\y{-,z)- entails only the substitutions ^ for n G Z. As a special case, we can take 
(IV, Yw) to be {V, Y) itself. 

Remark 4.9 Let J be a P( 2;) -intertwining map of type (^^^J and let p,p' G Z. From 
fl4.17|) . we see that the logarithmic intertwining operators yj^p and of this same type 
differ as follows: 

yi,p'{W(i),x)w^2) 

for G VTi and W(2) £ W^2- Using the notation in Remark [3 .451 we thus have 

yi,p' (3^/,p) [p— p',p'— p,p'— p] 

= 3^7,p(-,e2-(f'-P).). (4.21) 

Remark 4.10 Let / be a P(z)-intertwining map of type Then from the correspon- 

dence between P( 2;) -intertwining maps and logarithmic intertwining operators in Proposition 
14.71 we see that for any nonzero complex number Zi, the linear map Ji defined by 

/l(t^(l) ® ^(2)) = EE^(l)n;>(2)^'''^"^^~""'n^p(^l))' (4.22) 
riGC fcGN 
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for G Wi and w^2) ^ W2 (recall ()4.18|) ) is a P( 2:1) -intertwining map of the same type. In 
this sense, 'U^(i)n'fc^(2) is independent of z. We will hence sometimes write W(2)) as 

/(w(i),z)w(2), (4.23) 

indicating that z can be replaced by any nonzero complex number. However, for a general 
intertwining map associated to a sphere with punctures not necessarily of type P{z), the 
corresponding element W(i)^'.^W(2) will in general be different. 

We now proceed to the definition of the P(z)-tensor product. As in |HL5j . this will 
be a suitably universal "P(^)-product." We generalize these notions from jHL5j using the 
notations Msg and QJ^sg (the categories of strongly graded V^-modules and generalized 
\^-modules, respectively; recall Notation I2.36P as follows: 

Definition 4.11 Let Ci be either of the categories Msg or GMsg- For Wi,W2 G obCi, a 
P{z)-product of Wi and W2 is an object (1^3,^3) of Ci equipped with a P(z)-intertwining 
map J3 of type {^^J. We denote it by {Ws, Y^; J3) or simply by {W^; I3). Let (W4, 14; ^4) 
be another P(2;)-product of Wi and W2- A morphism from (1^3,^3; J3) to (14^4, 14; 14) is a 
module map r] from W3 to W4 such that the diagram 

Wi (g) W2 
^ -W4 

commutes, that is, 

14 = 770/3, (4.24) 

where 

fi-.W^^W^ (4.25) 

is the natural map uniquely extending 77. (Note that f/ exists because r] preserves C-gradings; 
we shall use the notation f\ for any such map ?].) 

Remark 4.12 In this setting, let 77 be a morphism from (VF3, 1^3; 13) to (W4, 14; 14). We know 
from (j4.16|) - ()4.18|) that for p G Z, the coefficients W(i)^^^W(2) and W(i)^'^^W(2) in the formal 
expansion ()4.18|1 of 3^/3,p(w(i), a;)i/;(2) and y74,p(w(i), a;)w(2), respectively, are determined by 
Iz and /4, and that 

^(^(i)5>(2))=^(i)n!>(2), (4.26) 
as we see by applying f/ to ()4.17|) . 

The notion of P(2)-tensor product is now defined by means of a universal property as 
follows: 
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Definition 4.13 Let C be a full subcategory of either Msg or GMsg- For Wi,W2 G obC, 
a P{z)-tensor product of Wi and W2 in C is a. P(2;)-product (l^o?^o;-^o) with Wq G obC 
such that for any P(2;)-product {W, Y; I) with W & ohC, there is a unique morphism from 
{Wo,Yo;Io) to {W,Y;I). Clearly, a P(z)-tensor product of Wi and W2 in C, if it exists, is 
unique up to unique isomorphism. In this case we will denote it by 

(iyiKp(,)iy2,>p(.);Kp(.)) 

and call the object {Wi ^p{z) W2, ^p(2)) the P{z)-tensor product module ofWi and W2 in C. 
We will skip the phrase "in C" if the category C under consideration is clear in context. 

Remark 4.14 Consider the functor from C to the category Set defined by assigning to 
W & ohC the set ■Mw-^W2 P(z)-intertwining maps of type (^|^J. Then if the P{z)- 

tensor product of Wi and W2 exists, it is just the universal element for this functor, and 
this functor is represent able, represented by the P(2;)-tensor product. (Recall that given a 
functor / from a category )C to Set, a universal element for /, if it exists, is a pair {X,x) 
where X e ob/C and x G f{X) such that for any pair (Y,y) with F G ob/C and y G f{Y), 
there is a unique morphism cr : X — > F such that /(cr)(x) = y; in this case, / is represented 
byX.) 

Definition 14.131 and Proposition 14.71 immediately give the following result relating the 
module maps from a P(z)-tensor product module with the P(2)-intertwining maps and the 
logarithmic intertwining operators: 

Proposition 4.15 Suppose that Wi Mp[z) W2 exists. We have a natural isomorphism 

Romv{Wi^P^z)W2,W3) ^ MZ\w, 

ri ^ rJoKp(,) (4.27) 

and for p & Z, a natural isomorphism 

}iomy{W^mp(^z)W2,Ws) ^ V^^w, 

V ^ yv,P (4-28) 

where y^^p = with I = fj o IEIp(2). □ 

Suppose that the P(z)-tensor product (Wi ^p(z) W^2,^p(2); ^p(z)) of Wi and W2 exists. 
We will sometimes denote the action of the canonical P(z)-intertwining map 



W(i) ® W(2) ^ Kp(2)(^i'(l) ® W(2)) = Kp(2)(ty(i), z)w^2) G Wi Mp^z) W2 (4.29) 
(recall ()4.23|) ) on elements simply by ^p(z) '^{2)'- 

Kp(2) W(^2) = Kp(2)(w{i) ® ^i'(2)) = Kp(2)(w{i), 2;)tf(2)- (4.30) 
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Remark 4.16 We emphasize that the element ^p[z) W{2) defined here is an element of 
the formal completion Wi ^p(z) W^2, and not (in general) of the module Wi ^p[z) W2 itself. 
This is different from the classical case for modules for a Lie algebra (recall Section [l.ip . 
where the tensor product of elements of two modules is an element of the tensor product 
module. 

Remark 4.17 Note that under the natural isomorphism (j4.27|) for the case W3 = Wi ^p(z) 
W2, the identity map from Wi ^p(z) W2 to itself corresponds to the canonical intertwining 
map Klp(2). Furthermore, for p E Z, the P(2;)-tensor product of Wi and W2 gives rise to a 
logarithmic intertwining operator y^p^^^p of type (^^^^jl^^^^ according to formula ()4.17|1 . 
If p is changed to p' G Z, this logarithmic intertwining operator changes according to ()4.20|) . 
Note that the P( 2;) -intertwining map ^p(z) is canonical and depends only on z, while a 
corresponding logarithmic intertwining operator is not; it depends on p G Z. 

Remark 4.18 Sometimes it will be convenient, as in the next proposition, to use the par- 
ticular isomorphism associated with p = (in Proposition 14. 7|) between the spaces of P{z)- 
intertwining maps and of logarithmic intertwining operators of the same type. In this case, 
we shall sometimes simplify the notation by dropping the p (= 0) in the notation W(i)^'.°W(2) 
(recall miHl)): 

^{i)i.,W(2) = ^{i)l'>(2). (4.31) 

Proposition 4.19 Suppose that the P{z)-tensor product {Wi ^p(z) W^2,^p(z); ^p(z)) of Wi 
and W2 inC exists. Then for any complex number zi 7^ 0, the P{zi) -tensor product ofWi and 
W2 inC also exists, and is given by {Wi^p(z)W2,Yp(^z)]^p{zi)) , where the P{zi) -intertwining 
map Klp(zi) is defined by 

Kp(.0 (^(1) ® t^(2)) = 5^5^^(i)S'^^u;(2)ei°^-(-"-^)(logZi)' (4.32) 

neC keN 

for G Wi and W(2) G W2 ■ 

Proof By Remark 14.101 ()4.32p indeed defines a P(zi)-product. Given any P(zi)-product 
(1^3, F3; Ji) of Wi and W2, let / be the P(2)-product related to h by formula KT]^ with Ji, 
/ and Zi in (I4.22|) replaced by J, Ji and z, respectively. Then from the definition of P{z)- 
tensor product, there is a unique morphism rj from {Wi Mp(^z) W2, ^p(z); ^p{z)) to {W3, Y3; /). 
Thus by fj4.30|) and ()4.32p we see that rj is also a morphism from the P( 2:1) -pro duct {Wi^p(z) 
W2, yp{zy, ^P{zi)) to (W3, Y3; Ii). The uniqueness of such a morphism follows similarly from 
the uniqueness of a morphism from {Wi^p(^z)W2, 5^p(z); ^p{z)) to {W^, Y3; /). Hence (Wi^p(^z) 
W2, Yp(^zy, ^p(zi)) is the P(2i)-tensor product of Wi and W2. □ 

In general, it will turn out that the existence of tensor product, and the tensor product 
module itself, do not depend on the geometric data. It is the intertwining map from the two 
modules to the completion of their tensor product that encodes the geometric information. 

Generalizing Lemma 4.9 of [Hlj, we have: 
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Proposition 4.20 The module Wi^p(^z)W2 (if it exists) is spanned (as a vector space) by the 
(generalized-) weight components of the elements ofWi ^p[z) W2 of the form W(i) ^p(z) '^(2), 
for all W(i) G Wi and W(2) G 

Proof Denote by Wq the vector subspace of Wi ^p{z) W2 spanned by all the weight 
components of all the elements of Wi ^p(z) W2 of the form ^p(z) W[2) for W{i) G Wi 
and W(2) G W2- For a homogeneous vector v & V and arbitrary elements W(i) G Wi and 
W(2) G W2, equating the Xg coefficients of the Jacobi identity ()4.4|1 gives 

Vm{W(i) Kp(^) W(2)) = Kp(^) {VniW(^2)) + ^ ) z"""' {ViW(^i)) Kp(^) W^2) (4.33) 

for all m G Z. Note that the summation in the right-hand side of ()4.33p is always finite. 
Hence by taking arbitrary weight components of ()4.33|) we see that Wq is closed under the 
action of V. In case V is Mobius, a similar argument, using ()4.5|) . shows that Wq is stable 
under the action of sl{2). It is clear that Wq is C-graded and A-graded. Thus Wq is a 
submodule of Wi ^p(z) W2. Now consider the quotient module 

W = [W, Kp(,) W2)/Wo 

and let nw be the canonical map from Wi ^p(z) W2 to W . By the definition of Wq, we have 

Tfw O ^P{z) = 0, 

using the notation ()4.29|) . The universal property of the P(2;)-tensor product then demands 
that nw = 0, i.e., that Wq = Wi Kp(^) W2. □ 

It is clear from Definition 14.131 that the tensor product operation distributes over direct 
sums in the following sense: 

Proposition 4.21 For Ui, . . . , Uk, Wi, . . . ,Wi E ohC, suppose that each Ui ^p[z) Wj exists. 
Then (YiiUi) ^p(z) (Yij^j) exists and there is a natural isomorphism 

{J\ U?j Kp(,) (JJ W,) ^l[U, Mp^z) W,. □ 

i j i,j 

Remark 4.22 It is of course natural to view the P(z)-tensor product as a bifunctor: Sup- 
pose that C is a full subcategory of either J^sg or QA4sg (recall Notation 12. 36|) such that for 
all Wi, W2 G obC, the P(z)-tensor product of Wi and W2 exists in C. Then ^p(^z) provides 
a (bi)functor 

Kp(^) :CxC^C (4.34) 

as follows: For Wi,W2 e ohC, 

^Piz) {Wi, W2) = Wi Kp(,) 1^2 e obC (4.35) 
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and for V^-module maps 

ai-.Wi^W^, (4.36) 
a2:W2^ Wi (4.37) 
with W4 G obC, we have the \^-module map, denoted 

Kp(.) (^i,c^2) = ^iKp(.)^2, (4.38) 

from Wi^p(^z)W2 to iy3Klp(2) W4, defined by the universal property of the P(2)-tensor product 
Wi Klp(2) W2 and the fact that the composition of Klp(2) with ai (g) cr2 is a P( 2;) -intertwining 
map 

^p{z) o{<yi ® (^2) ■.Wi®W2^ W3 Kp(^) 1^4- (4.39) 

Note that it is the effect of this bifunctor on morphisms (rather than on objects) that exhibits 
the role of the geometric data. 

We now discuss the simplest examples of P(2;)-tensor products — those in which one or 
both of Wi or W2 is V itself (viewed as a (generalized) l^-module); we suppose here that 
G obC. Since the discussion of the case in which both Wi and W2 are V turns out to be 
no simpler than the case in which Wi = V, we shall discuss only the two more general cases 
Wi = V and W2 = V. 

Example 4.23 Let (W, Y]y) be an object of C. The vertex operator map IV gives a P{z)- 
intertwining map 

lY^,p = Yw{-,zy:V^W 

for any fixed p E 1> (recall Prop osit ion 14 . 71 and R,emark l^l?|l . We claim that (W, Yw', Yw{-, z)-) 
is the P(z)-tensor product of V and W in C. In fact, let (W3, Y3; /) be a P(2;)-product of V 
and W in C and suppose that there exists a module map i] : W ^ such that 

r]o{Yw{;zy) = I. (4.40) 

Then for w G VT, we must have 

ri{w) = ri{Ywil,z)w) 

= {r]o(Ywi;z)-)){l0w) 

= I{l(^w), (4.41) 

so that T] is unique if it exists. We now define r] : W ^ W3 using ()4.4ip . We shall show that 
ri{W) C VF3 and that 7] has the desired properties. Since / is a P(2;)-intertwining map of 
type {^^) , it corresponds to a logarithmic intertwining operator y = 3^7- p of the same type, 
according to Proposition 14.71 Since L(— 1)1 = 0, we have 

-^3;(l,x) = 3^(L(-l)l,a;) = 0. 
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Thus y{l,x) is simply the constant map l^i;o • ^ ~^ ^3 (using the notation ()3.24|) ). 
and this map preserves (generahzed) weights, by Proposition I3.2ir b). By Proposition 14. 7( 
/ = ly^p, so that 

ri{w) = 1(1 ^w) 

= Iy,p{l ® w) 

1^1:0^ 



for w G W. So 1] = l^i-Q is a hnear map from W to W3 preserving (generahzed) weights. 
Using the Jacobi identity for the P(z) -intertwining map / and the fact that Y{u,xo)l G 
K[[xo]] for u E V, we obtain 

r]{Ywiu,x)w) = I{1 ^Ywiu,x)w) 

= Y3{u,x)I{l®w) - ReSa;o2~^(5 — I{Y{u,Xo)l ^ w) 

= Y3{u,x)I{l®w) 
= Y3{u,x)r]{w) 

for u E V and w G W, proving that rj is a module map. For w G W, 

(j]o{Yw{-,z)-)){l^w) = r]{Yw{l,z)w) 

= rj{w) 

= /(l®w). (4.42) 
Using the Jacobi identity for P(z) -intertwining maps, we obtain 
I{Y{u^ Xq)v ® w) 

y3(M, x)I{v ®w) - ReSa;Xn ^5 liv ® Ywiu, x)w) (4.43) 

for u,v eV and w G W . Since 17 is a module map and 1V(-, z)- is a P(2;)-intertwining map 
of type (^)^), fj o Yw{-,z)- is a P(z)-intertwining map of type {^^- In particular, ()4.43j) 
holds when we replace I hy rj o Yw{--,z)-. Using ()4.43j) for = 1 together with ()4.42j) . we 
obtain 

(r/ o {Yw{-, z)-)){u ®w) = I{u ® w) 

for ti G and w G W , proving ()4.4()|1 . as desired. Thus {W^ Yw', Yw{-, z)-) is the P(2;)-tensor 
product of V and W in C. 

Example 4.24 Let (W, Yw) be an object of C. In order to construct the P(2;)-tensor product 
W ^p(z) V, recall from ()3.75|1 and Proposition 13.441 that flp{Yw) is a logarithmic intertwin- 
ing operator of type (,]^)- It involves only integral powers of the formal variable and no 
logarithms, and it is independent of p. In fact, 

np{Yw){w,x)v = e''^'^~^^Yw{v, -x)w 
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for V G V and w G W. For g G Z, 



is a P(z)-intertwining map of the same type and is independent of q. We claim that 
{W, IV; ^p(Xw){-, z)-) is the P(z)-tensor product of W and V in C. In fact, let {W3, F3; J) be 
a P( 2;) -pro duct of W and in C and suppose that there exists a module map t] : W ^ W3 
such that 

f]onp{Yw){-,z)-=I. (4.44) 

For w E W, we must have 

= r]{Ywil,-z)w) 

= e-^^(-i)r/(l]p(lV)(w,^)l)) 

= e-^^(-i)(r/o(fip(ny)(.,z).))(«;®l) 

= e-"^(-^)/(u;® 1), (4.45) 

and so 1] is unique if it exists. We now define rj : W —>■ W3 by ()4.45|) . Consider the logarithmic 
intertwining operator y = g that corresponds to / by Proposition 14. 71 Using Proposition 
Wl\ (Oll- dCTlll . (ITTH) and the equality 

lq{-z) = log I - z| + z(arg(-z) + 27rg) 

log + i(argz + vr + 27rg), < arg^; < vr 
\og\z\ + i{aTgz — TT + 2nq), 7r<arg2;<27r 

ly{z) + ni, < arg2; < tt 
ly{z) — ni, TT < argz < 271, 



we have 



nGC, mGN 



where e^'^' is e~'^* when < arg2; < tt and is e'^* when vr < argz < 27r. Then by ()3.75|) . 
we see that r]{w) = e~^^^~^^ I{w 1) is equal to n^i(y){l, e^''^~^^)w when < arg2; < tt 
and is equal to Q,o{y){l, e'"'^'''^)w when vr < arg2; < 27r. By Proposition I3.44[ f2_i(3^) and 
^0(3^) are logarithmic intertwining operators of type {^^)- As in Example I4.23[ we see 
that r2_i(3^)(l, y) and Q.o{y){l,y) are equal to l^i]^'^^ and respectively, and these 

maps preserve (generalized) weights. Therefore is a linear map from W to preserving 
(generalized) weights. Using the Jacobi identity for the P(z)-intertwining map / and the 
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fact that Y{u, Xi)l E V[[xi]], we have 

ri{Yw{u,Xo)w) = e~'^^~^'>I{Yw{u,Xo)w®l) 

= Res,,Xo (j^^^^ e-'^^-^'^Y^iu, x^)I{w ® 1) 

= e-'^^-^^Y3{u,Xo + z)I{w(^l) 
= Ys{u,xo)e-''^'^-'^I{w(E)l) 
= Ys{u, Xo)r]{w) 

for u E V and w G VT, proving that ?7 is a module map. For w G W, 

{r]o{Qp{Yw){;z)-)){w®l) = vie'^^^-'^Ywil, ~z)w) 

= e^^(-i)e"^^(-i)j(w; ® 1) 

= I{w0l). (4.46) 

Since both r/ o (fip(Fvi/)(-, z)-) and / are P(z)-intertwining maps of type {^y), using the 
Jacobi identity for P(2;)-intertwining operators and (j4.46p (cf. Example I4.23p . we have 

{rio{Qp{Yw){-,z)-)){w®v) = I{w®v) 

for f G and w e W, proving (jO^ . Thus {W,Yw;^p{Yw){-, z)-) is the P(2:)-tensor 
product of W and V in C. 

We discussed the important special class of finitely reductive vertex operator algebras in 
the Introduction. In case \^ is a finitely reductive vertex operator algebra, the P(2;)-tensor 
product always exists, as we are about to establish (following |HL5j and |HL7j ). As in the 
Introduction, the definition of finite reductivity is: 

Definition 4.25 A vertex operator algebra V is finitely reductive if 

1. Every module is completely reducible. 

2. There are only finitely many irreducible ^-modules (up to equivalence). 

3. All the fusion rules (the dimensions of the spaces of intertwining operators among 
triples of modules) for V are finite. 

Remark 4.26 In this case, every l^-module is of course a finite direct sum of irreducible 
modules. Also, the third condition holds if the finiteness of the fusion rules among triples of 
only irreducible modules is assumed. 
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Remark 4.27 We are of course taking the notion of V^-module so that the grading restriction 
conditions are the ones described in Remark 12.271 formulas (j2.89p and (|2.9Up : in particular, 
V^-modules are understood to be C-graded. Recall from Remark |2. 2(JI that for an irreducible 
module, all its weights are congruent to one another modulo Z. Thus for an irreducible 
module, our grading-truncation condition ()2.89|) amounts exactly to the condition that the 
real parts of the weights are bounded from below. In |HL5j - [HL7j . boundedness of the real 
parts of the weights from below was our grading-truncation condition in the definition of the 
notion of module for a vertex operator algebra. Thus the first two conditions in the notion of 
finite reductivity are the same whether we use the current grading restriction conditions in 
the definition of the notion of module or the corresponding conditions in [HL5 -[HL7 . As for 
intertwining operators, recall from Remark 13.131 and Corollary 13.231 that when the first two 
conditions are satisfied, the notion of (ordinary, non-logarithmic) intertwining operator here 
coincides with that in [HLSj because the truncation conditions agree. Also, in this setting, 
by Remark 13.241 the logarithmic and ordinary intertwining operators are the same, and so 
the spaces of intertwining operators VwiW2 ^'^'^ fusion rules -/V^^^^ in Definition 13. 181 have 
the same meanings as in |HL5j . Thus the notion of finite reductivity for a vertex operator 
algebra is the same whether we use the current grading restriction and truncation conditions 
in the definitions of the notions of module and of intertwining operator or the corresponding 
conditions in |HL5j - [HL7j . In particular, finite reductivity of V according to Definition 14.251 
is equivalent to the corresponding notion, "rationality" (recall the Introduction) in |HL5 - 
IHLTI. 



Remark 4.28 For a vertex operator algebra V (in particular, a finitely reductive one), the 
category JH of \^-modules coincides with the category J^sg of strongly graded l^-modules; 
recall Notation 12.361 

For the rest of Section 4.1, let us assume that \^ is a finitely reductive vertex operator 
algebra. We shall now show that P(2;)-tensor products always exist in the category A4 
{= Aisg) of V-modules, in the sense of Definition 14.131 

Consider V^-modules Wi, W2 and W3. We know that 

<V. = dimV::V. <^ (4-47) 
and from Proposition 14. 7t we also have 

AT^^^^ = dunM[P{z)Zl^^ = dimA^I^;^^^ < 00 (4.48) 



(recall Definition | 

The natural evaluation map 

W(i) ® W(2) ® / ^ H'^ii) ® ""^(2)) (4.49) 

gives a natural map 

^{Pi^)]wlw2 -W^^W^^ }lom{M'^l^^,Ws) = (MZIw^T ® ^3- (4.50) 
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Since dim AlJ^'^^;,^^ < oo, {J^^l^/2)* ® ^3 ^ V^-module (with finite-dimensional weight 
spaces) in the obvious way, and the map jF[P(2;)]{^'Jp^^ is clearly a P(z)-intertwining map, 
where we make the identification 



{M^lwJ ®Ws = {M^twJ* ® Ws. (4.51) 



This gives us a natural P(2;)-product for the category Ai = M.sg (recall Definition 14.111) . 
Moreover, we have a natural linear injection 

I ^ (/^^(3^^/(/)«;(3)) (4.52) 
which is an isomorphism if is irreducible, since in this case, 

(see |FHLj . Remark 4.7.1). On the other hand, the natural map 

V ^ rJo^[P(^)]{^3^^ (4.53) 

given by composition clearly satisfies the condition that 

hm) = /, (4.54) 

so that if Ws is irreducible, the maps h and i are mutually inverse isomorphisms and we have 
the universal property that for any / G ■Mwlw2^ there exists a unique r] such that 

I = VoI^!w, (4.55) 

(cf. Definition mS)). 

Using this, we can now show, in the next result, that P(2;)-tensor products always exist 
for the category of modules for a finitely reductive vertex operator algebra, and we shall in 
fact exhibit the P(2;)-tensor product. Note that there is no need to assume that Wi and W2 
are irreducible in the formulation or proof, but by Proposition 14.211 the case in which Wi 
and W2 are irreducible is in fact sufficient, and the tensor product operation is canonically 
described using only the spaces of intertwining maps among triples of irreducible modules. 

Proposition 4.29 Let V be a finitely reductive vertex operator algebra and let Wi and W2 
be V -modules. Then {Wi ^p(z) W2, lp(2); ^p{z)) exists, and in fact 

k 

W, Kp(,) W2 = 1[{M'^^^J* ® Mi, (4.56) 

i=l 

where {Mi, . . . ,Mk} is a set of representatives of the equivalence classes of irreducible V- 
modules, and the right-hand side of \4-5(^ is equipped with the V -module and P{z) -product 
structure indicated above. That is, 

k 

1=1 
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Proof From the comments above and the definitions, it is clear that we have a P(2;)-product. 
Let {W3, Y3; /) be any P(2;)-product. Then W3 = Uj Uj where j ranges through a finite set 
and each Uj is irreducible. Let ttj : W3 — » Uj denote the j-th projection. A module map 
V '■ Y[i=ii-^WiW2y ® Mi ^ W3 amounts to module maps 

for each i and j such that Uj ~ Mi, and I = f] o Klp(2) if and only if 

7f . o / = . o T^i^^ 

for each i and j, the bars having the obvious meaning. But Wj o / is a P(z)-intertwining 
map of type (^^^J , and so i o TTj o / G ■M.w\w2^ where i '■ Uj — > Mi is a fixed isomorphism. 
Denote this map by r. Thus what we finally want is a unique module map 

e:{M'^\w,r®M,^M, 

such that 

But we in fact have such a unique 9, by ()4.54|) - ()4.55p . □ 



Remark 4.30 By combining Proposition 14. 291 with Proposition 0T7| we can express WiMpi^^) 
W2 in terms of V^l^^^ in place of M. ■ 

Remark 4.31 If we know the fusion rules among triples of irreducible ^-modules, then from 
Proposition 14.291 we know all the P(z)-tensor product modules, up to equivalence; that is, 
we know the multiplicity of each irreducible V^-module in each P(z)-tensor product module. 
But recall that the P(2;)-tensor product structure of Wi Klp(2) W2 involves much more than 
just the \^-module structure. 

As we discussed in the Introduction, the main theme of this work is to construct natural 
"associativity" isomorphisms between triple tensor products of the shape Wi Kl {W2 Kl W^) 
and {Wi M W2) Kl W3, for (generalized) modules Wi, W2 and W^. In the finitely reductive 
case, let Wi, W2 and W3 be V^- modules. By Proposition 14.291 we have, as V^-modules, 

(k 
l[M,(g)iM^^w^^) 
i=i 

k 

= W{W, Kp(,) Mi) ® {M^^^.^r 
1=1 

k / k \ 

= II II(-^mM/ ® M, U {M^i^^r 
i=i \j=i J 
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and 



4 Mi ^ 



i=l \i=l 



j=l \i=l 



M, 



(4.58) 



Mi ^ 
W1W2' 



vi=l 



= U(M, Kp(,) 1^3) ® (-M 



Mi ^ 



fc / k 

i=l \i=l 

fc / k 

i=i \i=l 

fc / fc 

i=l \i=l 



M,W-i) 



M,W-A> 



Mj 

M.Wa 



Mj ® {M 



M, > 



M, 

W1W2' 



Mi 



My 



(4.59) 



These two ^-modules will be equivalent if for each j = 1, . . . , /c, their Mj-multiplicities are 
the same, that is, if 

k k 



WiMi^^ W2W3 ~ WiW2^^ MiWi- 



(4.60) 

i=l i=l 

However, knowing only that these two l^-modules are equivalent (knowing that M is "as- 
sociative" in only a rough sense) is far from enough. What we need is a natural isomorphism 
between these two modules analogous to the natural isomorphism 



Wi ® (W2 ® W3) ^ (Wi ® W2) ® Ws 
of vector spaces Wj determined by the natural condition 

® {W{2) ® W(3)) (W^(l) ® W{2)) ® W(3) 



(4.61) 



(4.62) 



on elements (recall the Introduction). Suppose that Wi, W2 and VV3 are finite-dimensional 
completely reducible modules for some Lie algebra. Then we of course have the analogue of 
the relation (|4.60p . But knowing the equality of these multiplicities certainly does not give 
the natural isomorphism ()4.61|) - ()4.62|) . 

Our intent to construct a natural isomorphism between the spaces fl4.58|) and ()4.59p 
(under suitable conditions) in fact provides a guide to what we need to do. In ()4.58|) . each 
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space M.WiMi ® ■^W2W3 suggests combining an intertwining map of type {y^l^) with an 
intertwining map 3^2 of type (y;^^) , presumably by composition: 

3^iKi),^)3^2K2),^). (4.63) 

But this will not work, since this compostion does not exist because the relevant formal 
series in z does not converge; we must instead take 

3^iKi),Zi)3^2K2),2:2), (4.64) 
where the complex numbers zi and Z2 are such that 

\Zi\ > \Z2\ > 0, 

by analogy with, and generalizing, the situation in Corollary 12.421 The composition (j4.64j) 
must be understood using convergence and "matrix coefficients," again as in Corollarv l2.42l 
Similarly, in ()4.59|) . each space M-m-w^ ® J^w\w2 suggests combining an intertwining 
map of type (jj^^) with an intertwining map of type y"^ of type (yj^^) • 

y^{y^{w(i), zi - ^2)w(2), Z2), 

a (convergent) iterate of intertwining maps as in ()2.114|) . with 

1-221 > \ZI - Z2\ > 0, 

not 

y\y\w^,),z),z), (4.65) 

which fails to converge. 

The natural way to construct a natural associativity isomorphism between (I4.58p and 
(j4.59|) will in fact, then, be to implement a correspondence of the type 

3^l(W(l), Zl)3^2(W-'(2), Z2) = 3^^(3^^(W(l), Zi - Z2)W^2),Z2), (4.66) 

as we have previewed in the Introduction (formula (jl.34j) ) and also in (j2.114j) . Formula (j4.66j) 
expresses the existence and associativity of the general nonmeromorphic operator product 
expansion, as discussed in Remark 12.441 Note that this viewpoint shows that we should not 
try directly to construct a natural isomorphism 

Wi Kp(,) iW2 Kp(.) Ws) ^ (Wi Kp(,) W2) Kp(.) Ws, (4.67) 

but rather a natural isomorphism 

Wi Hp(,,) {W2 Kp(.,) 1^3) {W, Kp(.,-.,) W2) Kp(.,) W3. (4.68) 
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This is what we will actually do in this work, in the general logarithmic, not-necessarily- 
finitely-reductive case, under suitable conditions. The natural isomorphism (j4.68|) will act 
as follows on elements of the completions of the relevant (generalized) modules: 

Kp(^^) (W(2) ^P(z2) UJ{3)) ^ (W(i) Kp(zi-^2) ^(2)) ^P{Z2) W(3), (4.69) 

implementing the stategy suggested by the classical natural isomorphism ()4.6H) - ()4.62p . Re- 
call that we previewed this strategy in the Introduction. 

It turns out that in order to carry out this program, including the construction of equal- 
ities of the type ()4.66p (the existence and associativity of the nonmeromorphic operator 
product expansion) in general, we cannot use the realization of the P(z)-tensor product 
given in Proposition 14.291 even when V is a finitely reductive vertex operator algebra. As 
in |HL5j - [5L7j and |Hlj . what we do instead is to construct P(2;)-tensor products in a 
completely different way (even in the finitely reductive case), a way that allows us to also 
construct the natural associativity isomorphisms. Section 5 is devoted to this construction 
of P{z)- (and Q{z)-)teiasoT products. 



4.2 The notion of Q(2;)-tensor product 

We now generalize the notion of Q{z)-tensoT product of modules from |HL5j to the setting 
of the present work, parallel to what we did for the P(2;)-tensor product above. Here we 
give only the results that we will need later. Other results similar to those for P(z)-tensor 
products certainly also carry over to the case of Q{z), for example, the results above on the 
finitely reductive case, as were presented in |IHL5|| . 



Definition 4.32 Let {Wi,Yi), (14^2, ^"2) and {W3,Y3) be generalized ^-modules. A Q{z)- 
intertwining map of type {y^^J is a linear map 



I ■.Wi^W2^W3 

such that the following conditions are satisfied: the grading compatibility condition: for 

7(1) e wl^\ w(2) 



P,jeA and e W['^\ W(2) G Wi^\ 



/(w;(i)®w;(2)) G (4.70) 

the lower truncation condition: for any elements G Wi, W(2) G W2, and any n G C, 

7r„_m/('u;(i) ®W(2)) = for m G N sufficiently large (4-71) 

(which follows from (j4.70j) . in view of the grading restriction condition (j2.85p : cf. (j4.3j) ): the 
Jacobi identity: 

z-H (^^1^^ r3°(t;,xo)/(^(i) ® «;(2)) 

/(F°(f,Xi)w(i) (^W{2)) 

Xo J 

-x^H ('^—^\ I{w^,^ ® Y2{v, xi)^(2)) (4.72) 
V J 
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for V & V, G Wi and W(2) G (recall ()2.57p for the notation Y°, and note that the 
left-hand side of (j4.72j) is meaningful because any infinite linear combination of f„ of the 
form J2n<N ^nVn (on G C) acts ou any /(ti'(i) ®W(2)), in view of ()4.71|l ): and the sl{2)-hracket 
relations: for any W{i) G Wi and W{2) G W2, 



J + 1 



1=0 

i+1 



E C i-^y^i^m ® ^0' - (4-73) 



for j = —1,0 and 1 (note that if V is in fact a conformal vertex algebra, this follows 
automatically from ()4.72|) by setting v = u and taking Res^^^ReSj^oXij"^^). The vector space 
of (5(2;)-intertwining maps of type (^^^J is denoted by A^[<5(^)]vyjVF2- 

Remark 4.33 As was explained in |HL5j . the symbol Q{z) represents the Riemann sphere 
C U {00} with one negatively oriented puncture at z and two ordered positively oriented 
punctures at 00 and 0, with local coordinates w — z, 1/w and w, respectively, vanishing 
at these punctures. In fact, this structure is conformally equivalent to the Riemann sphere 
C U {00} with one negatively oriented puncture at 00 and two ordered positively oriented 
punctures 1/z and 0, with local coordinates z/{zw — 1), {zw — l)/z'^w and z'^w/{zw — 1) 
vanishing at 00, 1/z and 0, respectively. 

Remark 4.34 In the case of C-graded ordinary modules for a vertex operator algebra, where 
the grading restriction condition (|2.89p for a module W is replaced by the (more restrictive) 
condition 

W(^n) = for G C with sufficiently negative real part (4.74) 

as in |HL5j (and where, in our context, the abelian groups A and A are trivial), the notion 
of (5(^)-intertwining map above agrees with the earlier one introduced in |HL5j : in this case, 
the conditions ()4.70|) and ()4.71|) are automatic. 

In view of Remarks 14 . 31 and 14. 33[ we can now give a natural correspondence between P{z)- 
and (5(z)-intertwining maps. (See the next three results.) Recall that since our generalized 
V^-modules are strongly graded, we have contragredient generalized modules of generalized 
modules. 

Proposition 4.35 Let I : Wi W2 — > Ws and J : W2 ~^ WI be linear maps related 
to each other by: 

J(ti;[3) (g)W(2))) = (?i;(3),/(w(i) (g)W(2))) (4.75) 
for any W(i) G Wi, W[2) £ W2 and w'^^-^ G VF^. Then I is a Q{z) -intertwining map of type 
(wWa) "''^^ ^'^^y ^ P{z) -intertwining map of type (^^T^J. 
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Proof Suppose that / is a Q(z)-intertwining map of type (^^^J. We shall show that J is 
a P(z)-intertwining map of type (^y^^J • 

Since / satisfies the grading compatibility condition, it is clear that J also satisfies this 
condition. For the lower truncation condition for J, it suffices to show that for any w^2) ^ 

W^^^ and u;'(3) G (PFg)^^^ where /3,7 G i, and any n G C, {7r[n-m]Wi~^~'^\ J{w[^^^w^2))) = 
for m G N sufficiently large, or that 

{w[r^), I{TT[n-m]Wi~^"^^ ®W(2))) = for m G N sufficiently large. (4.76) 

But fl4.76|l follows immediately from ()2.85|) . 

Now we prove the Jacobi identity for J. The Jacobi identity for I gives 

1 {w[3),y3iv,Xo)I{W(^i)(^W(^2))) 

J (W(3),/(y°(t;,Xi)?i;(i) (g)W(2))) 
[^—^] {w[^^J{wi^i)®Y2{v,xi)w(2))) (4.77) 
for any t> G V^, G Wi, W{2) ^ and w'^^-^ G PV^. By (j2.73|) the left-hand side is equal to 

j (^3(^>a;o)W(3),/(W(l) ® W(2))) 

So by (j4.75p . the identity ()4.77|) can be written as 

^ Xi ^ Xo ^ J(y3'(t;,Xo)W(3) ®W(2))) 



Xq 6 ( J {Y°{v,Xi)w{^i),J{w[^)®W(2))) 

Xq 



^^^^^ (^~3^J -^(w^(3) ® ^2(^^,a;i)u7(2))). 

Applying p.73|) to the first term of the right-hand side we see that this can be written as 

^ Xq \^ J(F3(f,Xo)w|3) ®«;(2))) 

(^^(l)>^l(^>a;i)J(W(3) ®W(2))) 

Xq J 

(Z — \ 
— I {w(i),J{w[:^)®Y2{y,xi)w^2))) 
Xq J 

for any G V^, W(i) G W(2) G W2 and w|3-) G W^. This is exactly the Jacobi identity for 
J. 
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The s[(2)-bracket relations can be proved similarly, as follows: The s[(2)-bracket relations 
for I give 

{w[^yL{-j)I{W(i)®W(2))) = ■ )i.-Zy{w[^)J{.{.L{~j + i)W(i))®W(2))) 

/ ■ + 1\ 



for any wi^i) G Wi, W(2) G 1^(3) G and j = —1,0, 1. Using ()2.75|) and then applying 
we get 

■'^^ / ■ + 1\ 

i=0 ^ ^ 
i=0 ^ ^ 

or 

i+i 

7(3)®W(2)) = 

i= 



/ ' + l\ 

J(L'(jV(3)®ti^(2)) = 5^1% )(-^r^(j-0^K3)®«^(2)) 

i=0 ^ ^ 



■''^^ / ■ + 1\ 

i=0 ^ ^ 



for j = —1, 0, 1. This is the alternative form ()4.7p of the s[(2)-bracket relations for J. Hence 
J is a P(z)-intertwining map. 

The other direction of the proposition is proved by simply reversing the order of the 
arguments. □ 

Let Wi, W2 and W3 be generalized V^-modules, as above. We shall call an element A of 
{Wi ® 1^2 ® WsY A-compatible if 

XiiWiY"^ ® (1^2)^^^ ® {Wsf'^) = 

for /3, 7, 5 G A satisfying /? + 7 + 5 7^ 0. Recall from Definitions 12.181 and 12.321 that for a 
generalized module W, W can be viewed as a (usually proper) subspace of W*. We shall 
call a linear map 

I ■.Wi^W2^ w; 

A-compatible if its image lies in W^, that is. 



I ■.Wi0W2^Wi 



3; 
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and if / satisfies the usual grading compatibility condition ()4.2|) or ()4.70p for P{z)- or Q{z)- 
intertwining maps. Now an element A of {Wi ® W2 ® W^)* amounts exactly to a linear 
map 

ix:Wi(g)W2-^ w;. 

If A is y4-compatible, then for w^i) G Wi^\ W{2) G w!f^'^ and W(3) G W^^^ such that 5 7^ 
-(/5 + 7), 

(W(3), /A(ti'{l) ® W{2))) = (g) W(2) ® W^s)) = 0, 



SO that /a(w(i) ®W(2)) G (iy3)(/3+7) and I\ is A-compatible. Similarly, if Ix is A-compatible, 
then so is A. Thus we have the following straightforward result relating ^-compatibility of 
A with that of Ix: 

Lemma 4.36 The linear functional A G {Wi ® W2 ^ W^)* is A-compatible if and only if Ix 
is A-compatible. The map given by X Ix is the unique linear isomorphism from the space 
of A-compatible elements of (Wi ® W2 ® W3)* to the space of A-compatible linear maps from 
Wi W2 to such that 

(W(3), Ix{W(i) ® W(2))) = A(W(i) O W(2) ® W(3)) 

for G Wi, W(2) G W2 and W(3) G W^. Similarly, there are canonical linear isomorphisms 
from the space of A-compatible elements of {Wi ® W2 ® W^)* to the space of A-compatible 
linear maps from Wi®W-i to W2 and to the space of A-compatible linear maps from 14^2 ®W^3 
to W[ satisfying the corresponding conditions. In particular, there is a canonical linear 
isomorphism from the space of A-compatible linear maps from Wi (S> W2 to W3 to the space 
of A-compatible linear maps from W2 to W[ given by \4.75}^ . □ 

Using this lemma and Proposition 14.351 we have: 



Corollary 4.37 The formula \4.75}) gives a canonical linear isomorphism between the space 
of Q{z) -intertwining maps of type (^^^J and the space of P{z) -intertwining maps of type 

We can now use Proposition 14.71 together with Proposition 14.351 and Corollary 14.371 to 
construct a correspondence between the logarithmic intertwining operators of type 

and the Q(2;)-intertwining maps of type this generalizes the corresponding result 

in the finitely reductive case, with ordinary modules, in |HL5j . Fix an integer p. Let y 
be a logarithmic intertwining operator of type (^^^J, and use (j4.14p to define a linear 

map ly^p : ® W2 — > WI; by Proposition 14.71 this is a P(z)-intertwining map of the 
same type. Then use Proposition 14.351 and Corollarv 14. 371 to define a Q(z)-intertwining map 
jJSf ^ ■.W,^W2^W, of type (^^^J (uniquely) by 

= {w^,^,y{w[,),e^-^^^)w^2))wi (4-78) 
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for all G Wi, W{2) G W2, wL-. G W^. (We are using the symbol Q{z) to distinguish 



this from the P{z) case above.) Then the correspondence y ^ ly^f' is an isomorphism 



from V^]y^^ to -M[Q(2;)]{yjvy2- Fro^i Proposition 14.71 and ()4.17|) . its inverse is given by 
sending a (5(-2)-intertwining map / of type (yj^^) logarithmic intertwining operator 

y?p^ -.W^^Wi^ W^i'[loga;]{x} defined by 



{y 



-L'(0)^-L'(0),„/ 



W 



(3)' 



'w 



(1) 



^-L(0)^-L(0) 



W[2)))w-, 



y=e 



for any W(i) G Wi, W(2) ^ and w^g^ G W^. Thus we have: 



Proposition 4.38 For p G Z, i/ie correspondence y ^ ly^^^ is a linear isomorphism 



from the space V^}^^^ of logarithmic intertwining operators of type (^^^J to the space 
■^[Q{^)]wlw2 of Q{z) -intertwining maps of type (^^^J. Its inverse is given by I \—>- yfjp'^ 



We now give the definition of Q(z)-tensor product. 

Definition 4.39 Let Ci be either Msg or QMsg- For Wi, W2 G obCi, a Q{z)-product ofWi 
and W2 is an object {Ws, Y3) of Ci together with a (5(2;)-intertwining map I3 of type 
We denote it by (W3, Ys; I3) or simply by {W3, 13). Let (W4, Y4; I4) be another (5(z)-product 
of Wi and W2- A morphism from {W3, Y3; I^) to (W4, Y4; I4) is a module map rj from W3 to 
such that the diagram 




commutes, that is, 



h = r]° h- 

where, as before, r/ is the natural map from to W4 uniquely extending rj. 



Definition 4.40 Let C be a full subcategory of either Msg or GMsg- For Wi,W2 G obC, 
a Q{z)-tensor product of Wi and W2 in C is a. Q(2;)-product {Wo,Yq;Iq) with Wq G obC 
such that for any Q(z)-product {W, Y; I) with G obC, there is a unique morphism from 
{Wo,Yq] Iq) to (W,Y;I). Clearly, a Q{z)-tensoT product of Wi and W2 in C, if it exists, is 
unique up to unique isomorphism. In this case we will denote it as (Wi ^q(z) W2, Yq(^z)', ^q{z)) 
and call the object (Wi ^q(z} W2, Yq(^z)) the Q{z)-tensor product module ofWi and W2 in C. 
Again we will skip the phrase "in C" if the category C under consideration is clear in context. 
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The following immediate consequence of Definition l4.4Ul and Proposition l4.38l relates mod- 
ule maps from a Q{z)-tensoT product module with (5(-2)-intertwining maps and logarithmic 
intertwining operators: 

Proposition 4.41 Suppose that Wi ^q(z) exists. We have a natural isomorphism 

r] ^ T]o Kq(^) 

and for p & Z, a natural isomorphism 



where y^jp^ = 3^?^'^ with I = f]o Mq^,) . □ 



Suppose that the Q(z)-tensor product (Wi KIq(^) W2, ^q(^); ^q{z)) of Wi and W2 exists. 
We will sometimes denote the action of the canonical Q(z)-intertwining map 



(S) W(2) ^ Kq(^)(u;(i) ® W(2)) = Kq(2)(u;(i), z)w^2) e Wi Kq(2) W2 (4.79) 

on elements simply by ^q(z) '^(2)'- 

W{1) ^Q(z) W(2) = Kq(^)(w;(i) (g) W(^2)) = ^Q(z)iw^i), z)w(^2)- (4.80) 

Using Propositions 13.441 and we have the following result, generalizing Proposition 
4.9 and Corollary 4.10 in jHL5] : 



Proposition 4.42 For any integer r, there is a natural isomorphism 

defined by the condition that for any logarithmic intertwining operator y in V^iW2 '^^^ 

e Wi, w(2) e W2, W(3) e W^, 

{w^i),Br{y){w[^),x)w(^2))wi 

= (e-^"'^(i)w'(3),3^(e^^(i)^i;(i),x-i)e-^^(^)e(2-+i)'^^^(°)(a;"''^°^)'^(2))vK3. (4.81) 

Proof From Proposition 13.441 for any integer Vi we have an isomorphism il^i from V^^^y^ 
to V^^Wi' ^^"^ from Proposition 13.461 for any integer r2 we have an isomorphism Ar^ from 
V^^VFi '^wlw • Proposition 13.441 again, for any integer there is an isomorphism, 
which we again denote ^,.3, from Vy^ly/i to Vy/,-^^. Thus for any triple (ri, r2, r^) of integers. 



we have an isomorphism ^2^.3 o A^.^ o Vtr^ from V^^-^ to V^}^r ■ Let 3^ be a logarithmic 



W1W2 '"w^W2- 
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intertwining operator in V^^yy,^ and W(2), w'^^^ elements of Wi, W2, W^, respectively. 
From the definitions of ^r-^, and ^^3, "we have 

= (e^^(~i) A,, (a, (3^) ) (^(2) , e(2'-3+i)-a;)^'(3) , w^t) ) 



.g-.L{l)g(2r.+l).^L{0)g-2(2r3+l).^L{0)^^-L(0))2^^^^^^^ 

= (e-""'^(^)w;'(3),3^(e"^(i)w;(i),e2(^i-^3)-*x-i) • 

.g-.L(l)g(2(r,-2r3-l)+l).^L(0)(^-L(0))2^^^^^^^_ ^4^g2) 

From (|4.82p we see that ^2^3 o ° depends only on r2 — 2r3 — 1 and ri — r3, and the 
operators ^,.3 o ° with different ri — rs but the same r2 — 2r3 — 1 differ from each 
other only by automorphisms of V^^yy^ (recall Remarks 13.301 13.401 and 13. 45^ . Thus for our 
purpose, we need only consider those isomorphisms such that ri—r^ = 0. Given any integer 
r, we choose two integers r2 and such that r = r2 — 2r3 — 1 and we define 

Br = ^ra O O ^ra- (4.83) 

From ()4.82j) we see that Bj. is independent of the choices of r2 and rs and that ()4.8H1 holds. 
□ 

Combining the last two results, we obtain: 

Corollary 4.43 For any Wi, W2, W3 G obC such that Wi ^q(z) W2 exists and any integers 
p and r, we have a natural isomorphism 

f] ^ B;\y^};)). □ (4.84) 
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5 Constructions of P{z)- and Q{z)-tensor products 



We now generalize the constructions of P{z)- and Q{z)-teiasoT products in |HL5j - |HL7] to 
the setting of the present work. In the earher work |HL5j - [HL7j of the first two authors, the 
Q{z)-tensoT product of two modules was studied and developed first, in |HL5j and |HL6j . 
The P(z)-tensor product was then studied systematically in |HL7j . and many proofs for the 
P{z) case were given by using the results established for the Q{z) case in |HL5j and |HL6j . 
rather than by carrying out the subtle arguments in the P{z) case itself, arguments that 
are similar to (but different from) those in the Q{z) case. In the present section and the 
next section, instead of following this approach of [HL5]- |HL7j . we shall construct the P{z)- 
tensor product and Q(z)-tensor product of two modules independently. In particular, even 
for the finitely reductive case carried out in |HL5j - |HL7j . some of the present results and 
proofs of the main theorems are completely new. One new result is Proposition 15.91 below, 
which was not stated or proved (or needed) in the finitely reductive case in jHLTj. This is 
proved below, by a direct argument in the P{z) setting, rather than by the use of the Q{z) 
structure. Theorems I5.39[ I3.4UI 15.701 and 15.711 formulated below will be proved in the next 
section. The proofs of Theorems 15.391 and I5.4UI are new, even in the finitely reductive case. 
Recall Assumption 14.11 

5.1 AfRnizations of vertex algebras and the opposite-operator map 

Just as in |HL5j - [HL7j . we shall use the Jacobi identity as a motivation to construct tensor 
products of (generalized) l^-modules in a suitable category. To do this, we need to study 
various "affinizations" of a vertex algebra with respect to certain algebras and vector spaces 
of formal Laurent series and formal rational functions. The treatment of these matters below 
is very similar to that in |HL5j . but here we must take into account the gradings by A and 
A. Here, as in Section 2 above, we are replacing the symbol * for the "opposite-operator 
map" in |HL5j by o. In Subsections 5.2 and 5.3 below, we will be using the material in 
this subsection to construct certain actions rp(^) and tq(^), in order to construct P{z)- and 
Q(z)-tensor products. 

Let {W, Yw) be a generalized l^-module. We adjoin the formal variable t to our list 
of commuting formal variables. This variable will play a special role. Consider the vector 
spaces 

v[t, r^] = v® c[t, t-^] cv® c((t)) cV0 c[[t, r^]] c v[[t, t~^]] 

(note carefully the distinction between the last two, since V is typically infinite-dimensional) 
and W O C{t} C W{t} (recall (EH)). The linear map 

v®r ^ Vn (5.1) 

(f G V^, n G Z) extends canonically to 

Tw : 1/®C((t)) ^ End W 
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(5.2) 

r!,>Af n>N 

(but not to V{{t))), in view of ()2.49j) and Assumption 14.11 It further extends canonically to 

Tw : {V ®C{{t)))[[x,x-^]] iEndW)[[x,x'% (5.3) 

where of course (V"®C((t)))[[x, x^"*^]] can be viewed as the subspace of V^[[t, x, such 
that the coefficient of each power of x lies in V ® C{(t)) . 
Let V & V and define the "generic vertex operator" 

Yt{v,x) = ^(t;®r)x-"-i G {V®C[t,t-^])[[x,x-% (5.4) 



Then 



X 



e V ®C[[t,r\x,x-^]] 

(C V[[t,t-\x,x-']]), (5.5) 



and the hnear map 



V V 0C[[t,t-\x,x-^]] 

V I— s> Yt{v,x) (5.6) 
is simply the map given by tensoring by the "universal element" x~^6 (|) . We have 

TwiYt{v,x)) = Ywiv,x). (5.7) 

For all f{x) G C[[x, f{x)Yt{v,x) is defined and 

f{x)Yt{v,x) = f{t)Yt{v,x). (5.8) 

In case /(x) G C((x)), then ri4/(/(a:;)^t('y, a;)) is also defined, and 

f{x)Yw{v,x) = f{x)Tw{Yt{v,x)) = Tw{f{x)Yt{v,x)) = Tw{f{t)Yt{v,x)). (5.9) 

The expansion coefficients, in powers of x, of Yt{v,x) span v ® C[t,t~^], the x-expansion 
coefficients of Yw{v,x) span tw{v ® C[t, t~^]) and for /(x) G C[[x, x"^]], the x-expansion 
coefficients of f{x)Yt{v,x) span f ® /(t)C[t, In case /(x) G C((x)), the x-expansion 
coefficients of f{x)Yw{v,x) span rvy(f f(t)C[t,t^^]). 
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Using this viewpoint, we shall examine each of the three terms in the Jacobi identity 
(I3.26|) in the definition of logarithmic intertwining operator. First we consider the formal 
Laurent series in xq, Xi, X2 and t given by 

X2 Yt[v,xo) = x^ b \ Yt[v,XQ) 



X2 J \ Xi 

- ««.T'*(^).„-'*(^) (5.10) 

(cf. the right-hand side of ()H.2fj|l ). The expansion coefficients in powers of xq, xi and X2 of 
(I5.1(J|) span just the space C[t, t~^]. However, the expansion coefficients in xq and Xi only 
(but not in X2) of 

-1^(x2 + Xq\ -1x/^^2+A ^i.ft 
Xi b YAv, xq) = v0Xi b { ] Xn b { — 

\ Xi J \ Xi J \Xo 



VmeZ / VneZ / 



(5.11) 



span 

V O L.^^,tC[t, t-\ X2 + t, {X2 + t)-^] CV0 C[X2, X^^]{{t)), 

where ix2,t is the operation of expanding a formal rational function in the indicated algebra as 
a formal Laurent series involving only finitely many negative powers of t (cf. the notation L12, 
etc., considered at the end of Section 2). We shall use similar ^-notations below. Specifically, 
the coefficient of Xq ""^x^"""^ (m, n G Z) in (jKTT^ is v (xa + 
We may specialize X2 1— > -2 G C^, and (j^.llj) becomes 

z-'b(^^^^Y,{v,xo) = xi'b(^^±^^Y,{v,xo) 

= V (g) Xi^b ( Xn^b ( — 

\ Xi J \Xo 



= v<g^\ ^(z + trx^-M 1 . (5.12) 

The coefficient of Xq "~^x^™"^ (m, n G Z) in X^TT^ is v ® {z + t)'"r eV^ C((t)), and these 
coefficients span 

V (g) C[t, r\ {z + t)'^] Cv® C((t)). (5.13) 

Our Q{z)-tensoT product construction in Subsection 5.3 below will be based on a certain 
action of the space V <S) C[t,t~^, {z + t)~^], and the description of this space as the span of 
the coefficients of the expression (j5.12|) (as f G ^ varies) will be very useful. 
Now consider 

^ f -X2 + Xi\ , , _,^f-X2+t\ f t 

Xr. b Yt[v, xi) = (g) Xg d x^ b \ — 

\ Xo I \ Xo J \Xi 



( 5^(-X2 + t)%— ^) ( J2 t-'^r-') (5.14) 
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(cf. the second term on the left-hand side of ()3.26|) ). The expansion coefficients in powers 
of Xq and Xi (but not X2) span 



and in fact the coefficient of Xq^ ^x^^™ ^ {m,n E Z) in ()5.14|1 is v (— X2 + t)'^t"^. Again 
speciahzing X2 ^ z E C^, we obtain 

Xq^6 ( ^ Yt{v,xi) = V ^ Xq^6 ( ^^^] x^^6 ( — 

\ Xo J \ Xo J \Xi 



, ( + ^) ( t-xi^-') . (5.15) 



The coefficient of Xq"'~^ x^"^"^ (m, n G Z) in ()5.15|1 is f (S) {—z + and these coefficients 

span 

V O C[t, t-\ {-z + t)-^]Cv0 C((t)). (5.16) 

Finally, consider 

^» (^) ^'(^ — « ^» (^) (^) • ("^) 

The coefficient of Xq "^^x]'™'"^ (jt?-, n G Z) is f ® (t — X2)"t™', and these expansion cofficients 
span 

f (g) it,s2C[t,t~\t - X2, (t - X2y^]. 

If we again specialize X2 ^ z, we get 

(^) - « (^) {£) ' 

whose coefficient of x^'^^^Xi"''^^ is f (t — 2;)"t™. These coefficients span 

V ® C[t, r\ (t - 2)^1] C ® C((r^)) (5.19) 

(cf. dni, (EinD). 

In the construction of P(2;)-tensor products in Subsection 5.2, we shall also need the 
following expression, which is slightly different from what we have analyzed above: 

x~,'5[^^^^^Y,{v,x,) = V ® x,H 1^^^-^^ x-,H (^^^ . (5.20) 

The coefficient of Xg "^^Xj^™^"'^ (m, G Z) is v®{t^^ — X2)"t™', and these expansion cofficients 
span 

V ® it-i,^2C[t, r^,r^ - X2, {r^ - X2Y\ 
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If we again specialize X2 ^ z, we get 

whose coefficient of Xq^'^^x^™'^^ is f (t^^ — z)"'t'^. These coefficients span 

V ® C[t, r\ {r^ - z)-^] = v0 C[t, t-\ {z~^ - t)'^] CV0 C((t)). (5.22) 

Our P(2;)-tensor product construction in Subsection 5.2 below will be based on a certain 
action of the space V ® C[t,t~^, {z~^ — t)~^]. 

Later we shall evaluate the identity ()3.26|) on the elements of the contragredient module 
W^. This will allow us to convert the expansion ()5.19p into an expansion in positive powers 
of t. It will be useful to examine the notions of opposite and contragredient vertex operators 
more closely (recall Section 2, in particular, (j2.57|) ). 

We shall interpret the opposite vertex operator map by means of an operation on 
V ® C[[t,t~^]] that will convert vertex operators into their opposites. We shall write this 
"opposite-operator" map, in various contexts, as "o." The operation o will be an involution. 
We proceed as follows: First we generalize Y° in the following way: Recall that by Assump- 
tion ^2 -^(1) acts nilpotently on any element v G V. In particular, e^^^^^v is a polynomial 
in the formal variable x. Given any vector space U and any linear map 

Z{-,x): V ^ U[[x,x-^]] ( = JJf/®x") 

nGZ 

V ^ Z{v,x) (5.23) 

from V into U[[x, x^^]] (i.e., given any family of linear maps from V into the spaces U (8>x"), 
we define Z°{-,x) : V U[[x,x^^]] by 

Z°{v, x) = Z(e"^«(-a;-')^(°)t;, x''), (5.24) 

where we use the obvious linear map Z{-,x~^) : V U[[x,x^^]], and where we extend 
Z{-,x~^) canonically to a linear map Z{-,x~^) : V^[x, x^^] ?7[[x, Then by formula 
(5.3.1) in |FHLj (the proof of Proposition 5.3.1), we have 

Z'"'{v,x) = Z°(e"^«(-a;~')^^°^^>a;-i) 

= Z{v,x). (5.25) 

That is, 

Z°°{-,x) = Z{-,x). (5.26) 

Moreover, if Z{v,x) G U{{x)), then Z°{v,x) G U{{x~^)) and vice versa. 
Now we expand Z{v,x) and Z°{v,x) in components. Write 

Z{v,z) = J2Hn)X-''-\ (5.27) 
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where for all n G Z, 

V ^ U 

V ^ V{n) (5.28) 

is a linear map depending on Z{-,x) (and in fact, as Z{-,x) varies, these linear maps are 
arbitrary). Also write 

where 

V ^ U 

V ^ (5.30) 
is a linear map depending on Z{-,x). We shall compute v°^y First note that 

E-W^""" = (5-31) 

For convenience, suppose that v G Vj;/^), for h E Z. Then the right-hand side of (j5.31|) is 
equal to 



= (-1)^ 5^ E(^(l)'"^)(— 2+2/^)^'""'' (5.32) 



meN ne 



that is, 



Z — ^ 771! 

mGN 

(Recall that by Assumption 14.11 L{l)"^v = when m is sufficiently large, so that these 
expressions are well defined.) For v E V not necessarily homogeneous, v°^^ is given by the 
appropriate sum of such expressions. 

Now consider the special case where U = V ^ C[t, t^^] and where Z{-, x) is the "generic" 
linear map 



Yt{-,x):V ^ (V ^C[t,t-'])[[x,x-'' 



V ^ Ft(t;,x) = ^(t;®r)x""-i (5.34) 

(recall (jOl)), i-e., 

v^^) =v®r. (5.35) 
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Then for v e V(fe), 

= (-1)' E ^((^(1))"^^) ® r"— (5.36) 



m! 

meN 



in this case. 

This motivates defining an o-operation on y C[t, t~^] as follows: For any n,h & Z and 
V e V(/i), define 

{v (g) r)° = (-1)'^ J2 -^Wr^) ® i-"-"»-2+2fe e y c[i, r'], (5.37) 

meN 

and extend by linearity to V ® C[t,t~^]. That is, {v (g) t")° = w^",^^ for the special case 
Z{-,x) — Yt{-,x) discussed above. (Note that for general Z, we cannot expect to be able to 
define an analogous ooperation on U.) Also consider the map 

Y,"{;x) = {Yt{;x)r:V ^ (V®C[t,t-'])[[x,x-']] 

V ^ Y°{v,x) = ^{v^ryx-"-\ (5.38) 

Then for general Z{-,x) as above, we can define a linear map 

ez: V®C[t,t-'^] U 

v®r ^ v^^ri) (5.39) 

("evaluation with respect to Z"), i.e., 

ez: Yt{v,x)^ Z{v,x), (5.40) 



and a linear map 



I.e., 

Then 
that is, 

or equivalently, the diagram 



e°z-- V®C[t,t-^] U 

v<»r ^ vl^, (5.41) 

e"z : Yt{v,x) ^ Z"{v,x). (5.42) 

e^z^ezo o, (5.43) 

ez{Y^\v,x)) = Z'^{v,x), (5.44) 



Yt{v,x) A Z{v,x) 

Ol 1{Z{;X)^Z"{;X)) 

Y^''{v,x) A Z%v,x) (5.45) 
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commutes. Note that the components v°^-j of Z°{v,x) depend on all the components f(„) 
of Z{v,z) (for arbitrary v), whereas the component {v (S> of Y°{v,z) can be defined 
generically and abstractly; {v (8> depends linearly on v & V alone. 
Since in general Z°°{v, x) = Z{v, x), we know that 

Y°"{v,x) = Yt{v,x) (5.46) 

as a special case, and in particular (and equivalently), 

[v ® = v®r (5.47) 

for all f G and n G Z. Thus o is an involution of V ^ C[t, t^^]. 

Furthermore, the involution o of (8> C[t, t~^] extends canonically to a linear map 

V(^c[[t,t-']] A \/®c[[t,ri]]. 

In fact, consider the restriction of o to V = V ^t^: 

ml 

meN 

extended by linearity from V[h) to V. Then for v eV, we may write 

^o = e*"'^«(-t2)^(°)i;t-l (5.49) 

Also, for V E V and n E 1^, 

^y(^f'y = v°r'', (5.50) 
and it is clear that o extends to V ® C\[t,t-^]]: For f{t) G C[[t,t-^]], 

(t^®/(t))" = t^7r')- (5.51) 

To see that o is an involution of this larger space, first note that 

v°° = V (5.52) 

(although v° ^ V in general). (This could of course alternatively be proved by direct 
calculation using formula (j5.37|) .) Also, for g(t) G C[t,t~^] and f(t) G C[[t, t"""^]], 

(v ® 9{t)fit)y = v'^ git-') fit-') = iv^ git))" fit-'). (5.53) 

Thus for all x G V®C[t,t-'] and fit) G C[[t,t-']], 

(x/(t))° = x7(t-'). (5.54) 
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It follows that 

= vf{t) 

= v®f{t), (5.55) 
and we have shown that o is an involution oiV ® C[[t, We have 

o:V®C{{t))^V®C{{t-^)). (5.56) 



Note that 



Y°{v,x) = ^(w ® r)°a;-"-^ 



= v°t6{tx) 

e V 0C[[t,t-\x,x-% (5.57) 

Thus the map v Y°{v,x) is the linear map given by multiplying v° by the "universal 
element" t6{tx) (cf. the comment following (|5.6|) ). By (j5.49p . we also have 

Y;{v,x) = e*~'^(i)(-t2)^(°)t;t-i5(tx) 

= e''^^^\-x-^)^'^^'>v^x6{tx). (5.58) 

For all f{x) G C[[x, f{x)Y"{v,x) is defined and 

f{x)Y,"{v,x) = f{t-^)Y:{v,x) 

= v°f{t-^)t6{tx). (5.59) 

Now we return to the starting point — the original special case: U = End W and Z{-,z) = 
Yw{-, z) : V ^ (End iy)[[x, x""*^]]. The corresponding map 

ez = eY^ : V[t,t-^] ^ End 

v®f' t-^ (5.60) 

(recall (j5.39j) ) is just the map tw : v®f' ^ Vn (recall (j5.1|) ). i.e., = f„ in this case. Recall 
that this map extends canonically to V <^ C{{t)). The map is T]^ o o : V <^ C[t,t~^] — > 
End W and this map extends canonically to V ® C{{t^^)) . In addition to ()5.7|) . we have 

Tw{V{v,x)) = Y^{v,x) (5.61) 
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= in this case; recall ()2.58|) ). In case /(x) G C((x ^)), 



f{x)Y^{v,x) = Tw{f{x)Y,"{v,x)) 

is defined and is equal to Tw{fit^^)Y°{v, z)) (which is also defined). 

The x-expansion coefficients of f{x)Y°{v,x), for f{x) G C[[a;, x""*^]], span 

= ivfit)C[t,t-']r. (5.62) 
The x-expansion coefficients of Y^r{v,x) span 

Twiv°c[t,t-^]) = Twiiv^C[t,r']y) 

= T^{v®C[t,t-^]). (5.63) 
In case /(x) G C{{x^^)), the x-expansion coefficients of /(x)yi^(f,x) span 

(Cf. the comments after ()5.9p .) 

We shall need spaces of the forms V (g) <.+C[t, (z + ty^] and V L_C[t,t-^ , (z + t)"^], 
where we use the notations 

L+:Cit) ^ CmcC[[t,t-']] 

i_:C(t) ^ C((r^)) c C[[t,ri]] (5.64) 

to denote the operations of expanding a rational function of the formal variable t in the 
indicated directions (as in Section 8.1 of |FLM2j ). We shall also need certain translation 
operations, as well as the o-operation. For a G C, we define the translation isomorphism 

: C(t) ^ C(t) 

fit) ^ fit + a) (5.65) 

and (for our use below) we also set 

T± = .± o o t-' : .+C(t) ^ C((t±i)). (5.66) 

(Note that the domains of these maps consist of certain series expansions of formal rational 
functions rather than of formal rational functions themselves.) The following lemma will be 
needed for our action rp(2) in Subsection 5.2 below (we shall sometimes write o(Yt{v,Xi)) for 
Y°{v, Xi), etc.): 
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Lemma 5.1 Let z G C^. Then 



o(^Xo'6(^^^^^Yt{v,x,)^ =x,'6(^^^^^Y,"{v,x,), (5.67) 
= ( ^ll^] F,(e-i^«(-xr')^(°)t;, xo). (5.69) 



Proof Formula (j5.67j) is immediate from the definition of the map o (recall (j5.37|) ). By 
IKW7\\ . (IH37j) and (Q, we have 



(t+ o tj o o) ( ^(5 ( — - ] Yt{v, xi 



(6+ o r^) (^Xq^S (^^^-^ ] vH5{txi) 
{l+ o lZ^) (^^H (^-^ ) v"t5(txi\ 

x^^5 {^—^ v°t5{txi) 
z — x^^ 



Xq^5 y — J v°t5{txi) 

x,'5('-^^\y:{v,x,), (5.70) 



proving ()5.68|) . For ()5.69|) . note that by ()5.58|) . the coefficient of Xq ^ in the right-hand side 
of is 

{xi' - zT (^e^^^«(-^r')^^°^^ ® 

= {t- zT (^e^i^«(-xr')^(°)t; ® xi5 (^-^ 
Acted by oT^o il^, this becomes 

e {e^^'^^'\-xff^'^v®x,5^'^^ 
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which by ()5.5|) is the coefficient of Xq " ^ in the right-hand side of ()5.69|) . □ 

We shall be interested in 

T± : L+C[t,t-\{z + t)-'] ^ C((t±i)), (5.71) 

where z is an arbitrary nonzero complex number, as above. The images of these two maps 
are t±C[t, (2 - t)"^]. 

Extend the maps T^^ to linear isomorphisms 

T^,: V®L+C[t,t-\{z + t)-'^]^V®L±C[t,t-\{z-t)-'^] (5.72) 

given by 1 (S> T^z with T^^ as defined above. Note that the domain of these two maps is 
described by (I5.12|) - (j5.13j) . that the image of the map Tj"^ is described by (I5.15|) - (j5.16j) and 
that the image of the map TZ^ is described by (I5.18j) - (j5.19|) . 
We have the two mutually inverse maps 

V L^C[t,t-\{z -t)-'^] A V ® L+C[t,t-\{z-'^ -t)-'^] 

v®f{t) ^ v"f{t-') (5.73) 

and 

V i+C[t,t-\{z-^ -t)-^] A V ®L^C[t,t-\{z-t)-'^] 

v®f{t) ^ v-fit-'), (5.74) 

which are both isomorphisms. We form the composition 

Tl. = oo r_- (5.75) 

to obtain another isomorphism 

: r ® L+C[t, t-\ {z + t)-^]^V® i+C\t, t-\ {z-^ - t)-\ 

The maps T^^ and T"^, will be the main ingredients of our action tq(^z) (see Subsection 5.3 

below). The following result asserts that T^^^ TZ^ and transform the expression ()5.12j) 
into (|5.15p . (j5.18|) and the o-transform of (|5.18|) . respectively: 

Lemma 5.2 We have 

T+ {z-H f ^^^1 Y,{v,x,)] = Y,{v,x{), (5.76) 

T- ( z-'5 [ ^-^^ ) Uv, xo) ) = x-,H ( ^) xO, (5.77) 

, Xi - z 



Xi 




Xq 




z 




'xi 




Xq 




z 




Xi 




Xq 



( ^-15 ( ) Y,{v,Xo) ] =x,'6 { ] Y;{v,x,). (5.78) 
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Proof We prove ()5.76|) : From ()5.12|) . the coefficient of Xq" ^x^^ ^ in the left-hand side of 
(pr7n|) is T^,{v O (2 + By the definitions, 

T+,{v ®{z + trr) =v® e\-{z - t)T. (5.79) 

On the other hand, the right-hand side of ()5.7fij) can be written as 

" « -0 (^) V (^) ^ « « .0 (^) .r'^ (^) . (5.80) 

where we have used ()5.5|) and the fundamental property ()2.5|) of the formal 5-function. 
The coefficient of the right-hand side of ()5.80j) is also v ® t'^{—{z — t)Y ^ 

proving ()5.76j) . Formula ()5.77|1 is proved similarly, and ()5.78j) is obtained from ()5.77j) by the 
application of the map 0. □ 



5.2 Constructions of P(z)-tensor products 

We proceed to the construction of P(2)-tensor products. While one can certainly consider 
categories C in R.emark |4.22l that are not closed under the contragredient functor, it is most 
natural to consider such categories C that are indeed closed under this functor (recall No- 
tation 12321) • Our constructions of P(2;)-tensor products will in fact use the contragredient 
functor; the P(2)-tensor product of (generalized) modules Wi and W2 will arise as the contra- 
gredient module of a certain subspace of the vector space dual {Wi ® W2)* ■ We now present 
this "double-dual" approach to the construction of P(2;)-tensor products, generalizing the 
double-dual approach carried out in |HL5j - [HL7j . At ffist, we need not fix any subcategory 
C of M-sg or QJ^sg- As usual, we take z G C^. 

We shall be constructing an action of the space V ® C[t,t~^, {z~^ — t)~^] on the space 
{Wi ® W2)* , given generalized V^-modules Wi and W2. This action will be based on the 
translation operations and on the o-operation discussed in the preceding subsection. More 
precisely, it is the space V ® t+C[t,t""'^, {z'^^ — t)^^] whose action we shall define. 

Let / be a P(2)-intertwining map of type {^^'^^^ as in Definition 14.21 Consider the 
contragredient generalized \^-module {W^^Y.^)^ recall the opposite vertex operator ()2.57|) 
and formula ()2.73|) . and recall why the ingredients of formula ()4.4|) are well defined. For 
V &V , W(i) e Wi, W(2) £ and if^g-, G W^, applying w'^g-j to (j4.4j) . replacing xi by x^^ in 
the resulting formula and then replacing v by e^'^^'^^\—x~['^)^'^^^v^ we get: 

(-^^^— — ) ^3 a;i)w[3) , /(w(i) ® W(2) ) ^ 

+ (w[.,) , x^^6 ® Y^"{v, xi)w;(2)) ^ . (5.81) 

We shall use this to motivate our action. 



124 



As we discussed in the preceding subsection (see ()5.21|) and ()5.22|) ). in the left-hand side 
of (j5.81|) . the coefficients of 

x^'s(^^1^)y^{v,x,) (5.82) 
in powers of Xq and Xi, for all v & V, span 

Twi{V0i+C[t,t-\{z-' -t)-']) (5.83) 
(recall (j5.2p and (j5.7p V Let us now define an action of V ® L+C[t,t^^ , {z^^ — t)^^] on 

(Wi (g) W2y. 

Definition 5.3 Define the linear action Tp(^z) of 

V (g L+C[t,r\{z-^ -t)-'^] 

on {Wi (g) VTa)* by 

(^p(^)(0-^)(«^{i) ® ^(2)) = A(rH/i((6+oT2Oil^oo)0w(i)(g)W(2)) 

+A(w(i) ® tw2{{l+ o lZ^ o o)0^{2)) (5.84) 

for ^ G 1/ ® t+C[t,rS {z-^ - t)-^], X e {Wi® W2)*, e VTi and w;(2) G 1^2- (The fact 
that the right-hand side is well defined follows immediately from the generating-function 
reformulation of ()5.84|) given in ()5.86|) below.) Denote by ^p(^) the action of V <S)C[t,t~^] on 
{Wi (g) thus defined, that is, 

ypiz)i^,x)=rpi.){Yt{v,x)) (5.85) 

for V e V ®C[t,t-^]. 

By Lemma l5.ll ()5.7p and ()5.61|) . we see that formula ()5.84p can be written in terms of 
generating functions as 

{jP{z) -^yt{v,Xi)^\^ (W(l) (g) Wi2)) 

= .-^5(^^^)A(Fi(e-^«(-xr^)^(°)t;,xo)«;(i) ® t.(2)) 

+x^^5(^—^)\{w(^,) ®Y^{v,xi)wi2)) (5.86) 

V —Xq / 

for w e V^, A G (14^1 (g W2)*, W(i) e W^i, W(2) e W^2; note that by (j^^ - (f^^ . the expansion 
coefficients in xq and Xi of the left-hand side span the space of elements in the left-hand 
side of fl5.84p . Compare formula ()5.86|) with the motivating formula ()5.81|) . The generating 
function form of the action ^p(^) can be obtained by taking Res^jQ of both sides of ()5.86|) . 
that is, 

(rp(^)(t;,xi)A)(w(i) (gw(2)) = A(u7(i) ®Y^{v,xi)w(^2)) 

+Res.„;^-^(5( "'^'~"'° )A(yi(e"^^(^(-xr^)^(%,xo)w(i)g^W(2)). (5.87) 
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Remark 5.4 Using the actions and Tp(^), we can write ()5.8H) as 



^0 { ) Yiiv, xi)w[^. ]oI = Tp^,^ (x^^Si '""^ ) Yt{v, xi) ) {wL. o /) 



or equivalently, as 



-^wi [xq ^5 [^^-^--j Yt{v, xi)j u;(3) j o / = rp(^) ^x^ ^5 y ^^^ j Ytiv, xi) j (wja) o /). 

In the spirit of the discussion related to Lemma 14.361 we find it natural to introduce 
subspaces of (l^i ® 1^2)* homogeneous with respect to A. Since Wi and W2 are A-graded, 
Wi W2 also has a natural A-grading — the tensor product grading, and we shall write 
{Wi ® W2Y'^^ for the homogeneous subspace of degree P E A oi Wi ® W2- For P E A, let 
{{Wi ® W2)*Y'^^ be the space consisting of the elements A G (l^i ® W2)* such that X{w) = 
for w G (W^i ® W^2)^'^-* with 7 7^ (Of course, the full space (Wi ® VV2)* is not A-graded 
since it is not a direct sum of subspaces homogeneous with respect to A.) 

The space V ® t+C[t, t~^, {z^^ — t)^^] also has an A-grading, induced from the A-grading 
on V: For a E A, 

{V ® L+C[t, t-\ {z-^ - = ® i+C[t, t-\ {z-^ - t)-^]. (5.88) 

Using these gradings, we formulate: 

Definition 5.5 We call a linear action r oi V i+C[t,t"\ (2"^ - t)-'^] on (W^i Wi)* A- 
compaUble ii hi a e A, (3 e A, ^ e (V (g) L+C[t, t-\ (z'^ - and A G {{Wi ® W^a)*)^^^ 

r(OAG ((l^i®W^2)*)^"+^^. 

From (j5.84j) or (j5.86j) . we have: 

Proposition 5.6 The action Tpi^^) is A- compatible. □ 

Remark 5.7 Notice that Proposition 15.61 is analogous to the condition ()2.87p in the def- 
inition of the notion of (generalized) module. We now proceed to establish several more 
of the module-action properties for our action Tpi^^) on {Wi ® W2)*, in both the conformal 
and Mobius cases. However, while we will prove the commutator formula for our action 
(see Proposition 15.91 below), we will not be able to prove the Jacobi identity on an element 
A G (Wi ® W2)* until we assume the "P(2;)-compatibility condition" for the element A (see 
Theorem 15 .391 below) . We shall be constructing a certain subspace WiUp(^z)W2 of {Wi®W2)* 
which under suitable conditions will be a generalized \^-module and whose contragredient 
module will be Wi Klp(^) W2 (see Remark 15.271 and Proposition I5.32|) . and we shall use the 
P(2;)-compatibility condition to describe this subspace (see Theorem 15.45^ . 



'1 



We have the following result generalizing Proposition 13.3 in |HL7j : 
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Proposition 5.8 The action Ypi^z) property 



where 1 on the right-hand side is the identity map of [Wi W2)* ■ It also has the L(— 1)- 
derivative property 

^F;(,)(t;,a;) = y;(,)(L(-l>,x) 

for V & V. 

Proof The first statement follows directly from the definition. We prove the L(— l)-derivative 
property. From ()5.87j) . we obtain, using ()2.fi2j) . 



dx \ z 

A ^W(i) (S) -^Y2{v,x)w^2) 



dx \ \ z 
+Res.,z-'S (^^^) ^A(n(e-^«(-x-2)^(°)t;,Xo)^(i) ® 
A(u;(i) ®r2"(^(-l)^.a;)u;(2)) 

+Res.„ (4- (z-'5 f^^^^m A(ri(e^^«(-x-2)^Wt;,xo)n;(i) ® ^(2)) 



(ix \ \ z 

+Res^,z^'6 f^^l^] A(ri(e^^«L(l)(-a;-2)^(o)t;,Xo)u»(i) ®«;(2)) 



-2Res^,,z-'5 A(ri(e"^(^)L(0)x-i(-a;-2)^(°)t;,a;o)ui(i) ®«;(2)). (5.89) 

The second term on the right-hand side of ()5.89p is equal to 
-Res.,x- (z'^6 (^-—^ 



.X{Yr{e'^'^'\-x-Y^%, xo)^(i) ® w^2)) 

T3 ~2 f d [ _^ f X-^ - Xq 

KeSajgX I - — I z 



dxo V \ z 
.A(Fi(e-^«(-x-2)^Wt;,xo)«;(i)®«;(2)) 
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■A(yi(L(-l)e^^«(-x-2)^(%,a;oHi)®^(2)). (5.90) 
By dSinni), (!3T2|l and dSSl, the right-hand side of is equal to 

A(w;(i) ®Kf(^(-l)^>a;)w;(2)) 

+Res,o^-i5 (^~^) A(ri(e^'^«(-x~2)^(°)L(-l)t;,xo)w7(i) ® «;(2)) 
= (>p(^)(^(-l)^, 2;)A)(w(i) ® ^i;(2)), 
proving the L(— l)-derivative property. □ 

Proposition 5.9 The action ^p(2) satisfies the commutator formula for vertex operators, 
that is, on {Wi O W2)* , 

= Res^^x^^b (— — ^ j Fp(^)(y (wi, Xo)w2, X2) 

V X2 ' 

for f 1, V2 G V . 

Proof In the following proof, the reader should note the well-definedness of each expression 
and the justifiability of each use of a 5-function property. 

Let A G (W^i 1^2)*, vi, V2 e V, W(i) e Wi and w^2) e W2. By (IKl?7j) . 

O^Piz) (^1 . ^1 ) (^2 , 2:2) A) ® «;(2) ) 
= (^p(^)(^2,a;2)A)(«;(i) (g)Y2{vi,xi)w(2)) 

+ReSy,z-'6{^^^^^yY^^^^{v2,X2)\){Y^{e'^'^^'\ 

= X{W(i) ®Y2{V2,X2)Y2{VI,XI)W(^2)) 

+Res,,^-^^( '^^'~^^ )A(yi(e-^^W(-x,-^)^Wt;2,l/2)^(i)^y2°K,^i)^(2)) 
+Res,,z-i5(^i^^)A(Yi(e^i^«(-a;r')^(°)t;i,2/i)^(i)®r2°(^2,X2)u;(2)) 
-l-ReSyjReSyj^;""^^^^^^^^ —^z^^6(^^'^ 



z / \ z 



.A(Fi(e-^^«(-X2 2)^(0)^2, y2)l^i(e^^^('H-a^r')^^°^^i>?/i)^(i)®«^(2)). (5.91) 
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Transposing the subscripts 1 and 2 of the symbols f , x and y, we also have 

(^p(^)(^2, X2)Yp^^^{vi, xi)A)(«;(i) ® w^2)) 

+Res,,z^i5(^^^)A(ri(e^^^«(-a;r2)^(°)t;i,yi)^(i)®r;(t;2,a;2)^(2)) 
+Res,,z-i5(^^^^)A(yi(e^^^«(-X2-2)^(°)t;2,y2)t^(i)®r;(t;i,xi)«;^ 

+Res,,Res,,^-i5(^^^^)2-i5(^^^^) • 

.X{Y,{e'^'^^'\-x^y'-'^v,,y^)Y,{e^^'^^'\-xf)'^^%2,y 
The equalities (jK7JT|l and give 

([^P(^)(^l. >"p(^)(t^2, X2)]A)(W(i) (g) ?i;(2)) 

= A(w;(i) (g) [r2°(^^2,a;2),Kf(^i7a;i)]w(2)) 

— ReSj^jReSyj^;"^^^^^^^ —^z^^6(^— ■ 

.X([Y,{e^^^('\~xff^''>v^,y^),Y,{e^-'^'^'\-xff^^^^ 

= ReS^.oX2 ^5 ( — — I A(ti?(i) (g) F2°(^K, Xo)v2, X2)W(^2)) 



X2 

■A(yi(y(e^^^(i)(-xr')^(°)t;i,xo)e^^^«(-X2')^(°)^2,l/2)ti;(i)®^(2)) (5.93) 



(recall (HEU)- 
But we have 



jxi^ - yiY' (a^2 ^ - y2T \ -u f vi-^o 

\m,n& / \ tiz 



-1 \ ^ ~i 

1 -yi 
^2^ - y2 

-yi\ -I I - y2\ \ ( yi-xo 



\m,kel, \ 2 y2/ \ / / 



^2 -y2j \ z J \ y2 



\x2-y2J V ^ / V y2 
. ( - {yi - y2)\ -ij: f ^2^ -y2\ -i.fy2 + xo 
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By (UnnD, and (jSini), we also have 



1 + X0X2 



^2-f'(l)(_a;-2)i(0)y / (^_^2^JL(0)g-X2(l+^^oX2)L(l) . 



■(1 + xoX2)-^^(°)e^^^«(-xr^)^(°)^;i, 

1 + X0X2 



gX2L(l) 2^|L(0)y |^g-X2(l+xoX2)(-X2-2)L(l) (^_^2^|L(0) 



■(1 + XoX2)-^^(°)e-^«(-xr^)^(°)t;i, _^£^ 

1 + X0X2 



;-2L(l)(_3,-2)L(0)y/^ g(x-+xo)L(l)(_(3,-l+3;^)2)-L(0)gXiL(l)^_^^2^L(0)^^^ 



a;oa;2 



V X2 +xo 



gX2L(l) (_3,-2^)L(0)y I ^{x-^+xo)L{l)^-xi{x-^+xo)^)L{l) 



i-{x2'+xor)-'^'\-x^'f^%„-—. 



X0X2 



X2 + Xo 



^X2l 



Ml)(_a;-2)L(0)y g(x-+xo)L(l)g-xi(x-+.o)^L(l)((3,-l + ^^)^^)-2L(0)^^^ 



(5.95) 

Using ()5.94|1 . ()5.95j) and the basic properties of the formal delta function, we see that 
fj5.93|) becomes 

([^p(^)(^i. rp(^)(t;2, X2)]\){wi^i) ® w(2)) 

= Res^^,X2^5 ®Y°{Y{vi,Xq)v2,X2)w{2)) 



X2 

-ReSy,ReSj/2Res^oX25 { ^^ z~^5 ( ^"^ ^ y^^^ { ^^ y 



■((X2 ^ + Xq)Xi) ^^^°^Vi, ]v2,y2 )W{1) ® W{2) 

3^2 +a;o/ / 



ReSa,oa;2^5 ( ^ O F2°(^(^i' 2:0)^^2, 3:2)^(2)) 
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—ReSxoReSy2X2S ( — — ] z ^6 ( — — ) • 

\ X2 J \ z J 

ReSa;oX2^5 ( — ^ j A(w(i) (g)F2°(^K, 3^0)^^2,3:2)^(2)) 



3^2 + i -XoXiX2) \ ^-lxf^2^~y2 
Xl J 



-ReSxoX2S I J ReSy^z ^5 



■A(ri(e"^^«(-X2-')^(°V(t;i,-xoXiX2)t;2,l/2)t^^(i)®«^(2)) 
ReSa;oX2 ^5 ( — — — I A(t(7(i) (g) F2°('^(^^i, a;o)^^2, 3:2)^(2)) 



X2 



.X{Y,ie^-'^^'\-X2Y^''>Yiv,,yo)v2,y2)w^i)®w^2)) 

j A(W(i) (g)Y°{Y{Vi,Xo)v2,X2)W(^2)) 

+ReSxnXn Resy^z 



V 2:2 / 

■A(yi(e^'^^«(-X2-')^(°V(t;i,xo)t;2,l/2)t/^(i)®«^(2)) 

— j (^p(^)(^(^i, xo)v2, a;2)A)(w(i) (g) W(2)). (5.96) 

Since A, 1^(1) and it;(2) are arbitrary, this equality gives the commutator formula for ^p(2)- 

□ 

The following observations are analogous to those in Remark 8.1 of |HL6j (concerning 
the case of Q{z) rather than P{z)): 

Remark 5.10 The proof of Proposition 15.91 suggests the following: Using the definitions 
()5.84|) and ()5.86p as motivation, we define a (linear) action <Jp{z) of V^® t+C[t, {z~^ —t)~^] 
on the vector space Wi 14^2 (as opposed to (Wi 1^2)*) as follows: 

crp(2)(0(^(i)®^(2)) = rH/i((i+oTjOil^oo)0w(i)(8w(2)+W(i)®rp^2((''+°^-"^°o)0^(2) (5-97) 
for ^ e y ® L+C[t,t^^, {z^^ - ty^], G Wi, W(2) G W2, or equivalently, 

O-p(z) (^Xq^5 (^^-^ -) Ytiv, Xi)^^{w(i) (g) W(2)) 

-1 



+Xq^6(^—^)w^i) ®Y°{v,xi)w^2)- (5.9^ 

V — Xn ' 
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That is, the operators <Jp(z){0 'Tpiz){0 mutually adjoint: 

(i"p(^)(0-^)(«^(i) ® W{2)) = A(a-p(^)(0(w(i) ® W(2))). (5.99) 
While this action on Wi (S> W2 is not very useful, it has the following three properties: 

ap(,)(Fi(l,x)) = l, (5.100) 

-^ap^,)iYtiv,x)) = ap^,)iYtiL{-l)v,x)) (5.101) 

for V E V, 

Wpiz)iYt{v2, X2)), ap(z){Yt{vi,xi))] 

= Res^oX2^6 (^-^-^—^^ (^Piz){yt{y {vi,Xo)v2,X2)) (5.102) 

for vi,V2 E V (the opposite commutator formula). These follow either from the assertions of 
Propositions 15.81 and 15.91 or, better, from the fact that it was actually ()5.100p - ()5.102|l that 
the proofs of these propositions were proving. 

Remark 5.11 Taking Res^^o of (j5.98p . we obtain 

{(Tp^z){Yt{v,Xi))){w(i) ^ W(^2)) 

= Res.,;^-^5(^i^^)Fi(e-^^«(-xr^)^(°)t;,Xo)^(i) ® 1.(2) 

+W(i) Y2"{v, xi)w(2). (5.103) 

Substituting first (—x^"^)^^^^^ e~^'^^^-^^v for v in (j5.103|) and then x^^ for xi in the same 
formula and using ()3.65|) . ()5.5|) and ()5.58|) . we obtain 

{ap(^,){Y°{v,xi))){w^i)®W(^2)) = Res^^^z~^S[ )Yi{v,xo)w(^i) ® w^2) 



z 

\W[x)®y2{v,Xx)Wi2)- (5.104) 

Using this, we see that (Jp(^z) can actually be viewed as a map from V\t, t^^\ to V"((t))(8>V"[t, t^^\ 
defined by 

(yp{z)^?{v,x^) = ReS:,^z~^6(^^^—-^^Yt{v,xo) 1 

+ l(^Yt{v,xi). (5.105) 

Let Ap(2) = (Tp{z) ° o. Then ()5.105|) becomes 

Ap(^)(Ft(f,Xi)) = Res^o^~^^(^ ^^ ^ ^^ ^Yt{v,xo) ® 1 

+l0Yt{v,xi), (5.106) 
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which again can be viewed as a map 

Ap(,) : V[t, t-^] ^ V{{t)) ® V[t, t-\ (5.107) 



In formula (2.4) of jMSj . Moore and Seiberg introduced a map q which in fact corresponds 
exactly to the map Ap(^) defined by ()5.106|) . They proposed to define a l^-module structure 
(called "a representation of in [MS|, where A corresponds to our vertex algebra V) on 
Wi ® W2 by using this map, which can be viewed as a sort of analogue of a coproduct, 
but they acknowledged that E. Witten pointed out "subtleties in this definition which are 
related to the fact that [a] representation of A obtained this way is not always a highest 
weight representation." In fact, it is these subtleties that make it impossible to work with 
Wi ® W2; in virtually all interesting cases, Wi ® W2 does not have a natural (generalized) 
V"-module structure. This is exactly the reason why we had to use a completely different 
approarch to construct our P(2;)-tensor product of Wi and W2. 

When V is in fact a conformal (rather than Mobius) vertex algebra, we will write 

F;(,)(^,x) = 5^L^(,)(n)x— 2. (5.108) 

Then from the last two propositions we see that the coefficient operators of ^^^^^(cij, x) satisfy 
the Virasoro algebra commutator relations, that is, 

[^P(^)M,^P(^)H] = {m- n)L'p(^)(m + n) + ^(m^ - m)5m+n,oC, 

with c G C the central charge of V (recall Definition 12. 2|) . Moreover, in this case, by setting 
V = u in ()5.87|) and taking the coefficient of x^-''"^ for j = —1, 0, 1, we find that 

(^P(^)(j)^)Kl) ®W(2)) 

= A ® L(-j>(2) +(Y.(^~^ z'H-J - 0) ^(1) ® w^2)^ , (5. 109) 

by ()2.63|) . If V is just a Mobius vertex algebra, we define the actions L'p^^-^{i) on {Wi ® W2)* 
by (Hrrnni) for j = -l, O and 1. 

Remark 5.12 In view of the action L'p^^-^{j), the 5[(2)-bracket relations ()4.5p for a P{z)- 
intertwining map /, with notation as in Definition 14.21 can be written as 

(L'(j>'(3)) o / = L^(,)(j)(^[3) ° I) (5.110) 

for 1^(3) G W3 and j = -1, and 1 (cf. (j^T^ and Remark 1^. 

Remark 5.13 We have 

^p(^)(j)((W^i ® ^2)*)^^^ C ((W^i ® 1^2)*)^^) 
for i = —1, 0, 1 and P E A (cf. Proposition 15. 6|) . 
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When is a conformal vertex algebra, from the commutator formula for Yp^^~^{uj,x), we 
see that Lp|.^^(— 1), L'p^^-^{0) and Lp|.^^(l) realize the actions of Lq and Li in sl(2) (recall 
()2.27|l ) on (14^1 ® 1^2)*- When V is just a Mobius vertex algebra, the same conclusion still 
holds but a proof is needed. We state this as a proposition: 

Proposition 5.14 Let V be a Mobius vertex algebra and let Wi and W2 be generalized V- 
modules. Then the operators Lp(-^j(— 1), Lp^^^(O) and L'pf^^^il) realize the actions of L_i, Lq 
and Li in s[(2) on (Wi W2)* , according to \2.21\) . 

Proof For A G {Wi ® W2)* , W(i) G Wi, W{2) G W2 and j, k = -1, 0, 1, we have 
iL'p(^z)U)L'p(z){k)\){w^i) ® w;(2)) 

= (^P(.)(^)A)(w^(l) ® i^(-J>(2) + l^'^^'Li-J -l)^W^,)®W^2)^ 

= {L'p(^z){k)\){w(^i)®L{-j)w(^2)) 



+ (L^(,)(fc)A)((g ^ ^^;,^L(-j ®«;(2)) 
A ® L{-k)L{-])wi2) + (^Xl 7 ^) ~ ^(1) ® ^(-^>(2)) 



=0 

i-i 



+ (E (' 7 ^) ^'^(-^ - 0) (E (' 7 ') ^^^(-^- - 0) -d) ® -(2)) . 

(5.111) 

From formula 1)5.1111) we obtain 

i[L'piz)U), L'p(^z)ik)]X){w^i) ® W(2)) 
= A^W(i) [L{-k),L{-j)]w(2) 

+ (E E (' 7 ^) (' 7 ') - 0, ^(-i - 0]) -d) ® -(2)) 

= A I^W(i) (g) (j - k)L{-k - i)w(2) 

+ (E E 7 ^) 7 ^) ^'^^(^' + ^ - ^ - 0^(-A: - / - J - ^)) t^d) ® «^(2)) 

(5.112) 
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Taking j = 1 and A; = —1, in ()5.112j) . we obtain 

([^P(.)(l)>^P(^)(^)]A)Kl)®«^(2)) 

= x(^W(i) (1 - k)L{-k - l)w(2) 



1=0 

X[ (g) (1 - k)L{-k - l)w(^2) 



(1 - A;)A( W(i) (g) - k)w(^2) 



= ((1 - ^)^P(.)(1 + ® W(2)), 

proving the commutator formula 

[L'p(,)(l),Li,(,)(A:)] = (l-A;)L'p(,)(l + A;) 

for A; = -1,0. 

Taking j = and /c = — 1 in ()5.112|) . we obtain 

([L^(,)(0),L'p(,)(-l)]A)(«;(i)®«;(2)) 



^ ^1=0 i=0 ^ ^ 



z^^\i + 1 - /)L(1 - / - i) ) ® «;(2) 



= A(w(i) ® L(l)w(2) + (L(l) + 2zL{0) + 2;=^L(-l))«;(i) ® W(2)) 
= a(^W(i) ®L(l)w(2) + Q^2;"L(-(-l) -m)^W(i) ®^(2) 

= (^P(^)(-l)^)Kl) ®W(2)), 

proving that 

[^P(^)(0),i^'p(.)(-I)]=^i>(.)(-1). 
The three commutator formulas we have proved show that Lpj^^-j(— 1), L'p^^^{0) and L'p^^^{l) 
indeed realize the actions of L_i, Lq and Li in sl{2). □ 

The commutator formulas corresponding to ()2.28|) - ()2.30|) (recall Definition 12. lip ) also 
need to be proved in the Mobius case: 
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Proposition 5.15 Let V be a Mohius vertex algebra and let Wi and W2 he generalized 
V -modules. Then for v G V, we have the following commutator formulas: 

= (5.113) 

[L(o),r;(,)(t;,x)] = r;(,)(L(oKx) + xy;(,)(L(-i>,x), (5.114) 

[L(l), y;(,)(t;, x)] = F;(,)(L(l)t;, x) + 2xY^^^^{mv, x) + x'y;,^^^{L{-1)v, x), 

(5.115) 

where for brevity we write L'p^^^{j) acting on (Wi C?> W^2)* as L{j). 

Proof Let A G {Wi0W2y, G Wi and W(^2) e 1^2- Using (I5.1()9jl . (07|l . the commutator 
formulas for L(j) and Y'i(f,Xo) for j = —1,0, 1 and v & V (recall Definition I2.11|) . and the 
commutator formulas for L{j) and Y2{v,x) for j = —1, 0, 1 and v &V (recall Lemma f2.22|l . 
we obtain, for j = —1, 0, 1, 

([L(j), Yp^,){v, x)]X){w^i) ® W(2)) 

= iHj)ypiz)iv,x)X){w(^i)®w^2)) - (yp(^)(t;,a;)L(j)A)(w(i) ®W(2)) 
= (^p(^)(^,a;)A)(w;(i) ® L(-j>(2)) 

-(L(j)A)(^(i) ®r2°(^,a;)w(2)) 

-Res.„z-i5 (^-^) (^(j)A)(ri(e-^«(-x-2)^(°)t;,Xo)^(i) ® «;(2)) 
= A(w;(i) (g) Y°{v,x)L{-j)w(^2)) 

+Res,,z-'6 (^^^) A(Fi(e^-^«(-x-^)^(°)t;,xo)«;(i) ® L(-j>(2)) 



+ S (\ •^^A(2;'L(-j -z)w(i) ®r2°(^,a;)w(2)) 



.A(Fi(e-^«(-x-2)^(o)t;,Xo)^^L(-j -2)«;(i) ®«;(2)) 
A(iu(i) O L(-j)r2°(^^, a;)w(2)) 



1=0 

-1 



-Res.,z-'6 (^^^^j A(ri(e^^«(-a;-2)^(°)t;,xo)ti;(i) ®L(-j>(2)) 
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A(«;(i) ® [Y2"{v,x),L{-j)]w(^2)) 



\ / i—n I,— n \ / \ / 



Z Xq 



i=0 k=0 

■X{Y,{L{k - l)e^^«(-a;-^)^(°)i;,xo)u;(i) ® ^(2)). 

(5.116) 

Using (j2.6p and (j'i.llj) when necessary, we see that the second term on the right-hand side 
of (|5.116|) is equal to the following expressions for j = 1, and —1, respectively: 

-Res.„z-i5(^^^^^ A(ri(L(-l)e^^«(-x-2)^(%,XoMi)®^(2)), (5.117) 



■He..-. (^)EfC) 

■X{Y^{L{k - l)e^'^«(-a:-2)^(°)i;, a;o)^(i) ® ^(2)) 
= -Res,,^-^5 (^^^) xoA(ri(L(-l)e^^«(-^"')^^°^^,^o)t^(i) ® ti^(2)) 



-Res,,z-'6 i ^iL^ ) A(Fi(L(0)e^^«(-x-2)^(°)t;,Xo)^(i) ®t/7(2)) 



-Res^,z-^6 (^^^) zA(ri(L(-l)e^^(i)(-x-2)^(o)t;,xo)w(i) ®W(2)) 
-Res,,x5 (xo + ^)A(Fi(L(-l)e^^«(-x-^)^(%,xo)w7(i)®«;(2)) 

-Res.„^-i5 (^-^) A(Fi(L(0)e^^«(-x-2)^(°)t;,xo)«;(i) ®t^(2)) 
-Res,.„z~i5 (^^^^^ x-'XiY^{L{-l)e^'^^'\-x-Y^'^^v,xo)w^l)(S)W(^2)) 
-Res,,z-'6 (^^^) A(ri(L(0)e^^«(-a^"')^^°^^,^o)ti^(i) ® w^(2)) 

(5.11^ 
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and 



z 



i=0 k=0 



k 



"0 



—ReSxoZ ^5 



-ReSx^z 



-ReSxgZ 6 



X — Xq 









x^ 


1 _ 


Xn 








x^ 


1 _ 


Xn 








x~ 


1 _ 


Xo 




z 




X' 


1 _ 


Xo 




z 




x~ 


1 _ 


Xq 




z 




x~ 


-1 _ 


Xq 




z 




x~ 


1 _ 


Xo 




z 




x~ 


1 _ 


Xo 



■A(yi(L(A: - l)e^^«(-x-2)^Wt;, xo)^(i) ® ^(2)) 
x2A(ri(L(-l)e^^«(-x-^)^(°)t;, xo)^(i) ® ^(2)) 

2xoA(yi(L(0)e"^(^) (-x-2)^(o)^, a;^)^;^^) ^ 

2;2XoA(ri(L(-l)e^^«(-a;"')'^^°^^, ® «^(2)) 

22A(Yi(L(0)e^^«(-x-2)^(o)^;, xo)^/;(i) ® W(2)) 

z2A(ri(L(-l)e^^«(-x-2)^(°)t;,xo)«;(i)®ti;(2)) 
x-2A(ri(L(-l)e"^(i)(-x-2)^(o)t;,xo)w;(i)®«;(2)) 
2x-U(Yi(L(0)e"^«(-x-2)^(o)t;, xo)w(i) ® W(2)) 

A(ri(L(l)e^-^«(-x-2)^Wt;,Xo)^(i)®t/;(2)). 



(5.119) 

Using ()3.72|1 and ()3.64|1 . we see that ()5.117|1 . ()5.118|1 and ()5.119|1 are respectively equal to 



— ReSa^gZ 



X — Xo 



■A(ri(e"^«(a^'^(l) - 2xL(0) + L(-l))(-x-=^)^(°)i;, xo)^(i) ® w^^)) 



ReSj^o^; b 



■A(Fi(e"-^W(-x-')^(°)(^(l) + 2xL(0) +x2L(-1)>,xo)w;(i) ®«;(2)), 



(5.120) 



-ReSa^.^^ ( ^ 1 X ^ 



■A(Fi(e"^«(x2L(l) - 2xL(0) + L(-l))(-x-2)^Wt;, xo)w(i) ® ^(2)) 
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z J 



z 



z 



Res,„^-i5 ( ^— A(Yi(e^^«(-x-2)^W(L(0) +xL(-l))t;,xo)^(i) ® w;(2)) 

(5.121) 



and 



3j \ 9 

' a; 



■A(Fi(e"^«(a;'^(l) - 2xL(0) + L(-l))(-a;-2)^(°)t;, xo)^(i) ® Wi^^)) 
-Res,„;2-i5 2x-iA(Fi(e"^«(-xL(l) + L(0))(-a;-')^(°)t;,xo)w;(i) ®«;(2)) 

-Res,,^-i<5 (^^^) A(Fi(e^-^«L(l)(-x-2)^(o)^,xo)«;(i) ®t/7(2)) 

= Res^gZ^^^ ■ 

•A(Fi(e"^«(-a;"')''^°n^(l) + 2xL(0) +x2L(-l))t;,xo)w;(i) ®w;(2)) 
+Res,.„;2-i(5 (^^^^^ 2x-iA(Fi(e^'^«(-a;"')^^°H-a;"'^(l) " i^(0))t;, xo)«;(i) ® «;(2)) 

= Res,„z-i5 l^^l^^ A(ri(e^^«(-a;-2)^(°)L(-l>,a;o)w;(i) ® u'(2)). (5.122) 
The right-hand sides of (I5.12()ll . (I5.121jl and (15.12211 can be written as 

P \ ^\'^^-^R^^.,z-H [^1^1^ A(Fi(e-^«(-x-^)^WL(A: - l)v,x,)w^,^ ® w^,)), 

for j = 1, 0, —1, respectively. Thus the right-hand side of ()5.116p is equal to 



^'^'"'^(^(1) ® - 1)^, ^)^(2)) 

A;=0 ^ ^ 
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= E I a:^+^-'=(y;(,)(L(fc - 1)^;, x)X){w^,) ® (5.123) 
fc=0 ^ ^ 

proving the proposition. □ 

We have seen in ()5.2|1 . ()5.82|1 and ()5.8Hp that for a generahzed \^-module (VFjYiy), the 
space V ® C((t)), and in particular, the space V (g) i+C[t, t^"*^, (2;^^ — t)^^], acts naturally on 
W via the action r^y, in view of ()2.49|) and Assumption 14.11 recall that v®t^ (f G n G Z) 
acts as the component f„ of Y\y{v,x), and that more generally, 

rw{v®Y^ aj" j = J2 ^riVn (5.124) 

\ n>N / n>N 

for a„ G C. For generalized \^-modules Wi, W2 and we shall next relate the P{z)- 
intertwining maps of type (^^^J to certain linear maps from to {W10W2)* intertwining 
the actions of V(g)i+C[t,t"\ (2;"^-^)"^] and ofs[(2) on and on {W10W2)* (see Proposition 
15.221 and Notation 15.231 below). For this, as is suggested by Lemma [4.361 and Proposition 
15. (H we need to consider ^-compatibility for linear maps from W3 to (Wi M/2)*: 

Definition 5.16 We call a map J G Hom(Vr3, {Wi VF2)*) A-compatible if 

JiiWsY^^) c ((1^1 ® 1^2)*)^^^ 

for (3 e A. 

As in the discussion preceding Lemma l4.36| we see that an element A of (Wi ® W2 ® W3)* 
amounts exactly to a linear map 

If A is y4-compatible (see that discussion), then for G Wi^\ W(2) e W!^^^ and W(3) G ^ 
such that /5 + 7 + 5 7^ 0, 

JA(W(3))(^i^(l) ® W{2)) = K^{1) ® W(2) ® ^^(3)) = 0, 

SO that 

Ja(^(3)) e ((1^10 1^2)*)^'^ 

and so Jx is A-compatible. Similarly, if Jx is A-compatible, then so is A. Thus using Lemma 
14.361 we have: 
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Lemma 5.17 The linear functional A G {Wi ® W2 ® W3)* is A- compatible if and only if Jx 
is A- compatible. The map given by \\-^ Jx is the unique linear isomorphism from the space 
of A- compatible elements of {Wi ® W2 ® W^)* to the space of A- compatible linear maps from 
W^i to iyVi®W2y such that 

Ja(w(3))(w(1) ® W(2)) = A(u;(i) (g) W^2) ® W(3)) 

for 10(1) G Wi, W(2) £ W2 and W{^) G W^. In particular, the correspondence I\ ^ Jx defines 
a (unique) linear isomorphism from the space of A- compatible linear maps 

I = Ix:Wi®W2-^Wl 

to the space of A- compatible linear maps 

J = Jx-.W^^ {Wi® W2)* 

such that 

(U7(3),/(W(1) ®W(2))) = J(1U(3))(U7(1) ®W{2)) 

for W{i) G Wi, W{2) £ W2 and W{^) G W^. □ 

Remark 5.18 From Lemma 15.171 (with replaced by we have a canonical isomor- 
phism from the space of A-compatible linear maps 

I ■.Wi®W2^W^ 

to the space of A-compatible linear maps 

J -.W^^iWi® W2)\ 

determined by: 

(u;(3), J(w(i) ®W(2))) = J{w[^)){w^i)®W(2)) (5.125) 
for G Wi, W{2) G W2 and w^g^ G W^^ or equivalently, 

w[,-^oI = J{w[,^) (5.126) 

for m;[3) G W;,. 

We introduce another notion, corresponding to the lower truncation condition ()4.H|1 for 
P(z) -intertwining maps: 

Definition 5.19 We call a map J G Hom(PF3, {Wi ® W2)*) grading restricted if for n G C, 
W{i) G Wi and W{2) £ W2, 

J{.iW^)[n-m])iw(i) ®W(2)) = for m G N sufficiently large. 



141 



Remark 5.20 If J G Hom(lV3, {Wi ® W2)*) is A-compatible, then J is also grading re- 
stricted, as we see using (I2.85|) . 

Remark 5.21 Under the natural isomorphism given in R,emark 15.181 (see ()5 .12511 ) in the 
y4-compatible setting, the map J : — > {Wi W2)* is grading restricted (recall Definition 
I5.19|) if and only if the map I : Wi W2 —>■ W3 satisfies the lower truncation condition 
fl4.3|) . But notice also that in this A-compatible setting, we have seen that both / and J 
automatically have these properties. 

Using the above together with R.emarks 15.41 and 15. 12[ we now have the following result, 
generalizing Proposition 13.1 in |HL7j : 



Proposition 5.22 Let Wi, W2 and W3 be generalized V -modules. Under the natural iso- 
morphism described in Remark \5.1^ between the space of A- compatible linear maps 

I ■.Wi®W2 
and the space of A-compatible linear maps 

J -.Wl^^iWi® W2y 

determined by \5.12^) . the P{z) -intertwining maps I of type (^^^^ correspond exactly to 
the (grading restricted) A-compatible maps J that intertwine the actions of both 

V ® i+c[t,t-^,{z-^ -ty^] 

and s[(2) on and on {Wi ® W2)* ■ 

Proof In view of fl5.126p . Remark l5 . 41 assert s that ()5.8H) . or equivalently, ()4.4|) . is equivalent 
to the condition 



(5.127) 

that is, the condition that J intertwines the actions oiV ® i+C[t, t^^, i^z^^ — 1)^^\ on PV^ and 
on {Wx®W2)* (recall (IK^ - lE^ ). Similarly, Remark EIT2 asserts that (Ii31l is equivalent 
to the condition 

J(L'(j>|3)) = L'p(,)(jVK3)) (5.128) 

for j = —1, 0, 1, that is, the condition that J intertwines the actions of s[(2) on W'^ and on 
(VTi ® W2)*. □ 
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Notation 5.23 Given generalized IZ-moduIes Wi, W-i and W3, we shall write Ar[P(z)]5J^^®^')*, 

or A/"^^*^^^"* if there is no ambiguity, for the space of (grading restricted) A-compatible lin- 
ear maps 

J : PFg (VTi ® W2Y 

that intertwine the actions of both 

and s[(2) on W'^ and on {yV\ ® W2)* . Note that Proposition 15.221 gives a natural linear 
isomorphism 



I ^ J 



(recall from Definition 14.21 the notations for the space of P(z)-intertwining maps). Let us 
use the symbol "prime" to denote this isomorphism in both directions: 

I ^ r 
f ^ J, 

so that in particular, 

/" = / and J" = J 

for / G ■Mwlw2 ^ Af^^'^^'^^ , and the relation between I and /' is determined by 

(w'(3), /(«;(!) ®w;(2))) = /'(«;(3))(w;(i) ®w;(2)) 
for 1^(1) G Wi, W(2) £ W2 and w'^^^-^ G W^^ or equivalently, 

M;(3) / = /'(W(3)). 

Remark 5.24 Combining Proposition lS. 221 with Proposition 14. 7t we see that for any integer 
we also have a natural linear isomorphism 

f.r{Wl®W2)* ->;ty3 



from A/",^^'^'^^'' to the space of logarithmic intertwining operators of type {^^^^ . In par- 
ticular, given a logarithmic intertwining operator y of type the map 

defined by 

is ^-compatible and intertwines both actions on both spaces. 
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Recall that we have formulated the notions of P (2;) -product and P(z)-tensor product 
using P(2;)-intertwining maps fPefinitions 14.111 and I4.1'H|) . Since we now know that P{z)- 
intertwining maps can be interpreted as in Proposition 15.221 (and Notation I5.23|) . we can 
easily reformulate the notions of P(2;)-product and P(z)-tensor product correspondingly: 

Proposition 5.25 Let Ci he either of the categories M.sg or QM.sg, o,s in Definition \4.11\ 
For Wi, W2 G obCi, a P {z) -product [W^,] I3) ofWi and W2 (recall Definition \4.11^ amounts 
to an object (W^, Y^) of Ci equipped with a map I'^ G A/'^^®'^^^ , that is, equipped with an 

A-compatible map 

that intertwines the two actions of V ^ i+C[t,t~^, {z^^ — t)^-^] and of sl{2). The map I'^ 
corresponds to the P{z) -intertwining map 

as above: 

^3(^(3)) = ^(3) ° ^3 

for w'l^r^-j G frecall \^.12b]) ). Denoting this structure by (1^3, F3; /g) or simply by {W^,!'.^, 
let (IV4; J4) be another such structure. Then a morphism of P{z) -products from W3 to W4 
amounts to a module map rj : W3 W4 such that the diagram 

{Wi ® W2Y 

T' X ^\ V 

^A^^ X3 

W[ ^ ^W'^ 

commutes, where rj' is the natural map given by \2.99ji . 

Proof All we need to check is that the diagram in Definition 14.111 commutes if and only if 
the diagram above commutes. But this follows from the definitions and the fact that for 
G W3 and G W'^, 

(VK(4))>wW) = K4).^(^))> 
which in turn follows from ()2.99j) . □ 

Corollary 5.26 Let C be a full subcategory of either M.sg or QAisg, as in Definition \4.13[ 
For Wi, W2 G obC, a P{z)-tensor product [Wq] Iq) of Wi and W2 in C, if it exists, amounts 
to an object Wq = Wi^p(z) W2 ofC and a structure {Wq = Wi^p(z) W2; Iq) as in Proposition 
rOl with 

I'q : {Wi Kp(,) W2y (Wi ® W2y 
in ■f^(Wim^'^^W2Y > '^'"^^ ^^^^ ■^^'^ ^'^^ '^'"^^ ^^^'^ -^') ^ obC), with 

r -w — > {Wi ® W2Y 
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in M!^,^^^'^^ , there is a unique module map 
such that the diagram 




commutes. Here x = v' > where rj is a correspondingly unique module map 

ri : Wi Kp(^) W2 — > W. 

Also, the map Iq, which is A-compatible and which intertwines the two actions of V 
L+C[t,t~^, [z^^ — t)^^] and of si{2), is related to the P{z) -intertwining map 



Jo = Kp(^) ■.Wi^W2 — >Wi Kp(,) W2 

by 

I'oiw') =w'o Kp(^) 

for w' e {Wi Kp(^) W2y, that is, 

I'q{w'){w(i) ®W(2)) = {w',W{l) ^P{z) W(2)) 

for G Wi and W(2) G 14^2; using the notation ^ 

Remark 5.27 From Corollary 15 . 261 we see that it is natural to try to construct Wi Klp(^) W2, 
when it exists, as the contragredient of a suitable natural substructure of {Wi ® W2)* ■ We 
shall now proceed to do this. Under suitable assumptions, we shall in fact construct a 
module-like structure 

WiRpt^,)W2 c {Wi ® W2y 

for 14^1, Wi G obC, and we will show that WiUp(^z)W2 is an object of C if and only if Wi ^p[z) 
W2 exists in C, in which case we will have 

Wi Kp(,) W2 = {Wi^p^z)W2y 

(observe the notation 

m = s', 

as in the special cases studied in |HL5j - [HL7j ). It is important to keep in mind that the 
space WiSp(^z)W2 will depend on the category C. 

We formalize certain of the properties of the category C that we have been using, and 
some new ones, as follows: 
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Assumption 5.28 Throughout the remainder of this work, we shall assume that C is a full 
subcategory of the category Msg or QAdgg closed under the contragredient functor (recall 
Notation \2. 3(A for now, we are not assuming that V & ohC). We shall also assume that C 
is closed under taking finite direct sums. 

Definition 5.29 For Wi, W2 G obC, define the subset 

of (Wi ® W2)* to be the union of the images 

I'{W') C {Wi ® 

as {W; I) ranges through all the P(2;)-products of Wi and W2 with W & ohC. Equivalently, 
VriSp(^)W^2 is the union of the images I'(W') as W (or W) ranges through obC and I' ranges 
through Af^^'^^^'' — the space of A-compatible linear maps 

w {Wi ® W2y 

intertwining the actions of both 
and sl{2) on both spaces. 

Remark 5.30 Since C is closed under direct sums (Assumption I5.28p . it is clear that 
WiSp(^z)W2 is in fact a linear subspace of {Wi (S> ^^2)*, and in particular, it can be defined 
alternatively as the sum of all the images I'{W'): 

WiSp^,)W2 = ^'(^') = U ^'(^') ^ ® ^2)*, (5.129) 

where the sum and union both range over W E ohC, I E ■M.WiW2- 

For any generalized l^- modules Wi and W2, using the operator Lp(-^j(0) (recall (j5.1(J9j) ) 
on (Wi ® 1^2)* we define the generalized Lp^-^^ (O)-eigenspaces {{Wi ® W2)*)[„] for n G C in 
the usual way: 

{{Wi O W2y)[n] = {we {Wi ® W2y \ (^p(,)(0) - n)"'w = for m e N sufficiently large}. 

(5.130) 

Then we have the (proper) subspace 

Y[{{w, ® W2y)[n] c {Wi ® W2y. (5.131) 

ngC 

We also define the ordinary Lp^^^^ (O)-eigenspaces {(Wi ® Vr2)*)(n) in the usual way: 

{{Wi ® W2y)in) = {we {Wi ® W2y \ L'p^,){0)w = nw}. (5.132) 
Then we have the (proper) subspace 

jjiiwi ® W2y)(n) c (w^ ® W2y. (5.133) 

nGC 
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Proposition 5.31 Let Wi, W2 G ohC. 

(a) The elements ofWiSp(^z)W2 are exactly the linear Junctionals on Wi®W2 of the form 
w' o /(• (g) •) for some P {z) -intertwining map I of type (^|^^) and some w' € W , W & ohC. 

(h) Let {W\I) he any P{z)-product of Wi and W2, with W any generalized V-module. 
Then for n E C, 

l'{W(^^)Ci{W,0W2r)[n] 

and 

l\Wl^))C{{W,®W2r)in). 

(c) The structure {Wi^p[z)W2,Ypf^.^-^) (recall \5.H,^) ) satisfies all the axioms in the defini- 
tion of (strongly A-graded) generalized V-module except perhaps for the two grading condi- 
tions ^MW and Krm . 

( d) Suppose that the objects of the category C consist only of (strongly A-graded) ordinary, 
as opposed to generalized, V -modules. Then the structure {WiUp(^z)W2,Ypf^.^^) satisfies all the 

axioms in the definition of (strongly A-graded ordinary) V-module except perhaps for \2.8^) 

and mm . 

Proof Part (a) is clear from the definition of WiRpi^z)W2, and (b) follows from ()5.128p with 
j = 0. 

For (c), let {W;I) be any any P(z)-product of Wi and W2, with W any generalized 
V^-module. Then {I'{W'),Yp^^-^) satisfies all the conditions in the definition of (strongly 

A-graded) generalized \^-module since /' is A-compatible and intertwines the actions of 
V ® C[t,t^"'^] and of s[(2); the C-grading follows from Part (b). Since WiRpi^z)W2 is the sum 
of these structures r{W') over W e ohC (recall ()5.129j) ). we see that {WiRp(^z)W2,Yp^^-^) 
satisfies all the conditions in the definition of generalized module except perhaps for ()2.85p 
and (EHHl)- 

Finally, Part (d) is proved by the same argument as for (c). In fact, for {W\ I) any P{z)- 
product of possibly generalized V^-modules Wi and W2, with W any ordinary V-module, 
{I'(W'),Yp^^^) satisfies all the conditions in the definition of (strongly A-graded) ordinary 
\^-module; the C-grading (this time, by ordinary Lp^-^-j (O)-eigenspaces) again follows from 
Part (b). □ 



We now have the following generalization of Proposition 13.7 in |HL7j . characterizing 
Wi ^p(z) W2, including its existence, in terms of WiRp(^z)W2- 

Proposition 5.32 Let Wi,W2 G obC. If {WiRp(z)W2,Yp^^^) is an object of C, denote by 
(Wi ^p(z) W2,Yp(^z)) its contragredient module. Then the P{z) -tensor product ofWi and W2 
in C exists and is {Wi ^p(z) W^2; ^P(^); ^')> where i is the natural inclusion from WiSp(^z)W2 
to {Wi W2)* (recall Notation \5.2'J\} . Conversely, let us assume that C is closed under 
quotients. If the P{z) -tens or product of Wi and W2 in C exists, then (WiRp(^z)W2,Yp^^^) is 
an object ofC. 
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Proof Suppose that (WiSp(^z)W2,Yp^^^) is an object of C and take (Wi ^p(z) W^2,^p(z)) and 
the map i as indicated. Then 

and 

In the notation of Corollary 15. 261 we take Jq = i', Iq = i. For any pair (W; I') as in Corollary 
I5.2(i| we have I'(W') C WiSp(z)W2 (which is the union of all such images), so that there is 
certainly a unique module map 

such that 

i'=>X = I', 

namely, /' itself, viewed as a module map. Thus by CoroUarv 15.261 Wi ^p[z) W2 exists as 
indicated. 

Conversely, if the P(z)-tensor product of Wi and W2 in C exists and is (Wq; Iq), then for 
any P(2;)-product (W; I) with W E ohC, we have a unique module map x '■ W ~^ ^0 as in 
Corollary E2i such that I' = Iq o x, so that r{W') C loiW^), proving that WiSp^z)W2 C 
Io{Wq). On the other hand, {Wq; Iq) is itself a P(z)-product, so that Io{Wq) C W^iSp(^)W2- 
Thus WiRp(^z)W2 = Iq{Wq), and so WiSp(^z)W2 is a generalized V^-module and is the image 
of the module map 

: -> WiSp^z)W2. 

Since C is closed under quotients by assumption, we have that WiSp(^z)W2 G obC. □ 



Remark 5.33 Suppose that WiSp(^z)W2 is an object of C. From Corollarv 15.261 and Propo- 
sition we see that 

(A,m;(i) Kp(^) W(2)) 

for A e WiSp(z)W2 C (Wi (g) W2)*, e Wi and W(2) G W2. 

Our next goal is to present a crucial alternative description of the subspace WiRp(^z)W2 
of {Wi ^2)*- The main ingredient of this description will be the "P(z)-compatibility 
condition," which was a cornerstone of the development of tensor product theory in the 
special cases treated in |HL5j - [in7fj and |Hlj . 

Assume now that Wi and W2 are arbitrary generalized l^-modules. Let (W; I) {W a 
generalized l^-module) be a P(z)-product of Wi and W2 and let w' G W. Then from 
(I5.127|l . Proposition (j5. 12411 . (jKTjl and we have, for all G V", 



A(l(7(i) O W(2)) 



(5.134) 
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= r ^6 — -) Yw (v, xi)w' 

\ Xq / 

= x^'5 (^^^) I\tw' iYt{v, x,))w') 

\ Xq / 

= x^,'5(^^^-^)tp^,){Y,{v,x,))I'{w') 

\ Xq / 

= Xo^(5(^i^)r;(,)(t;,xi)/'K)- (5.135) 
That is, I'{w') satisfies the following nontrivial and subtle condition on A G {Wi ® W2)*: 

The P(2;)-compatibiIity condition 

(a) The P{z) -lower truncation condition: For all v E V, the formal Laurent series 
Yp^^^{v,x)X involves only finitely many negative powers of x. 

(b) The following formula holds: 



= Xq^6(^ ^^ ~^ )y;(,)(t;,Xi)A forallweV. (5.136) 



(Note that the two sides of ()5.136p are not a priori equal for general A G (Wi ® W2)*. 
Note also that Condition (a) insures that the right-hand side in Condition (b) is well 
defined.) 

Notation 5.34 Note that the set of elements of (Wi W2)* satisfying either the full P{z)- 
compatibility condition or Part (a) of this condition forms a subspace. We shall denote the 
space of elements of {Wi ® W2)* satisfying the P(z)-compatibility condition by 

C0MPp(,)((W^i®iy2)*). 

Recall from the comments preceding Definition 15.51 that for each (3 E A we have the 
subspace {{Wi W2)*)^^^ of {Wi 1^2)*- The sum of these subspaces is of course direct: 

^((H^i®H^2)*)^^^ = i[mi^w2rY''\ 
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Each space {{Wi ® ^^2)*)'-^'* is -Lp(^-)(0)-stable (recall Proposition 15.61 and Remark l5.13|) . so 
that we may consider the subspaces 



and 



(recall Remark [2 .13^ . We now define the two subspaces 

{{Wi ® W2r)li] = II II((W^i ® W^2)*)[f/ C (1^1 ® W^2)* (5.137) 

and 

((W^i ® W^2)*)S5 = II II((W^i ® W^2)*)S2 ^ ® ^2)*. (5.138) 

Remark 5.35 Any Lpj^^-|(0)-stable subspace of {{Wi ® VF2)*)jq'' is graded by generalized 
eigenspaces (again recall Remark l2.13p . and if such a subspace is also A-graded, then it is 
doubly graded; similarly for subspaces of {{Wi W^2)*)(cj- 

We have: 

Lemma 5.36 Suppose that X G {{Wi (8> W^2)*)[ic]'' satisfies the P{z)- compatibility condition. 
Then every A-homogeneous component of A also satisfies this condition. 



Proof When f G is A-homogeneous, 

tp{z){xq^5{^^^ — -^Yt{v,xi)^ and Xq^5[^^^ — -^Yp,^^^{v,Xi) 



are both A-homogeneous as operators, in the obvious sense. By comparing the A-homogeneous 
components of both sides of ()5.136p . we see that the A-homogeneous components of A also 
satisfy the P(2;)-compatibihty condition. □ 



Remark 5.37 Both the spaces {{Wi ® W^2)*)[c] and {{Wi ® W^2)*)(c) are stable under the 
component operators Tp(^z){v ® t™) of the operators Ypf^^-^{v^x) for t> G m G Z, and 

under the operators L'p^^-^{—l), L'p^^^^ifS) and L'p^^-^{1). For the A-grading, this follows from 
Proposition 15.61 and Remark 15.131 and for the C-gradings, we simply follow the proof of 
Proposition 12. 19t using Propositions 15.81 and 15.91 together with ()5.114p . 
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Again let (W; I) (W a generalized V^-module) be a P(2;)-product of Wi and W2 and 
let w' G W. Since I' in particular intertwines the actions oi V ^ C[t,t~^] and of s[(2), 
and is A-compatible, r{W') is a generalized V^-module, as we have seen in the proof of 
Proposition 15.311 Therefore, for each w' G W, I'{w') also satisfies the following condition 
on A G {Wi (g) 1^2)*: 

The P(2)-local grading restriction condition 

(a) The P{z) -grading condition: A is a (finite) sum of generalized eigenvectors for the 
operator Lp^^^(O) on (Wi ® W2)* that are also homogeneous with respect to A, that is, 



(b) Let Wx be the smallest doubly graded (or equivalently, A-graded; recall Remark 
15 .351) subspace of ((W^i Vr2)*)[q'' containing A and stable under the component opera- 
tors Tp(2)(t>(8)t'") of the operators ^p(2)(f , x) for v E V, m E Z, and under the operators 
Lpj.^j(— 1), Lpj^^-j(O) and Lpj.^j(l). (In view of Remark l5.37[ Wx indeed exists.) Then 
Wx has the properties 

dim(W^,)[f) < 00, (5.139) 
{Wx)\!^lk] = for A; G Z sufficiently negative, (5.140) 

for any G C and P E A, where as usual the subscripts denote the C-grading and the 
superscripts denote the A-grading. 

In the case that W is an (ordinary) V^-module and w' G W', I'{w') also satisfies the 
following L(0)-semisimple version of this condition on A G {Wi ® W2)*'- 

The L(0)-semisimple P(2)-locaI grading restriction condition 

(a) The L{0)-semisimple P{z)-grading condition: A is a (finite) sum of eigenvectors for 
the operator L'p^^^{0) on (Wi ® W2)* that are also homogeneous with respect to A, 
that is, 

xeiiWi0W2y)\^]- 



(b) Consider Wx as above, which in this case is in fact the smallest doubly graded (or 
equivalently, A-graded) subspace of {{Wi ® W^2)*)(cj containing A and stable under the 
component operators rp(2)(t> (g) t™) of the operators Yp^^s^{v,x) for v E V, m E Z, and 
under the operators L'p^^s^{—1), Lp(._^^(0) and Lp^^^(l). Then Wx has the properties 

dim(iy,)j^; < 00, (5.141) 
iWx)\'^J,k) = for A; G Z sufficiently negative, (5.142) 
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for any n G C and P & A, where the subscripts denote the C-grading and the super- 
scripts denote the A-grading. 



Notation 5.38 Note that the set of elements of {Wi ® W2)* satisfying either of these two 
P(2;)-local grading restriction conditions, or either of the Part (a)'s in these conditions, 
forms a subspace. We shall denote the space of elements of {Wi ® W2)* satisfying the P{z)- 
local grading restriction condition and the L(0)-semisimple P(z)-local grading restriction 
condition by 



respectively. 

The following theorems are among the most important in this work. Note that even in 
the finitely reductive case studied in |HL7j . they are stronger and more general than (the 
last assertion of) Theorem 13.9 in |HL7j . The proofs of these two theorems will be given in 
the next section. 

Theorem 5.39 Let A be an element of {Wi ® W2)* satisfying the P{z)- compatibility condi- 
tion. Then when acting on X, the Jacobi identity for YL^. holds, that is, 



for u,v G V . 

Theorem 5.40 The subspace COMFp^,){{Wi W^a)*) of {Wi O W2)* is stable under the 
operators Tpi^z){v®t'^) forv G V and G Z, and in the Mobius case, also under the operators 
Lp(.^^(— 1), Lp(.^^(0) and Lp^^^(l); similarly for the subspaces LGR[c];P(2)((Wi ® W2)* and 

LGR(c);P(.)((H^i®W^2)*. 

Remark 5.41 The converse of Theorem 15.391 is not true. One can see this in the tensor 
product theory of the "trivial" case where is a vertex operator algebra associated with a 
finite-dimensional unital commutative associative algebra {A, -, 1) with derivation D = Q (cf. 
Remark |2.3|) . In this case, {V^Y, l,uj) = {A, -, 1,0) and the Jacobi identity for a V^-module 
W reduces to 



LGR[c];P(.)((Vri®iy2)*) 



and 



LGR(c);P(.)((l^i®W^2)*) 




(5.143) 




V ■ {u ■ w) 
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for u,v & A and w G W, where we also use "■" to denote the action of A on its modules. 
In particular, a l^-module is just a finite-dimensional module for the associative algebra A. 
Given V^-modules Wi and W2, the action ^p(^) given in (|5.87|) now becomes 

(Fp(^)(t;,x)A)(w(i) (g) W(^2)) = ® ■ W(2)). 

From this it is clear that ()5.143|) holds for any element A G {Wi (8> W2)*. However, the 
P(z)-compatibility condition ()5.136|) in this case reduces to 

A(f ■ 1(7(1) (g) W(2)) = A(w(i) (g) ■ W(2)) 

for all f G v4, G and iU(2) G W2, which is not necessarily true for every A. This 
example is discussed further in Remark 2.20 of |HLLZj . which treats a range of issues related 
to the compatibility condition, intertwining operators, and tensor product theory. 

We now generalize the notion of "weak module" for a vertex operator algebra to our 
Mobius or conformal vertex algebra V: 

Definition 5.42 A weak module for V (or weak V -module) is a vector space W equipped 
with a vertex operator map Yy/ -.V^W^ W\\x^x~^\\ satisfying (only) the axioms ()2.35|) . 
()2.36|) , ()2.37|) and ()2.40j) in Definition 12.91 (note that there is no grading given on W) and in 
case V is Mobius, also the existence of a representation of s[{2) on W , as in Definition 12. IH 
satisfying the conditions (|T^ - (|TT?n|l . 

Then we have: 

Theorem 5.43 The space COMP p(^z){{Wi ® ^2)*), equipped with the vertex operator map 
^p{z) ^^'^^ ^ ^'^ Mobius, also equipped with the operators L'p^^^{—1), L'p^^^^i^) and 

L'p^^^{l), is a weak V -module; similarly for the spaces 

(COMPp(,)((H^i ® W2y)) n (LGR[c];P(.)((H^i ® ^^2)*)) (5.144) 

and 

(COMPp(,)((l^i ® W^T)) n (LGR(c);P(.)((l^i ® W^T)). (5.145) 

Proof By Theorem 15. 4Ul Ypi^z) ^ map from the tensor product of V with any of these three 
subspaces to the space of formal Laurent series with elements of the subspace as coefficients. 
By Proposition l5.8l and Theorem 15 . 391 and, in the case that is a Mobius vertex algebra, also 
by Propositions 15.141 and 15.151 we see that all the axioms for weak \^-module are satisfied. 
□ 

We also have: 
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Theorem 5.44 Let 



A G COMPp(,)((l^i ® W2y) n LGR[c];P(.)((l^i ® W2T). 

Then W\ (recall Part (b) of the P{z)-local grading restriction condition) equipped with 
the vertex operator map Yp(^z) ^'^^^ ^ '^^ Mohius, also equipped with the operators 

Lp(.^j(— 1), Lp^^^(O) and L'p^^^{l) , is a (strongly -graded) generalized V -module. If in addition 

X G COMPp(,)((l^i ® W2y) n LGR(c);P(.)((l^i ® 1^2)*), 

that is, X is a sum of eigenvectors of L'p^^^{0) , then W\ (c {{Wi ® W^2)*)(cjy' is a (strongly- 
graded) V -module. 

Proof Decompose A as 

X = Y, A^^^ 

(finite sum), where A^^) G {{Wi ® W^a)*)^^^- By Lemma ESI each A^'^) satisfies the P{z)- 
compatibility condition. Also, each A^^-* satisfies the P(z)-grading condition (and in the 
semisimple case, the L(0)-semisimple P(z)-grading condition), and each W^^^f}) is simply the 
smallest subspace containing A*^^^ and stable under the operators listed above (without the 
A-gradedness condition). Moreover, each W^^oj) C W\ and in fact 

/3ei 

Thus each A*-'^-' lies in the space fl5.144j) (or ()5.145|l ). (Note that we have reduced Theorem 
15.441 to the A-homogeneous case.) By Theorem 15.431 each WxiP) is a weak submodule of the 
weak module ()5.144|) (or ()5.145|) ). and hence is a (strongly-graded) generalized module (or 
module). Thus Wx has the same properties. □ 

Now we can give an alternative description of WiRpi^z)W2 by characterizing the elements 
of WiUp{^z)W2 using the P (2;) -compatibility condition and the P(z)-local grading restriction 
conditions, generalizing Theorem 13.10 in |HL7j . This description will be crucial in later 
sections, especially in the construction of the associativity isomorphisms. 

Theorem 5.45 Suppose that for every element 

X G COMPp(,)((Vri ® W2y) n LGR[q;P(,)((H^i ® 1^2)*) 

the (strongly- graded) generalized module Wx given in Theorem 5.44 ^■^ on object of C (this of 
course holds in particular if C is QM.sg)- Then 

l^iSp(,)l^2 = COMPp(,)((H^i ® W2y) n LGR[c];P(.)((H^i ® ^^2)*)- 
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Suppose that C is a category of strongly-graded V-modules (that is, C C M.sg) ond that for 
every element 

A G COMPp(,)((iyi ® W2Y) n LGR(c);P(.)((lVi ® W2Y) 
the (strongly- graded) V -module Wx given in Theorem \5.44\ is an object ofC (which of course 



holds in particular if C is M.sg)- Then 

msp(,)l^2 = COMPp(,)((H^i ® W2T) n LGR(c);P(.)((H^i ® W^)*). 
Proof We have seen that 

WiRpi^,)W2 C COMPp(,)((H^i ® W2y) n LGR[q;P(,)((Vri ® ^^2)*) 
and, in case C C Msg, 

WiRpi^,)W2 C COMPp(,)((iyi ® W2y) n LGR(c);P(.)((W^i ® W2Y). 

On the other hand, by the assumptions, every element A of 

COMPp(,)((PFi ® W2y) n LGR[c];P(.)((Vri ® W2y) 

and, in case C C M.sg, every element A of 

COMPp(,)((iyi ® W2r) n LGR(c);P(.)((lVi ® 1^2)*), 

is contained in some object of C, namely, W\, and for any such (generalized) module, the 
inclusion map into {Wi®W2y satisfies the intertwining conditions in Proposition 15. 221 Thus 
A lies in WiUp(^z)W2i proving the desired inclusion. □ 

5.3 Constructions of Q(2;)-tensor products 

We now give the construction of (5(-2)-tensor products. It is analogous to that of P(z)-tensor 
products, and the formulations, results and proofs in this subsection very closely parallel 
those in Subsection 5.2. As usual, z G C^. 

Given generalized ^-modules Wi and W2, we shall be constructing an action of the space 
V ® 6+C[t, t-\ {z + t)-^] on the space {Wi ® l^a)*- 

Let J be a Q (-2) -intertwining map of type (^^^^^ as in Definition 14.321 Consider the 
contragredient generalized \^-module {W^, Y3'), recall the opposite vertex operator ()2.57j) and 
formula ()2.73|1 . and recall why the ingredients of formula ()4.72j) are well defined. For v & V , 
W{i) G Wi, W{2) G W2 and w'^^^ G W^, applying w^g-j to ()4.72|) we obtain 



Z l^j^ ^l ^ ^° jy3(t;,3:o)w[3),/(W(i) ® W(2)) 

^t/7'(3),Xoi(5(^£^)/(^(i) ® r2(^,a;i)«;(2))^ . (5.146) 
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We shall use this to motivate our action. 

As we discussed in Subsection 5.1 (see (|5.12|) and (j5.13j) ). in the left-hand side of (j5.146p . 
the coefficients of 

z~'6[^^^)y^{v,Xo) (5.147) 
in powers of Xq and Xi, for all v E V, span 

Twf,{V ® L+C[t, t-\ {z + t)-^]) (5.148) 

(recall (IH^ and (UrTf) ). We now define a linear action oiV ® i+C[t, {z + 1)'^] on (M/i 
1^2)*; that is, a linear map 

rQ(,) : \/ ® i+C[t, t-\ {z + t)-i] ^ End (W^i ® W2Y . 

Recall the notations T^.^ and from Subsection 5.1 f (j5.72j) and (j5.75j) ). 

Definition 5.46 We define the linear action tq{^z) of 

V ® L+C[t,t-^,{z + t)-'^] 

on (W^i ® VTa)* by 

(^Q(.)(OA)(w^(i) ® W(2)) = \{twAT1A)w{i) ® Wi2)) - A(w;(i) ® rH.,(T+,0^(2)) (5.149) 

for ^ G V®L+€.[t,t-^,{z + t)-\ A G (Vri^Vrz)*, G VTi, «;(2) G W2, and denote by 
the action oiV ® C[t, t"^] on {Wi ® W2)* thus defined, that is, 

Y;^^,){v,x)=TQ(,iY,{v,x)) (5.150) 

for V eV . 

Using Lemma Em ()5.7p and ()5.6ip . we see that ()5.149p can be written using generating 
functions as 

-I, ( 



tq{z) [z 6 [ Yt{v, xo) A (w;(i) ® W(^2)) 



= Xq^6 [ — — - ] \iY°{v, xi)w(i) ® w^2)) 

-Xq's(^^^) X{w(^i)®Y2{v,Xi)w^2)) (5.151) 
V J 

for t> G V^, A G {W\®W2)* ■, W(i) G W{2) G W2\ compare this with ()5.146p . The generating 
function form of the action Y'q^^^-^ can be obtained by taking ReSa;^ of both sides of ()5.151|) : 

(^Q(^)(^> a;o) A) («;(!) ®w;(2)) 
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(Z — 1 \ 
_^ ] A(W(i) (g) Y2{V, Xi)W(2)) 

= \iY°{v, Xq + z)W(^i) (g) W(2)) 

_^ 1 A(w(i) (g) Y2(^, a;i)i/;(2)). (5.152) 
Remark 5.47 Using the actions and tq(2), we can write ()5.146p as 

(^^±_^^ Y^{v,Xo)w[3^^ ol = tq(^,) (^ ^^ ^ Yt{v,Xo)^ («;(3) o /) 

or equivalently, as 

rwi (^z-^S (^^^^7^) ^*(^'^o)^ w^(3)^ ° ^ = 'TQiz) (^ ^^ ^ rt(t;,a;o)^ (^[3) o /). 

Recall the A-grading on {Wi (g W2)* and the A-grading on V" (g i+C[t,t"\ (2;"^ - ty^]. 
Similarly, we also have an A-grading on V ^ L+C[t,t~^ , {z + t)~^]. Definition 15.51 also applies 
to a linear action of V ® L+C[t,t-\ {z + tY^\ on iyVx ® W^)* . From (j5.149j) or (j5.15Hl . we 
have: 

Proposition 5.48 The action tq(^z) is A- compatible. □ 

We also have: 
Proposition 5.49 The action ^^(2) has the property 

y<^(,)(l,x) = l (5.153) 

and the L{—1)- derivative property 

^Yl^i.)iv,x) = F^(,)(L(-l)t;,x) (5.154) 

for V E V . 

Proof From (fHjfH^ . (E37j) and (ITTj) . 

j A(W(i) (g 1(7(2)) 

— — j A(W(i) (g W(2)) 

— — j A(w;(i) (g W(2)) 
= A(w(i) (g W(2)), (5.155) 
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proving ()5.153|) . To prove the L(— l)-derivative property, observe that from ()5.152j) . 

= ^XiY°{v, X + z)W(^i) (g) W(2)) 



+Res,, (J^z-^S x + x, ^ ^ ^^^^^^ ^ ^^^^^ xi)w^2)). (5.156) 



But for any formal Laurent series f{x), we have 



d ^ / -x + x^\ ^df -x + x, ^^^^^^^ 



dx \ z J dxi 
and if f{x) involves only finitely many negative powers of x, 

Res., (-^z-'6 (Z^±ll\\ /(^^) = _Res,,z-i5 fz^±Il\ J_f^^^) (5.158) 

(since the residue of a derivative is 0). We also have the L(— l)-derivative property ()2.62|) 
for Y°. Thus the right-hand side of ()5.156|) equals 

\iY°{L{-l)v, X + z)w(^i) ® W(2)) 

/ — ^ -|- \ (J^ 



z J dxi 
= \{Y°{L{-l)v, X + z)w(i) (g) w^2)) 

j A(w(i) (g) Y2{L{-l)v, xi)w(^2)) 

= (F^(,)(L(-l)t;,x)A)(^(i) ® «;(2)), (5.159) 

proving ()5.154j) . □ 



Proposition 5.50 The action Yq^^<^ satisfies the commutator formula for vertex operators: 
On (Wi 0W2)*, 

['^Q(z)iVl,Xi),Yl^^^){v2,X2)] 

= Res^oX2^6 (^-^—^^ Yq(^^^{Y {vi,xo)v2,X2) (5.160) 

for Vi, V2 G V. 

Proof As usual, the reader should note the well-definedness of each expression and the 
justifiability of each use of a (5-function property in the argument that follows. This argument 
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is the same as the proof of Proposition 5.2 of |JiL5j . given in Section 8 of |JiL6j . Let 

A G (W^i O W2)*, Vi,V2 G V, G Wi and w^2) e W2. By (I5.152|) . 

a;i)F^(^)(f2, a;2)A)(«;(i) ® «;(2)) 
-1 . - ^ 



Resy,xi 5 y j {'>^Q{z)i'V2,X2)X){Y°{vi,yi)w(^i)^w^2)) 

Xn 

V ^1 / V ^2 

■KYi{v2, y2)Y°{vi, yi)w(i) ® ?i;(2)) 
—ReSyj^ReSy^Xi^S ^ 3^2 ^ 

•A(Fi°(f 1, ® Y2{V2, y2)W(2)) 

—ReSy-^ReSy^x^^ 6 ^ X2^S ^ 

■Kyiiv2, y2)W(i) Y2{Vi, yi)W(2)) 
] Xo 



X\ J \ —X2 

■\{W{X) ® Y2{V2, y2)Y2{Vi,yi)W(^2))- (5.161) 

Transposing the subscripts 1 and 2 of the symbols v, x and y, we have 

(Xq{z) {^2, X2)Yq^^) {Vi ,Xi)\) {W(^i) (g) W(2) ) 

= ReSy^ReSy-^X2^6 ^ x^^5 ■ 

■HYiivi, yi)Y{'{v2, y2)w(i) ® W(2)) 

—ReSy^ReSy^X2^ 5 [ — ) x^^5 ( ^ 

\ X2 J V ~xi 

•A(F°(f2, 1/2)^(1) (g) ^2(^1, ?/i)W(2)) 

'2; - ^/2^ f y i- z 

Xi 

■HY°{vi, yi)w^i) (g) Y2{v2, 1/2)^(2)) 

+ReSj^2R-eSy^a;2 ^5 { — j x^^S i — 

■A(w(i) (g) Y2{vi,yi)Y2{v2, y2)w{2))- (5.162) 
Formulas 1)5.1611) and ()5.162|) give 

{[Yq(z){Vi,Xi),Yq(^,^{v2,X2)]\){W(i)®W(2)) 
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-ReSyjReSy^Xg ^5 ^ x^ ^5 ^- 



■X{[Y{'{v2, 1/2), Y{'{vi, yi)]w^i) (g) w(2)) 
— ReSj/jReSy^x^^^ ( - — — J X2^6 ( - — — 
•A(w(i) (g) [Y2{vi,yi),Y2{v2,y2)]w(2)) 
— ReSy^ReSyj^Xi^S ( — ) X2^6 ( — 

\ Xi J \ X2 



— ReSyjReSy^a;^^^ [ — ) X2^S ( — 

\ —xi ) \ —X2 

•A {w{t) ® Res^oi/2'^'^ -^2(^(^1' '^0)^2, 1/2)^(2) 

= ReSjjgReSj/jR'SSyiX^"^^ [ ^ — ^ ) x^^^ ( — ^ j y^^l) [ ^^^^ — ^ 

\ xi J \ X2 J \ y2 

■X{Y{'{Y{vi, xo)v2,y2)w(i) Ou'(2)) 

— Res-rgReSj/jR-^Sj/i^r''^'^ ^ X2^S ^ l/2^^<^ 

•A(w(i) (8) Y2{Y{vi, xo)v2, 2/2)^(2))- 



-i./?/2-^\ _i^fyi-xo 



x^'6 



Xl 



X2 S 



X2 



y2's 



y2 



Xl + z\ _^ ( X2 + Z 



yi 



y2's 



y2 



{x2 + z)-^5 



_1 / (Xi + Z) - ,To 



X2 + 2; 



_i^fx2 + z\ _i (Xi-Xq 



yi 

Xl + z 

yi 



y2 5 



X2^6 



2/2 



X2 5 



X2 



X2 



y2-z\ _i xi-xq 
X2 



X2 



z-yi 



z-'S 



x^^S 



-Xl + yi 



z-y2 

-X2 

z-H 



2/2"'^ 



2/1 - Xq 



2/2 



-X2 + 2/2 



2/2"''^ 



(-Xl +2/1)"" (-X2 + 2/2)' 



y2"'5 



2/1 - 3^0 
2/2 

2/1 - xq 

V2 
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xi + yi\"^ (-X2 + 112) 



m+n+l 



(-X2 + ?/2) <5 ■ 

-X2 + y2 



2^2 +1/2 

1 / - 3^1 + yi 
X2 + y2 



-X2 + y2 



y2 ^ 

1/2 



2/2 ^ 



y2 



{-X2rs 



Ij; f Xl- (yi - y2) \ ^-1^ f-X2 + 2/2 



X2 



-X2+y2\ ^i^fyi-xo 

y2 ^( 

V 2/2 

y2 + xo 



yi's 



yi 



_i /xi-xo\ -ir(z-y2\ -i^(y2 + XQ 



Xn 5 



X2 



Xn 5 



-X2 



yiS 



yi 



(5.165) 



Thus ()5.163|) becomes 

( m^z) (^1 ,Xi), Fq(^) {V2,X2)]\){W(^1)(^W(2)) 



ReSxo^eSy^ReSy-^yi 5 



u(Xi + z\ _i^(y2-z 



yi 



X2 s 



X2 



-Is- / Xi — Xq 

Xn 



■\(Y°{Y{vi, Xo)V2, y2)W(l) ® W(2)) 

\ X2 J 
■A(W(i) (g) Y2{Y{vi, Xq)v2, y2)W{2)) 



z-y2 

-X2 



yi's 



X2 

2/2 + 3^0 
2/1 



X2 



X2 



X{Y°iY {vi, xo)v2, y2)w(^i) (g)W(2)) 



z-y2 

-X2 



A(W(i) ® Y2{Y{vi, Xq)v2, y2)W{2)) 



— ~ ) (^Q(^)(^K'^o)^^2,a;2)A)(w;(i) ®W(2))- 

Since A, and W{2) are arbitrary, this equahty gives the commutator formula 

When V is in fact a conformal vertex algebra, we write 



(5.166) 
for 



(5.167) 



Then from the last two propositions we see that the coefficient operators of Y'q^^^(u;, x) satisfy 
the Virasoro algebra commutator relations: 



[L'Q(z){m), ^Q(,)(ri)] = (m - n)LQ(^)(m + n) + — (m^ - m)5^+nfiC. 
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(5.168) 



Moreover, in this case, by setting v = u in ()5.152|) and taking ReSx^ocpQ^^ for j = —1, 0, 1, we 
see that 

= Res^^{xi - zy^^\{Y{'{uj,Xi)w^i) ® W(2)) 

-ReSa;i {-Z + Xiy^^X{w(^i) (g) Y2{UJ, Xi)W(2)) 

= 5Z ) (-^)'^(^(^ - ^>(l) ® ^(2)) 

i=0 ^ ^ 

-E (-^rAKi)®L(j-z)^(2)) (5.169) 

for j = —1,0,1. If V is just a Mobius vertex algebra, we define the actions Lgj^^^^j) on 
{Wi (g) Vr2)* by the right-hand side of (I5.169j) for j = -1, and 1. 

Remark 5.51 In view of the action L'q^^^IJ), the sl(2)-bracket relations ()4.73p for a Q{z)- 
intertwining map can be written as 

(L'(j>|3)) o I = L'q(,)(j)(«;'(3) ° I) (5.170) 

for w^g^ G 14^3 and j = —1, 0, and 1. 

Remark 5.52 We have 

for j = -1, 0, 1 and (3 e A (cf. Proposition lOHjl . 

In the case that is a conformal vertex algebra, L'q^^^{—1), Lq|-^-j(0) and Lgj^^^(l) realize 
the actions of L_i, Lq and Li in s[(2) (cf. ()2.27p ) on (PFi (g) PV2)*- In the case that V is just 
a Mobius vertex algebra, we now state this fact as a proposition. This proposition is needed 
in the proof of Theorem 15.721 and therefore also for Theorems 15.731 and 15.741 but neither this 
proposition nor any of these three theorems are needed anywhere else in this work, so we 
omit the proof of this proposition. Of course, however, the proof is straightforward, as is the 
case with all the 51(2) formulas. 

Proposition 5.53 Let V be a Mobius vertex algebra and let Wi and W2 be generalized V- 
modules. Then the operators Lg(.^^(— 1), L'q^^-^{Q) and L'q^^^{1) realize the actions of L_i, Lq 
and Li m s[(2) on {Wi ® Wa)*- 

We also have: 
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Proposition 5.54 Let V be a Mobius vertex algebra and let Wi and W2 be generalized 
V -modules. Then for v & V , 

= (5.171) 
[L(0),r^(,)(i;,x)] = r^(,)(L(OKx)+xF<^(,)(L(-lKx), (5.172) 
[L(l), F^(,)(t;, x)] = Y^^^^iLil)v, x) + 2xy^(,)(L(0)t;, x) + x^Yl^(,){L{-l)v , x), 

(5.173) 

where for brevity we write ^^^.^-^(j) acting on {Wi W2)* as L{j). 

Proof We prove only (j5.172j) since it is needed for Remark 15.681 and in Section 6. We omit 
the proofs of ()5.171|) and ()5.173|) for the same reasons as above; they are used only for 
Theorems EZ2HSIZi 

Let Xe {Wi® W2)*, e Wi and w^2) e W2. Using (15.1691) . (I5.152jl . the commutator 
formulas for L{j) and Yi{v,Xq) for j = —1,0, 1 and v & V (recall Definition 12.1111 . and the 
commutator formulas for L{j) and Y2{v, x) for j = — 1, 0, 1 and v & V (recall Lemma f2.22|l . 
we obtain 

{[LW,Y^iz)iv,x)]X){w^^(»w^2)) 

= (XQiz){v,x)\){L{0)w^i)®W^2)) 
-4yQiz)iv, x)X){L{l)W(^i) O W(2)) 

-(^Q(.)(^.a;)A)(^(i)®L(0)it;(2)) 
+z(Xq{z){v,x)\){w(i) ® L{-l)w^2)) 
~{L{0)X){Y°{v, X + z)w(i) ® w^2)) 

+ReSa,iX"^5 (L(0)A)(w(i) ®Y2{v,xi)w(^2)) 



—X 

\{Y{{v, X + z)L{0)w(i) O W(2)) 

— — — j A(L(0)w(i) (g) Y2{v, xi)w(2)) 
-zX{Y-^{v, X + z)L{l)w(_^ (g) 10(2)) 

— — j A(L(l)w(i) (g) Y2{v, xi)w(2)) 
-A(r°(t;, X + z)w^i) O L(0)w(2)) 

— j \{W(i) (g Y2{V, Xi)L(0)W(2)) 

+zA(ri°(t;, X + z)w^i) (g L(-l)w(2)) 

^ j A(w;(i) (g F2('i^,a;i)L(-l)w(2)) 

-\{L{0)Y°{v, X + z)w(i) ® W(2)) 
+zX{L{l)Y°{v, X + z)w(^i) ® w;(2)) 
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+\{Y°{v, X + z)w(^i) ® L{0)w(^2)) 

-ZX{Y"{V, X + ^)W(i) (g) L(-1)U7(2)) 

(Z — Xi \ 
—j A(L(0)«;(i) ® V2('u,xi)w(2)) 

— j A(L(l)w(i) ® Y2{v, xi)w(^2)) 

(Z — X\ \ 
— j A(w(i) ® L{0)Y2{v,xi)w(^2)) 

(Z — X\ \ 
— j A(w(i) (g) L{-l)Y2{v, xi)w(^2)) 

X{[Y{'{v, x + z), L{0)]w^i) ® w^2)) 
-zXilY^'iv, x + z), ® «;(2)) 

(Z — X\ \ 
— — j A(u;(i) (g) [L(-l),F2(^^,xi)]u7(2)) 

_^ j K'^ii) ® [L{0),y2{v,xi)]w^2)) 

\{Y°{{L{0) + {x + z)L{-l)v, X + z)w^i) ® W(^2)) 
-zX{Y"{L{-l)v, X + z)w(^i) (g) W(^2)) 

(Z — Xl \ 
— j A(w(i) (g Y2{L{-l)v, xi)w(2)) 

(Z — X~l \ 
— j A(w(i) (g Y2{{L{0) + xiL{-l))v, xi)w(2)) 

A(Fi"((L(0) + xL{-l)v, X + z)w(i) ® W(2)) 

-Res^,a;-^5 (^3^) ^^^^ ® ^2((^(0) + (x - xi)w^2)) 
A(Fi"((L(0) + x + z)w(i) ® W(2)) 



—X 



-Res^.x 6 -^(^(1) ®Y2{{L{0) + xL{-l))v, Xi)w(^2)) 



= (r^(,)((L(0) + xL{-l))v, x)A)(u;(i) ® ^(2)) 

= iyQ{z)W)v,x)\){w^i)®w^2)) + (xFQ(^)(L(-l)t;,x)A)(«;(i) (g'u;(2)), 
proving ()5.172p . □ 

Let W3 also be an object of C. Note that V (g 6+C[t, {z + acts on in the 
natural way. The following result provides further motivation for the definition of our action 
(|5.151|) on (Wi (g 14^2)*; recall the discussion preceding Proposition 15.221 

Proposition 5.55 Let Wi, W2 and he generalized V -modules. Under the natural iso- 
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morphism described in Remark \5.1^ between the space of A- compatible linear maps 
and the space of A-compatible linear maps 

determined by \5.125\} . the Q{z) -intertwining maps I of type (^^^^ correspond exactly to 
the (grading restricted) A-compatible maps J that intertwine the actions of both 

and s[(2) on and on {Wi ® W2)* ■ 

Proof In view of fj5.126p , Remark 15.471 asserts that ()5.146|) , or equivalently, ()4.72|) , is equiv- 
alent to the condition 

(5.174) 

that is, the condition that J intertwines the actions of ® t+C[t,t~^, {z + t)~^] on and 
on {Wi®W2Y (recall (PTT^ - dlTTT^ 'l. Similarly, Remark EHU asserts that (HTHD is equivalent 
to the condition 

J(L'(j>'(3))=L^(,)(j)JK3)) (5.175) 
for i = —1, 0, 1, that is, the condition that J intertwines the actions of 5l(2) on and on 

{Wi ® W2y. □ 

Notation 5.56 Given generalized \^-modules Wi, W2 and W^, we shall write N'[Q{z)]^^,^^^^^ 
for the space of (grading restricted) A-compatible linear maps 

J : 1^3 ^ (VTi ® W2y 

that intertwine the actions of both 

V®L+C[t,t'~\{z + t)-'^] 

and s[(2) on and on {Wi (S) 1^2)*- Note that Proposition 15.551 gives a natural linear 
isomorphism 

M[Qiz)]ZW^ M[Qiz)Cr^^^' 

I ^ J 
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(recall from Definition 14.321 the notation for the space of (5(-2)-intertwining maps). As in 
Notation l5.231 we still use the symbol "prime" to denote this isomorphism in both directions: 

I ^ r 
J' J, 

so that in particular, 

/" = / and J" = J 

for / G M[Q{z)]^ly^,^ and J G Af[Q{z)ff'^^'^\ and the relation between / and /' is 
determined by 

(«;'(3), J(w(i) ®W(2))) = /'(W(3))(w(i) ®w;(2)) 
for 1(7(1) G Wi, W(2) ^ W2 and w'^^^-^ G W^, or equivalently, 

^(3) °^ = ^'Ks))- 

Remark 5.57 Combining Proposition l5.55l with Proposition l4.381 we see that for any integer 
p, we also have a natural linear isomorphism 

from A/'[Q(z)][]^^'^^^'* to the space of logarithmic intertwining operators of type {^^^^. In 
particular, given any such logarithmic intertwining operator y and integer p, the map 

defined by 

is A-compatible and intertwines both actions on both spaces. 

We have formulated the notions of Q (-2) -pro duct and Q(2;)-tensor product using Q{z)- 
intertwining maps fPefinitions 14.391 and 14.4111) . Now that we know that (5(2;)-intertwining 
maps can be interpreted as in Proposition 15.55) (and Notation I5.56|) . we can reformulate 
the notions of Q(z)-product and Q(z)-tensor product correspondingly (the proof of the next 
result is the same as that of Proposition 15. 25() : 

Proposition 5.58 Let Ci he either of the categories M.sg or QM.sg, cls in Definitional^ 
For Wi, W2 G obCi, a Q (z) -product (W^; I3) ofWi and W2 (recall Definition \4.3yj) amounts 
to an object (^3,^3) ofCi equipped with a map I'^ G ■f^[Q{z)]^^,^'^^'^^ , that is, equipped with 
an A-compatible map 

I's-.w;^^ {Wi ® 
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that intertwines the two actions of V ^ 6+C[t,t ^,{z + t) ^] and of si{2). The map Jg 
corresponds to the Q{z) -intertwining map 



as above: 



W[^) O Jg 



for w'l^r^-j G frecall \E'.12b]) ). Denoting this structure by Kj; Jg) or simply by {W^,]!''^, 
let {Wi,I'j^ be another such structure. Then a morphism of Q{z) -products from to W4 
amounts to a module map rj : W3 W4 such that the diagram 




commutes, where rj' is the natural map given by {2.99) . 



□ 



Corollary 5.59 Let C be a full subcategory of either M.sg or QM.sg, in Definition \4.4^ 
For Wi, W2 E ohC, a Q{z)-tensor product {Wq; Iq) of Wi and W2 in C, if it exists, amounts 
to an object Wq = Wi^q(^z)W2 ofC and a structure (Wq = Wi^q(z)W2; Iq) as in Proposition 
\5.58l with 

I'o : (Wi W2y {Wi ® W2y 
in ■^[Q{z)]^^l^^^^w2)" '^^^^ ^^^^ ■^^'^ '^^^^ ^^^'^ ^'^ ^ ohC), with 

r -w — > {Wi ® W2Y 



y{Wl®W2)* 



, there is a unique module map 



such that the diagram 




{Wi Kq(,) W2)' 



commutes. Here x = v' > where rj is a correspondingly unique module map 

7] : Wi Kq(,) W2 W. 

Also, the map Iq, which is A-compatible and which intertwines the two actions of V 
L+C[t,t~^, {z + t)~^] and of sl{2), is related to the Q{z) -intertwining map 



h{z) ■■Wi^W2—^Wi Kq(,) W2 
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by 

I'oiw') =w'o Kq(,) 

for w' G {Wi Kq(^) W2y, that is, 

for W(i) G Wi and W(2) G W2, using the notation l{4-^(J}) - D 
Definition 5.60 For Wi, W2 G obC, define the subset 

W^iSq(,)W^2 C (Wi ® 1^2)* 
of (Wi ® W2)* to be tlie union of tlie images 

I'{W') C {Wi ® W2y 

as (W; /) ranges through all the Q (2;) -products of Wi and W2 with G obC. Equivalently, 
WiRp(z)W2 is the union of the images I'(W') as W (or H^') ranges through obC and /' ranges 
through N'[Q{z)]^,^'^^^^ — the space of A-compatible linear maps 

W {Wi ® W2y 

intertwining the actions of both 

V ^ L+C[t,t-\{z + t)-^] 

and s[(2) on both spaces. 

Remark 5.61 Since C is closed under direct sums (Assumption I5.28|) . it is clear that 
WiBq(^z)W2 is in fact a linear subspace of {Wi W2)*, and in particular, it can be defined 
alternatively as the sum of all the images I'{W'): 

WiSq^,)W2 = J2 ^'(^') = U ^'(^') ^ ® ^2)*, (5.176) 

where the sum and union both range over W E ohC, I E ■M.[Q{z)]^^^^^. 

For any generalized l^-modules Wi and W2, using the operator Lq(._^^(0) (recall ()5.169p ) 
on (Wi (8) 1^2)* we define the generalized L'^^^^ (O)-eigenspaces {{Wi ® W2)*)[n]-Q{z) for n G C 
in the usual way: 

i{Wi^W2y)[n]:Q{z) = {w E (P^i ® W^s)* | (L^(^) (0) - n)"*w; = for m G M sufficiently large}. 

(5.177) 

Then we have the (proper) subspace 

1[{{W, ® IV2)*)h;Q(.) C {W, ® W2y. (5.178) 

neC 
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We also define the ordinary LQ(.^-j(0)-eigenspaces {{Wi ® W^2)*){n);Q(z) in the usual way: 

{{Wi ® W^2)*)(n);Q(.) = {w E {Wi ® l^a)* | L'p(^,){0)w = uw} . (5.179) 
Then we have the (proper) subspace 

Y[{{Wi ® W^2)*)(n);Q(.) C {W, ® W^s)*- (5.180) 

nec 

Just as in Proposition 15.311 we have: 

Proposition 5.62 Let Wi, W2 G obC. 

(a) The elements of WiSq(^z)W2 are exactly the linear functionals on Wi®W2 of the form 
w'oJ(-(g)-) for some Q{z) -intertwining map I of type (^|^J and some w' G W, G obC 

(b) Let {W;I) be any Q{z)-product of Wi and W2, with W any generalized V -module. 
Then for n G C, 

/Wn)c((W^i®W^2)*)n;0W 

and 

/WH)C((^l®^2)*)(n);Q(.). 

(c) The structure {WiRqi^z)W2-,Yqi^z)) (recall i5.15(J\} } satisfies all the axioms in the defi- 
nition of (strongly A-graded) generalized V -module except perhaps for the two grading con- 
ditions l{MW (^nd ![KM) . 

(d) Suppose that the objects of the category C consist only of (strongly A-graded) ordinary, 
as opposed to generalized, V -modules. Then the structure (W^iSq(2)W25 ^q(2)) satisfies all the 
axioms in the definition of (strongly A-graded ordinary) V -module except perhaps for \2.85\) 

and mm . 

Proof Part (a) is clear from the definition of M^iSQ(^)iy2, and (b) follows from ()5.175|) with 
j = 0. 

To prove (c), let {W] I) be any any Q(-^)-product of Wi and W2, with W any generalized 
^-module. Then {I'{W'),Yq(^^^) satisfies all the conditions in the definition of (strongly 

y4-graded) generalized V^-module since /' is A-compatible and intertwines the actions of 
V ® C[t, and of s[(2); the C-grading follows from Part (b). Since Wi^q(^z)W2 is the sum 
of these structures r{W') over W EohC (recall ()5.129|) ). {WiRq(^z)W2,Yq(^_,-^) satisfies all the 
conditions in the definition of generalized module except perhaps for ()2.85j) and ()2.8(jj) . 

Part (d) is proved by the same argument as for (c): For (W]I) any Q (-2) -pro duct of 
possibly generalized l^-modules Wi and W2, with W any ordinary \^-module, {I'{W'), Yq(^z)) 
satisfies all the conditions in the definition of (strongly A-graded) ordinary V"-module; the 
C-grading (by ordinary LQ(.^-|(0)-eigenspaces) again follows from Part (b). □ 

We now have the following generalization of Proposition 5.8 in |HL5j . characterizing 
Wi K1q(2) W2, including its existence, in terms of Wi^q(^z)W2] the proof is the same as that 
of Proposition 15.321 
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Proposition 5.63 Let Wi,W2 G obC. // (WiSq(^)W^2, ^^(2)) is an object ofC, denote by 
{Wi ^Q{z) W2, yQ{z)) its contragredient module. Then the Q{z)-tensor product ofWi and W2 
in C exists and is {Wi ^q(z) ^^2, ^')» where i is the natural inclusion from WiRq(^z)W2 
to {Wi ® W2)* (recall Notation I5.56|) . Conversely, let us assume that C is closed under 
quotients. If the Q{z) -tens or product of Wi and W2 in C exists, then {WiSq(^z)W2,Yq 
an object of C. □ 



Q{z)i 



IS 



Remark 5.64 Suppose that Wi^(^z)W2 is an object of C. From Corollary 15.591 and Propo- 
sition ESSl we see that 

(A,m;(i) Kq(^) W(2)) =Kw{i)®W{2)) (5.181) 

for A G WiRq(^z)W2 C {Wi ® W2)* , W(i) G Wi and W(2) G W2. 

As in the P(z)-case, our next goal is to present an alternative description of the sub- 
space Wi^(z)W2 of {Wi ® W2)* . The main ingredient of this description will be the "(^(-z)- 
compatibility condition," as was the case in |HL5j - [HL6j . 

Take Wi and W2 to be arbitrary generalized l^-modules. Let {W, I) {W a generalized V- 
module) be a Q(2;)-product of Wi and W2 and let w' G W . Then from ()5.174|) . Proposition 
I^3H1 dEni, (lEZI) and dEinni), we have, for all v eV, 

rQiz) {z-'5 f^^^V*(^'^o)) /V) 



z-'5 ('^l^\r{Yw.{v,Xo)w') 



= z'H (^^) rQ^zmv,Xo))I\w') 

= z-'6 (^^) F^(.)(^;,xo)/'(^0. (5.182) 

That is, I'{w') satisfies the following nontrivial and subtle condition on A G [Wi W^2)*: 

The (5(2;)-compatibiIity condition 

(a) The Q{z)-lower truncation condition: For all v & V, the formal Laurent series 
FQ(^-)(f,x)A involves only finitely many negative powers of x. 
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(b) The following formula holds: 

TQiz) { z'^S ( — — — ) Yt{v,xo) ) A 



= z-^S (^ ^^ ^ ^° j YQ(z)iv. a;o)A for all v G V. (5.183) 

(Note that the two sides of ()5.183p are not a priori equal for general A G (Wi ® W^2)*- 
Note also that Condition (a) insures that the right-hand side in Condition (b) is well 
defined.) 

Notation 5.65 Note that the set of elements of {Wi ® W2)* satisfying either the full Q{z)- 
compatibility condition or Part (a) of this condition forms a subspace. We shall denote the 
space of elements of {Wi ® W2)* satisfying the (5(-z)-compatibihty condition by 

C0MPq(,)((1^i®H^2)*). 

We know that each space {{Wi ® W2)*Y'^^ is L^(^)(0)-stable (recall Proposition lOHl and 
Remark (5. 52|1 . so that we may consider the subspaces 



and 



(recall Remark |2.13|1 . We define the two subspaces 

((1^1 ® W2r){§.^Q^,^ = II II((H^i ® W^2)*)[„V) ^ ® ^2)* (5.184) 

and 

((1^1 ® W^2)*)|c);g(,) = II II((^1 ® ^2)*)!fj;Q(,) C (1^1 ® l^s)*- (5.185) 

Remark 5.66 Any LQ(-^^(0)-stable subspace of ((VTi ® W^2)*)[q'!Q(2) is graded by generalized 
eigenspaces (again recall Remark |2.13|) . and if such a subspace is also A-graded, then it is 
doubly graded; similarly for subspaces of {{Wi ® W^2)*)(cj.Q(2)- 

We have: 



Lemma 5.67 Suppose that A G {{Wi ^2)*)[c]-q{z) satisfies the Q{z)- compatibility condi- 
tion. Then every A-homogeneous component of A also satisfies this condition. 
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Proof When v & V is A-homogeneous, 

^Qw(^"^^(-^y-^)^t(^'^o)) and z-^6(^^^^^—^^Yq^^^{v,xo) 

are both A-homogeneous as operators. By comparing the A-homogeneous components of 
both sides of ()5.18Hp . we see that the A-homogeneous components of A also satisfy the 
Q(z)-compatibihty condition. □ 



Remark 5.68 Just as in Remark 15.371 note that both the spaces {{Wi (S> W^2)*)[q^Q(2) and 

{{Wi ® W^2)*)(cj.Q(2) are stable under the component operators rQ(2)(t> C?) t™) of the operators 
Yq^^^{v,x) ioT V eV, m E Z, and under the operators L'q^^^{—1), Lq|.^^(0) and L'q^^^{1); this 
uses Proposition 15.481 Remark [5. 52[ Propositions 15.491 and 15.5(11 and ()5.172|) . 

Again let {W; I) (W a generalized \^-module) be a Q{z)-pToduct of Wi and 14^2 and let 
w' e W. Since I' in particular intertwines the actions of V ® C[t,t'^] and of sl{2), and is 
^-compatible, I'{W') is a generalized l^-module (recall the proof of Proposition 15 .62j ) . Thus 
for every w' G W, I'{w') also satisfies the following condition on A G {Wi ® W2)*: 

The Q{z)-\ocal grading restriction condition 

(a) The Q{z)-grading condition: A is a (finite) sum of generalized eigenvectors for the 
operator Lq(^j(0) on {Wi ®W2)* that are also homogeneous with respect to A, that is, 



AG {{w^®w2y^^^^ 



(b) Let W\.^Q(^z) be the smallest doubly graded (or equivalently, A-graded; recall Remark 

I5.66|) subspace of ((Wi ^2)*)\0^.q(^z) containing A and stable under the component 
operators rQ(^)(t; ® t™) of the operators Fq(.^-)(v,x) for u G V^, m G Z, and under the 
operators Lg^^^(— 1), ^^^-^.^(O) and Lgj^^^(l). (In view of Remark 15.681 W\-q(z) indeed 
exists.) Then W\-^q[z) has the properties 

'^MWx)\%Qi.) < 00, (5.186) 
{W\){n+k];Q{z) = for A; G Z sufficiently negative, (5.187) 

for any n G C and P E A, where as usual the subscripts denote the C-grading and the 
superscripts denote the A-grading. 

In the case that W is an (ordinary) l^-module and w' G W, I'{w') also satisfies the 
following L(0)-semisimple version of this condition on A G {Wi ® 1^2)*: 
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The L(0)-semisimple Q(2^)-local grading restriction condition 

(a) The L{{])-semisimple Q{z)-grading condition: A is a (finite) sum of eigenvectors for 
the operator L'q^^s^{0) on (Wi ® W2)* that are also homogeneous with respect to A, 
that is, 



(b) Consider W\.q(z) as above, which in this case is in fact the smallest doubly graded 

(or equivalently, ^-graded) subspace of {{Wi ® ^2)*)\c)-q{z) containing A and stable 
under the component operators tq(^)(t; ® t™) of the operators Yq^^^{v,x) for v E V, 
m e Z, and under the operators Lq^^^(— 1), L'q^^-^(0) and L'q^^-^{1). Then PVa;Q{2) has 
the properties 

duniWx;Qiz))\%Q^.) < 00, (5.188) 
(W^A)(f+fc):Q(^) = for A; G Z sufficiently negative, (5.189) 

for any n G C and P E A, where the subscripts denote the C-grading and the super- 
scripts denote the A-grading. 

Notation 5.69 Note that the set of elements of {Wi ® W2)* satisfying either of these two 
Q{z)-local grading restriction conditions, or either of the Part (a)'s in these conditions, 
forms a subspace. We shall denote the space of elements of (Wi W2)* satisfying the Q{z)- 
local grading restriction condition and the L(0)-semisimple Q{z)-local grading restriction 
condition by 

LGR[c];Q(.)((iyi®iy2)*) 

and 

LGR(c);Q(.)((W^i®1^2)*), 

respectively. 

We have the following important theorems generalizing the corresponding results stated 
in |HL5j and proved in (HL6j . The proofs of these theorems will be given in the next section. 

Theorem 5.70 Let A be an element of {Wi ® W2)* satisfying the Q{z)- compatibility condi- 
tion. Then when acting on X, the Jacobi identity for ^q(^) holds, that is, 

-Xo^6 \ FQ(^)(f,X2)FQ(^)(M,xi)A 

= x^H (^^) r^(,)(r(«,xo)t;,X2)A (5.190) 

for u,v eV . 
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Theorem 5.71 The subspace COMPq^^){{Wi ® W2)*) of {Wi ® W'a)* is stable under the 
operators TQ(2)(f forv G V and n G Z, and in the Mobius case, also under the operators 
1), Lq(.^-|(0) and Lqj^^-j(I); similarly for the subspaces LGR[c];Q(2)((W^i ® W2)* and 
LGR(c);Q(.)((W^i®Vr2)*. 

We have: 

Theorem 5.72 The space COMP q(^z){{Wi (S> W2)*), equipped with the vertex operator map 
^Q{z) ^'^^j ^^'^^ ^ Mobius, also equipped with the operators Lg^^-)(— 1), Lq(-^-|(0) and 
-^Q(^) (-'-)' zs a weaA; V -module; similarly for the spaces 

(COMPQ(,)((tyi ® W2r)) n (LGR[c];Q(.)((iyi ® 1^2)*)) 

and 

(C0MPq(,)((1^i ® W2r)) n (LGR(c);Q(.)((lVi ® ^^2)*))- 

Proof By Theorem l5.71l ^gi-^) is a map from the tensor product of V with any of these three 
subspaces to the space of formal Laurent series with elements of the subspace as coefficients. 
By Proposition 15 .491 and Theorem l5 . 7()l and. in the case that V is Mobius, also by Propositions 
15.531 and I5.54[ we see that all the axioms for weak V^-module are satisfied. □ 

Moreover, we have the following consequence of Theorem 15.721 and Lemma (5. 6 7( just as 
in Theorem 15.441 

Theorem 5.73 Let 

X G COMPq(,)((W^i ® W2r) n LGR[c];Q(.)((W^i ® ^^2)*)- 

Then VFa;Q(2) (recall Part (b) of the Q{z)-local grading restriction condition) equipped with 
the vertex operator map ^^(2) and, in case V is Mobius, also equipped with the operators 
^'q{z)(~^)' -^q(2)(0) '^^'^ -^q (2) (-'-)' i^ ^ (strongly- graded) generalized V -module. If in addition 

X G C0MPq(2)((1^i ® W2r) n LGR(c);Q(2)((W^i ® ^^2)*), 

that is, X is a sum of eigenvectors of L'q^^s^{0), then W\.q(^z) (c {{Wi ^2)*)\c)-q{z)) '^^ ^ 
(strongly- graded) V -module. □ 



Finally, as in Theorem I5.45t we can give an alternative description of WiBq(^z)W2 by 
characterizing the elements of WiRq(^z)W2 using the (5(-2)-compatibility condition and the 
Q(z)-local grading restriction conditions, generalizing Theorem 6.3 in |HL5j . The proof of 
the following theorem is the same as that of Theorem 15.451 
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Theorem 5.74 Suppose that for every element 

X G COMPq(,)((H^i ® W2y) n LGR[c];Q(.)((W^i ® W^)*) 

the (strongly- graded) generalized module W\.q(^z) given in Theorem \5. TJ[ is an object ofC (this 
of course holds in particular if C is QAigg)- Then 

Suppose that C is a category of strongly- graded V -modules (that is, C C -Msg) o,nd that for 
every element 

X G C0MPQ(,)((iyi ® W2y) n lgR(c);q(.)((w^i ® vTs)*) 

the (strongly- graded) V -module Wa;Q(z) given in Theorem \5. 75] is an object of C (which of 
course holds in particular if C is Aisg)- Then 

WiSq^,)W2 = COMPq(,)((W^i ® W2r) n LGR(c);Q(.)((W^i ® VTs)*)- □ 



175 



6 Proof of the theorems used in the constructions 



The primary goal of this section is to prove Theorems 15.391 15.401 15 .701 and 15 .7 11 In Subsection 
6.1 we prove Theorems 15.391 and 15.401 and in Subsection 6.2, Theorems 15.701 and 15.711 The 
proofs in Subsection 6.1 are new, even for the category of (ordinary) modules for a vertex 
operator algebra satisfying the finiteness and reductivity conditions treated in |HL5j - [HL7j . 
In j HL5j - |HL7j . for a vertex operator algebra satisfying these conditions. Theorems 15 . 701 and 
15.711 in the Q{z) case, were proved first, and then Theorems 15 . 391 and 15 . 401 in the P{z) case, 
were proved using results from the Q{z~^) case and relations between P(2;)-tensor products 
and Q(2;~^)-tensor products. In Subsection 6.1, we prove Theorems 15.391 and 15.401 directlv. 
without using any results from the Q{z) case. As usual, the reader should observe the 
justifiability of each step in the arguments (the well-definedness of the formal series, etc.); 
again as usual, this is sometimes quite subtle. 

6.1 Proofs of Theorems 1^3^ and lET^ 

We first prove a formula for vertex operators that will be needed in the proofs of both 
Theorem 15.391 and Theorem 15.401 

Lemma 6.1 Foru,v G V, we have 



X2 6 



( 



— Xq 




) 



.xiL{l) ( -2\L{0) 



^i,-Xoxr^X2-^)e^^^«(-X2-2)^(°) 



V 



(6.1) 



Proof Using (jSUHl), dSSOl), (PIH]) and (jTTT|l . we have 



a:-^S F(e^^^«(-xr')^(°)n, -xoa;r'x2-^)e^^^«(-X2 ^)^(°) 





■F((-x2)^We-^^( 




Xq^]^ ('^2 — XqX^ X2 ) ) 




U,Xo) 
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Xr 



, ^2 


J 


,x-\l- 


-XQX-^ 


' Xi — 




X2 


Xo^ 




-XQX^ 


'xi - 





X2 



□ 



Proof of Theorem \5. Let A be an element of {Wi (8> W2)* satisfying the P(2;)-compatibility 
condition, that is, satisfying (a) the P{z)-loweT truncation condition — for all v & V, the 
formal Laurent series Yp^^^{v,x)X involves only finitely many negative powers of x, and (b) 
formula for all f G V^. 

For u,v &V, G Wi and W(2) G W2, by definition. 



= Xq^5 (^~^~^~^ (^iYp(^z)iv, X2)A)(w(i) Y^iu, xi)w(2)) 



+ReSy,z-'6 ^ (y;(,)(t;,X2)A)(Y-i(e^^^«(-a;r')^(°)u,2/i)^(i) ® ^(2)) 



a;o^5 ( — ^ ) ( -^"^^(i) ® F2°(t;,X2)F2°(u,xi)ti?(2)) 



+Resy,z-H (^ii^'j (F;(,)(t;,X2)A)(Fi(e^^^(i)(-a:r')^(°)«,i/i)«;(i) ® «;(2)) 



a;o ^5 ( — — — ) A(w(i) (g) F2°(^, a;2)F2°(M, Xi)w(2)) 

\ Xq J 



-1 r / a;i - X2 \ _i ( x^^ - yi 

+Xq I I iieSy-^z ' 



Xq J \ ^ 

a;2)A)(yi(e^^^«(-a;r')^(°)n, yi)^(i) ® ^(2)). (6.2) 
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Using ()2.6|) and ()5.136|) , we see that the third term on the right-hand side of ()6.2|) is equal 

to 

■(r;(,)(i;,a;2)A)(ri(e^-^^«(-xr2)^(°)M,yi)^(i)®u;(2)) 
= Kes„^x^ X2 [xoXi X2 ) \ — i — — i — ] z \ ■ 

V XqX^ X2 J \ Z J 

■(r;(,)(t;,X2)A)(ri(e^^^«(-xr')^(°)«,yi)«;(i)®«;(2)) 

= 'ReSy^x^^ X2^ {xqX^^ X2^ + yi)^^5 \ A — — j ) z^^5 \ — ^ ) • 

\xqx^ X2 +yij \ z J 

■(r;(,)(i;,a;2)A)(ri(e^^^«(-xr2)^W«,yi)^(i)®u;(2)) 



rp(z) { {xqX^ ^X2 ^ + yi) ^5 ( ) Yt^v, x^) ) A 

V \xqx^ X2 +yi' ' 



z 



-i\ / Xf^x^ X2 yi 



■\z-'5 



z 



+ (xoXi X2 +yi) 5 



-1 



—xqx^ ^x2 ^ — yi 



.\(Y,ie^^'^^'\-xff^^^u,y,)w^^)®Y2"iv,X2)w^2)) 

= Resy,x2'6 {z + y,r6 f " • 

.X(Y,ie^-'^^'\-X2')'^^'^v,XoX^'x2' + yi)Y,ie^^'^^'\-xff^^^ 

+ReSy^X2"^5 I ~~T^ ) {xox^'^X2'^)^'^S ( ^ _-. ^\ ) ■ 
V Xi y V -xqx^ X2 J 

.A(r,(e-ii(i)(_a;-2)^(o)M,yi)«;(i)®F;(t;,X2)«;(2)). (6.3) 
By ()2.1ip and ()2.(i|l . the right-hand side of ()(j.3j) is equal to 



ReSj^ja;2 5 I — zz^— 1 Xi5 



^1 / \ *^ 1 



-1 
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.A(Fi(e-^^«(-x-2)^(o)n,yi)^(i)®r2°(i;,a;2)u;(2)) 

Res„, ( — ^ | x^^5 { — 

\ z J \ X2 , 



+Res,,i z 6 Xn 6 



•A(Fi(e^i^«(-xr')^(°)M,i/i)«;(i)®y2°(^,a;2)u;(2)). (6.4) 

Since 

fxox^^X2^+yi\ 
the first term on the right-hand side of ()(i.4|l can be written as 

Res,.-5 (^^^) (^^) Res,,,2-^5 ^ W^^^ . 

.A(Fi(e^^^«(-a;2-2)^(o),;, xoxr^X2 ^ + yi)Fi(e^^^«(-xr')^(°)n, ® ^(2)) 

= Xo^S ( ^ ) ReSr,, Res^oZ"^^ ( — — ) {xoxV^Xo^)^^^ ( -, ^\ ) • 

V ^2 / • ■ \ z J yxox^'x^ J 

.A(F,(e-^^«(-X2 2)^(o)^;,y2)V'l(e^^^('^-^^')^^°^^,^/l)«^(l)®«^(2)), (6.5) 

where we have also used (j2.1H) and (j2.6|) . Again using (j2.6p and (j2.1ip . we see that the 
right-hand side of (j6.5p is also equal to 

-ir /^a;2^ -xoxr^X2^\ „ „ (^^^ ~y^\ -1, [ ^(i^i^^2^ + 
X2 Res„iReSo,2-2 n/2 <J 



/ \ z J^- y y2 

.A(Fi(e-^^(i)(-X2-2)^(o)^;,^2)l^i(e^^^«(-xr')^(°)«,l/i)«;(i)®«;(2)) 

-1 r / •^2 ~ XqX^ -^2 \ r> r> -1 r f '^2 ~ ^O^l ^2 ~ ^/l 

X2 ( — J ReSy-^ReSy^z d ^ 

1 / xox^^X2^ + yi 



■y2S , 

V y2 

.A(Fi(e-^^W(-X2-2)^(o)^,^2)>^i(e^^^«(-^r')^^°^^, 2/1)^(1)® ^(2)) 



_1 /Xi-Xo\ -U/^2 -Z/2\ -1 3:0X1 0:2 +1/1 

X2 ( I ReSy^ReSyj^ o ( ] 1/2 ^ 



1 \ -1 



3^2 / V ^ / V 1/2 

.A(ri(e-^^«(-a;2'2)L(o)^^^^)y^(g.,L(i)(_^-2)L(o)^^^^)^^^^^^^^^ 

Xn^S I ^ ) ReSy, Res^2 2~"^5 ( — — ) (xox7^X2^)^^S ( -, ) • 

V y \ z J \xqx^'x2 J 

.A(Fi(e-^^W(-X2-2)^(o)^;,^2)>^i(e^^^«(-a^r')^^°^«,l/i)«^(i)®«^(2)). (6.6) 
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That is, in the middle delta-function expression in the right-hand side of ()6.5|) . we may 
replace Xi by X2 and yi by y2- 
From (j6.2|) - (j6.6|) . we obtain 



Xo 

Xo 

-Ic f Xl-X2\ -Icfx2^-y2 

+Xq I I KeSj^2^ ' 



Xq ^6 ( — — — ) A(w(i) (g) F2°(^, a;2)1^2°(«' a;i)«;(2)) 



.X(Y^{e^^^^'\-X2')''^'^v,y2)w(^l)^Y,"{u,x^)w^2)) 
+X2^6 [ — ) Res^. Res^,^"^*^ ( ~ ~ I {xox7^X2^)~^6 i _-, ^\ ) • 

\ X2 J \ Z J \X0X^'X2'J 

.A(ri(e-i^(i)(-a;-2)^(0)^, ^^)^(^) ^ X2)^(2))) • (6.7) 



From (jfj.fjj) and ()(i.7|l . replacing u, f , xi, X2, xq by f , u, X2, xi, — xq, respectively, and also using 
we find that 

-Xo^5 — y;(^)(t;,X2)y^(^)(u,xi)A Ow(2)) 



-Xg ^5 ( — — — ) X{w(i) (g) Fa^'lM, a;i)F2°(^, 2:2)^(2)) 



Xo 

I ' 

Xo 

— Xn ^5 I — — — I ReSy, z~^6 \ — — 

\ -Xo J \ z 

.A(ri(e-i^W(-xr')^WM, yi)w^i) ® ^^(t;, X2)w(2)) 
— Xo ^5 ( — ) Res„. Res^oZ^^^ ( — — ) (xox7^x7^)^^5 ( — 

\ X2 J \ z J \-XoX^'x2 



-Xn ^5 { — ] ReSy2-2 ( — — 



.A(ri(e-^^«(-x-^)^Wt;, 2/2)^(1) ® Y,"{u, x,)w^2)) ■ (6. 



Using ()6.7p . ()6.8p . the Jacobi identity, the opposite Jacobi identity ()2.6ip and ()2.6p . we 
obtain 

Xq 15 ( i^^^ — ^ ) y^(^)K xi)r;(^)(t;, X2)A 

V 3;o / 
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-Xq^5 Fp(^)(v,a;2)Fp(^)(M,a;i)Aj ®W(2)) 
+X2^S — ReSy^ReSy^z'^S • 

-{xoXi^X2^)~^S ( ] • 

\—XoX^ X2 / 

+X2^S — ReSy^ReSy^z'^S ■ 



y2 



•yi(r(e^^^W(-xr')^(°)«, -XoX^'x2')e^'''^'\-X2Y^''^v,y2))w^,)^w^2) 



X2^5 { j A(W(i) ®Y2{Y{u,Xo)v,X2)W(2)) 

_^ (xi-Xo\ -I.fx2^-y2 

+X2 I I ReSy-^ReSy^z 



X2 J \ z 



.1. f y2- XoX-^^X2^ 



yi 

j \{W(^i)<S)Y^{Y{u,Xq)v,X2)w^2)) 

+X2'S Resy,z-'S (^^^^) • 

•A(yi(y(e^^^«(-xr')^(°)ii, -xox^W)e''''^'\-X2')''^%,y2)w^i)®w^2)) 



(6.9) 
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Finally, from ()6.H) we see that the right-hand side of ()6.9p becomes 

j A(W(i) ®Y2{Y{u,Xo)v,X2)W(2)) 

+x-.(^)Res,..-.(^). 

^^^'^ -^A^)*^-^*^"' ^2)-^^ (^(1) ® ^(2))) (6-10) 

and we have proved the Jacobi identity and hence Theorem □ 



Proof of Theorem 5.//^ Let A be an element of {Wi ® W2Y satisfying the P(2;)-compatibility 



condition. We first want to prove that the coefficient of each power of x in Y'p^^^^ {u, Xo)Yp^^^ (t>, x) A 
is a formal Laurent series involving only finitely many negative powers of Xq and that 



^P(^) (^0^^ ( — ) Yt{u,xi) ) Fp(^)(f,x)A 



-1 



Xo 
X 1 z 



= x^'6 ^ r;(,)(n,xOl^;(.)(t;,x)A (6.11) 

for all u,v eV. Using the commutator formula (Proposition 15. 9p for Yp(^z)^ we have 

yp{z){u,xo)Yp(^,)iv,x)\ 

= F;(^)(t;,x)F;(^)(M,xo)A 

— — ]ypiz)0^i'",y)u,xo)\. (6.12) 

Each coefficient in x of the right-hand side of (j6.12p is a formal Laurent series involving only 
finitely many negative powers of Xq since A satisfies the P(z)-lower truncation condition. 
Thus the coefficients in x of Yp(^^^{v,x)X satisfy the P(z)-lower truncation condition. 
By (OT)|l and (PTTTTj) . we have 

rp(^) (^Xq^6 (^-^-^-—^ Yt{u,xi)^ Fp(^)(t;,x)A^ (w(i) ®W(2)) 

= ,^^S (^ll^) (F;(,)(t;,x)A)(ri(e^^^«(-xr')^W«,a:o)«;(i) 01/7(2)) 



z 

— -^)(r;(,)(t;,a:)A)(^(i)®r;( U,Xi)w(^2)) 
(^ll^ ) ( A(Fi(e^^^«(-xr')^(°)w,xo)«;(i) ® y2°(t;,x)«;(2)) 



z 



X ^ — X2 



z 



182 



-1 



+Xq'5 [ ) ( X{w^i)®Y^{v,x)Y°{u,xi)wi2)) 



+Res,,z~H ( ) A(Fi(e^^«(-x-^)^(°)t;,X2)«;(i) ® F2°(w,a;i)t/7(2)) ). 



(6.13) 

Now the distributive law applies, giving us four terms. Then using the opposite commutator 
formula for Y2 (recall (j2.6H) ) and the commutator formula for 1^2; and (j5.86p . we can write 
the right-hand side of (j6.13j) as 



.A(ri(e-i^«(-xr')^(°)M,a;o)yi(e^^«(-x-2)^Wt;,X2)^(i)®^(2)) 
+z~^5 Resajj^;"^^ ^- -^^ Res^jgXg ^5 — — 

•A(ri(r(e^^«(-a;-^)^(°)i;,a;3)e^^^«(-xr')^WM,xo)u;(i)®^(2)) 
+x^^5 ^ A(w(i) ® F2°(M,a;i)r2''(^^,2;)w(2)) 

J^:^ ) Resi:3x7^(5 ( — - — j A(w(i) ® y2°(^('">^3)M,a;i)w(2)) 

+Xo ^5 (^^) Res.,;.-^^ (^^V^) ■ 

•A(yi(e^'^«(-x~2)^(o)t;,X2)«;(i) ® r2°(w,a;i)w;(2)) 
^p(^) ( a;o ^5 ( — I ^^((m, I a I (w(i) (g) F2°(^, a;)w(2)) 



— X2 



rpiz) [x,'6 iy^^^j Yt{u,x,)j aJ (Fi(e^^«(-x-2)^Wt;,X2)ti;(i) ®ti;(2)) 

-I-Resj;,^"^^ ( ) ReSajoXn ^5 ( ^ ) ( — ) • 

\ z J \ xo J \ z J 

•A(ri(F(e^'^«(-x-2)^(°)t;,X3)e-'i^«(-xr')^(°)w,xo)«;(i)®«;(2)) 
-Res,3xr'(5 (^^] x^'6 (^^^) ^(^(D ® >'2°(>'(^, a^s)^, Xi)t/7(2)). (6.14) 
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Since A satisfies the P (2;) -compatibility condition ()5.136|) . by ()5.87p the sum of the first 
two terms of (j6.14j) is equal to 



-1 c- / ^1 ^ 



K{z){v,x)tp(,) [xq 6 [ — — — ) Yt{u,xi) J A J ® «;(2)) 



= Xo^S ^ j {ypiz)iv,x)Yp(^^^{u,xi)X) ®W(2)). (6.15) 

Changing the dummy variable X3 to where we use X3 to denote the new 

dummy variable, using ()2.11|) . ()2.6|) and ()6.ip . and then evaluating Res^jj, we see that the 
third term of ()6.14|) is equal to 

o T) -irfx'^-X2\ _i _i f X2 + X3X~^X^^\ fx^^-Xo\ 

■\{Yi{Y{e^'^'^'\-x-Y^''>v,-X3X~'x^')e^''^^'\-xi'f^''>u,xo)^^^^ 

± i I 2 \ _1 _1 _1 c- / ■'^0 \ — 1 r / ■'^1 -^O 



-Res^j^; 5 \^ J Res^^gX Xi X2 5 y J z S 



^ / X x^x X-^ 



z 



_ I _i —Trf XQ X3X Xi \ —IrfXl Xq 

■X X^ X2 \ Z { 

V ^2 J \ Z 

(CC I X' ^X' ^ Xi 
— 
Z + Xq 

_1 -1 -I. ( Xq- X3X-^X'^^\ (z + Xq 
■X Xi Xn XiO — j— 

V ^2 J \ X^ 

■\{Yi{Y{e'''^^^\-x-^f^^^v,-X3x"^x^^)e^^''^^\-x^''f^^ 
— ReSjioReSajoXi^ 



X ^ + X^X ^Xi ^ 

V 

_1 _i -I. f Xq- X2,X'^Xi^\ [z + Xq 

■X Xi X2 \ XiO — — j— 

V X2 J \ X^' 

■\{Yi{Y{e^'^^^\-x-Y^''\,-X3X~^x^^)e^''^^^\-x^Y^''\,x^)w^^^ 
-Res.3Res.,xr^^ 

V X2 / V ^ 
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= — ReSaioReSajoXi ^6 { - — — ] Xn^6 { — — — \ z ^6 ( — — ) • 

\ Xi J V ^2 J \ z J 

.A(yi(e-i^«(-a:r')^(°)r(t;, x,)u, Xo)w(i) ® ^(2)) 

- -Rewr'^ (^) (^) . 

.A(y,(e-'i^«(-a;r')^(°)r(t;, xs)^, xo)w(i) ® ^(2)). (6.16) 
From (|6.16|) . (j5.86p and (j5.136p . the sum of the last two terms of (|6.14|) becomes 

.X(Y^ie^^'^^'\-xff^'^Yiv,xs)u,xo)w^l)®w^2)) 



-Res^gX^^^ {— — j Xq^5 { ] ®Y2{Y{v,x^)u,xi)w(2)) 

= -Resx^x];^5 (^—^^ (^^Pi^) (^^0^^ — ~) ^t0^i^^^3)u,xi)^ (w(i) (g)W(2)) 

^— J Res^gXj^^fJ ( — - — J (Fp(^)(F(f,X3)M,xi)A) ®W(2)). (6.17) 

Using ()6.15|) . ()6.17|) and the commutator formula for ^p(2), we now see that the right-hand 
side of ()6.14p is equal to 

X 1 



Xo^(5 — (F;(^)(t;,x)y;(^)(M,xi)A) {w(i)®W(2)) 

\ Xq / 

-Xq^6 (^^^ — Res^^x^^6 (^—^^ {'>^p(z)0^{^^^3)u,xi)X) (1^(1) ®W(2)) 

= Xq^S (-^—^^ {yp{^){u,xi)Yp^,){v,x)\) (w;(i) ®W(2))- (6.18) 

The formulas ()6.13p . ()6.14p and ()6.18p together prove ()6.1ip . as desired. For the Mobius 
case, the corresponding verification for Lp^^j(— 1), L'p^^^{0) and L'pfJl) is straightforward, 
as usual, and we omit this verification. The first half of Theorem 15 401 holds. 

For the second half of Theorem I5.4U1 suppose that A G {Wi ® 1^2)* satisfies either the 
P(2)-local grading restriction condition or the L(0)-semisimple condition. Assume without 
loss of generality that A is doubly homogeneous. From Remark 15.371 we see that for v & V 
doubly homogeneous, m E I1 and j = —1,0, 1, the elements Tp(^z){v ® t"^)X and L'p^^s^{j)X 
are also doubly homogeneous. Each such element /x lies in Wx, and so C Wx. Thus /i 
satisfies the P(2;)-local grading restriction condition (or the L(0)-semisimple condition), and 
the second half of Theorem 15.401 follows. □ 
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6.2 Proofs of Theorems IHTTOl and IHTTTI 



In this subsection, we follow |HL6j : the arguments given there carry over to our more general 
situation with very little change. We first prove certain formulas that will be useful later. 
Let A e {Wi (g) W2)*, G Wi and W(2) G W2. From ()5.169j) we have 

(^Q(^)(0)A)('u;(i) OW(2)) 

= A((L(0) - zL{l))w^i) ® w^2)) - Hw^i) ® (^(0) - zL{-l))w^2)), (6.19) 

where (as usual) we have used the same notations L(0), L(— 1), L(l) to denote operators 
on both Wi and W2- For convenience we write L{—1) = Lg|.^-|(— 1), L(0) = Lq(.^^(0) and 
L(l) = L'q^^^{1) in the rest of this section. There will be no confusion since the operators 
act on different spaces. 



Lemma 6.2 For X e (Wi ® 1^2)*, W(i) G Wi and W(2) G W2, we have 

^L(O) 

A(^(^l--j w;(i)®(^l--j «;(2)j. (6.20) 



1 - — j Aj(W(i) (g) W(2)) 



Proof From (fOT^ . 

L(0) 



1 - — j A)(W(i) (g) W(2)) 

= (e^Wi°s(i-^)A)(«;(i)®«;(2)) 

= A(e(^W-^^(^))i°s(i-^)«;(i) ® e~(^W-^^(-^«'°s(^~^)«;(2)) 

= A((1-^) □ (6.21) 



Lemma 6.3 For v eV , 

W ^ (1 - ^)^'°'>«4(i - ^)"^'°V^)(i - ^)-^'°'. (a.22) 

r/izs formula also holds for the vertex operators associated with any generalized V -module. 

Proof The identity (|6.22p will follow from the formula 

e^^Wr^(,)(t;, a;)e-^^W = F4,)(e^^(°)t;, e^x). (6.23) 

To prove this, assume without loss of generality that wt f = /i G Z, and use the L(— 1)- 
derivative property (j5.154|) and the commutator formulas (j5.160|) and (j5.172|) to get 

[L(0),r^(,)(t;,a;)] = + (6-24) 

Formula ()6.23|) now follows from (an easier version of) the proof of ()3.84|) . □ 
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Lemma 6.4 Let L{—1) and L{0) be any operators satisfying the commutator relation 

[L(0),L(-1)] = L(-1). (6.25) 

1-^) =ey^^(-^Ul-lfl) . (6.26) 



X / \ X 

Proof We first prove that the derivative with respect to y of 

is 0. Write A = {1 - y)m-^L{-i) ^ B = {1 - y)-^^°\ C = e-^'y^^-^l Then 
^{ABC) = -A{l-yy\L{0)-xL{~^)))BC 



dy 



+A{l-y)-^L{0)BC 

-xABL{-l)C. (6.27) 



Using (jH.Tlj) we have 

BL{-1) = (l-^)-^(o)L(-l) 

= L(-l)e(" iog(i-?/))L(o) g- log(i-y) 
= L(-l)(l-y)-^W(l-y)-^ 

= {l-y)-'Li-l)B, (6.28) 
and substituting ()6.28p into ()6.27p gives 

-^(ABC) = -A{l-y)-^L{0)BC + xA{l-y)-^L{-l)BC 
dy 

+A{1 - y)-^L{0)BC - xA{l - y)-^L{-l)BC 
= 0. 

Thus ABC is constant in y, and since ABC = 1, we have ABC = 1, which is equivalent 
y=o 

to dniini)- □ 

Proof of Theorem \5.7U{ As always, the reader should again observe the justifiability of each 
formal step in the argument. 

Let A be an element of (Wi®W2)* satisfying the (5(-2)-compatibility condition, that is, (a) 
the Q(2)-lower truncation condition — for all v E V, Y'g^^-j(f , x)A = TQ(^z)(Xt{'v,x))\ involves 
only finitely many negative powers of x, and (b) 



rQ{z) {z ^6 { ^ ^° ] Yt{v, xo) ] A 



z 



z-H { ^L_^ ) r^(^)(t;, So) A for all v eV. (6.29) 
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By and (|5.152ll . (IFT^ is equivalent to 

Xq^5 \{Y°{v,xi)w(i) (g)W(2) 



-Xq^S ®Y2{v,xi)w(2)] 

V J 



-Resy.xg ^5 y Kw{i) ® y2{v, yi)w(2))^ (6.30) 

for all f G V", W{i) G Wi and 1^(2) G W2. It is important to note that on the right-hand 
side the distributive law is not valid since the two individual products are not defined. One 
critical feature of the argument that follows is that we must rewrite expressions to allow the 
application of distributivity. 
By (I5.152|) . we have 



S y—^j '>^Q{z)ivi,Xi)YQ^^^{v2,X2)Xj Kl) ®W(2)) 

) (XQiz)i'VuXl)yQiz)i'V2,X2)X){W(^i) ® W^2)) 

= x,'6 (^^^^ {Res,,x^^6 ■ 

■(^Q(z)(^2, X2)X){Y{'{vi, ® W(2)) 

-ReSy.x^^S (^^3^^ (^Q(^) (^2,^2) A) («;(!) ®Y2{vi,yi)w(2)] 
= Xr^^6 I — ) [ReSy.xV^S ( — ) ReSy2X2^6 ( — ) • 

\ Xo J \ ^ \ Xi J \ X2 J 

■A(F°(f2, y2)Y-^{vi,yi)w(^i) ® W(2)) 
— ReSj/^a:^^(5 ^^^^^ — ReSy2X2^6 ^ • 

■XiY°{vi, yi)W(i) (g) Y2{V2, y2)W(2)) 

-ReSy^x^^S (^Q(z)(^2,a;2)A)(u;(i) O 12(171, ?/i)w(2))) . (6.31) 

From the properties of the formal (5-function, we see that the right-hand side of ()6.3H) is 
equal to 

(~^^^~^) {^^^y^y^^^ ("^yT") ^^^^2^^^*^ ' 

■\{Y°{v2, X2 + 2)yi°(i7i, Xi + 2;)w(i) (g) w;(2)) 



188 



—ReSyj^Hi ^6 (^~~~~~^ ReSy^X2 — ■ 

■\(Y"{vi,Xi + z)W(i) (g) Y2{V2, y2)W{2)) 
-ReSy,X^^5 (>Q(^)(^^2,X2)A)(W(i) ® l2(t^l,2/l)W(2)) 

j (\{Y°{V2, X2 + z)Y°{vi, Xi + z)W(^i) (g) 1(7(2)) 

-ReSy^Xa ^5 ( ^ — — ) A(F°(t;i, xi + z)w(i) ® Y2{v2, 2/2)^^(2)) 



-3^2 / 

-ReSy.x^^S (^^—^^ iYQ(z)iv2,X2)\)iw(i)0Y2{vi,yi)w(2))y (6.32) 

From the L(— l)-derivative property for Yi, the L(— l)-derivative property ()2.62|) for Y^ and 
the commutator formulas for L(— 1), Yi(-,x) and for L{1), Yi{-,x) (recall Lemma f2 .221) . we 
obtain 

Yi{v,x + z) = Fi(e"^(-i)f,x) 



e ' '^^Yi{v,x]e 
n\ dx"^ 



~n Jn 

Y.-^^'^^M (6.33) 



n>0 



and 

Y°{y,x + z) = Y°{e'^^-^^v,x) 



~n Jn 

E^7Z-yr>.-)- (6-34) 



n! fix' 

n.>0 



(Note that all these expressions are in fact defined.) Using ()6.34p . we see that the right-hand 
side of ()6.32|) can be written as 



Xo'S [-^^) (A(ri°(e/^(-i)i;2,a;2)n°(e^^(-i)t;i,a;i)^(i) ® t^(2)) 

-Resy,x2'5 (^£^) A(F°(e^^(-i)t;i,xi)w(i) ®F2(t^2, 2/2)^(2)) 
-ReSy^x-^6 ^) (XQiz)iv2,X2)\){w(^i)®Y2{vi,yi)w(^2)) 
= (^^^) (A(e-^^«n"(t;2,X2)n°(t;i,xi)e^^«u;(i) ® ^(2)) 
-Res,,X2-^5 (^^) A(e-^^«Fi"(t;i,xi)e^^««;(i) ® F2(t;2,l/2)«;(2)) 
-ReSy^x^^S ( ^_ (FQ(^)(t;2,a;2)A)(w(i) ® ^2(^71, ?/i)w(2))) . (6.35) 
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Note that it is easier to verify the well-definedness of the terms on the right-hand side of 
(|6.32|) than that of the terms in (j6.35|) . though (|6.35|) is sometimes easier to use if it is known 
that every term is well defined. Below we shall write expressions like those on the right-hand 
side of ()6.32|) in whichever way suits our needs. The distributive law applies to the right-hand 
side of ()6.32|) (or ()6.35|) ) since all three of the following expressions are defined: 

Xo^S ( ^^ ^ H^l{v2, X2 + z)Y°{vi, Xi + ^)W(l) ® W(2)), 

Xq^S (^-^—^—^^ Resy^x2^6 X(Y"{vi,xi + z)w(i) ® 12(^72, 2/2)^^(2)), 

1 /xi-X2\^ _i^fz-yi 



Xo^5 y — — J Resy^x^^5 y—^j (^Q(^)(^2,a;2)A)(w(i) ®Y2{vi,yi)w(2)). 

Now we examine the last expression in ()(i.35j) . Rewriting the formal (5-functions Xq^5 { ^^~^^ 
and Xi^5 ^^i^j, and using Lemma [6.31 and (j2.1ip . we have: 

-i.(xi~x2\ -uf^~y^ 

Xn iieSy.x, 

\ Xq J " ' \ -Xi 

■{yQiz){v2,X2)X){W(^^®Y2{Vi,yi)w^2)) 



Aj(u7(i) (g) F2(t^l,yi)W(2)) 



1-- y^aii-'-) V2 



1 _ ^1 j Aj (^(1) Y2iv,, yi)w^2)). (6.36) 



z / 

By Lemma and ()6.29|) . the right-hand side of ()6.36|) is equal to 



-xi/z 
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1 j [I j y2{Vl, yi)W(^2) j 



Xi/z 



^.L(0)-.L(1) , ^ (X(O)-.L(-I)) . 

■(^(^1-— j j F2(fi,l/i)w(2)j- (6.37) 

By the right-hand side of ()fi.37j) becomes 



x-i/z 



1-- Y2ivuyi)w^2))). (6.38) 



Using Lemma ini21 again but with 1 — ^ replaced by (1 — — ) ^, rewriting formal 5- functions 
and then using the distributive law, we see that ()6.38p is equal to 



Res^.Xi ^6 (- — ^^j—] (—Xo^S (— — —] 
V -xi/z J \ V -^2 J 



y^.L{0)-zL{l) . 
1 - — j W(l) ® ^2(^^1, yi)W(2)J 

-IjrfXl-xA f f y,^m-zL(-l) 

+X2 



2;/ -(l-yi/^;) 

/ y^s-{L{0)-zL(-l)) 

y- — j >2(^^i,yi)w(2)) 



191 



l-yi/z\ _^ fxo-xi 



ReSy-^^x-^ 5 I — X2 5 



Xi/Z J \ -X2 



y.Ll<d)-zL{l) . 
— J W(i) (g) l2(fi, ?/i)W(2) j 



L(0)-^L(-1) 7/i\-i(0) xo 



2;/ VV 

y X -(L(0)-2L(-1)) s 

1-- F2(t;i,yiM2) . (6.39) 



z 

But by Lemmas 16.41 and 



W z) ' -{l-yi/z)J\ z 

= 'i^2(^^2, -xq - {z- yi) + 

= y2(e^^(-^)t;2, -xo - - 1/1)). (6.40) 
We similarly have, using Lemmas 16 .41 and l6 . 31 for Yl{v2-, x) and then using (j2.73|) and Theorem 

zJ ^ \\ zJ ' — (1 — yi/2;) / V zJ 

= e-y'''^^^Y°{v2, -xo)e^^^(^) 
= Y{'{v2,-xo + yi) 
= Y°{v2, -xo - (z- yi) + z) 

= r°(e^^(-i)t;2, -Xo - (z - yi)). (6.41) 

Substituting ()6.40p and ()6.4ip into the right-hand side of ()6.39|) and then combining with 
dnSSll-dnSni), we obtain 

— — j Resy,x^^5 ( j {YQ^^){v2,X2)\){w(i)®Y2{vi,yi)w(2)) 
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-iieSy X, ] Xo 

-Xl J \ -X2 



■\iY°(v2,-xo - (z-yi) + z^W(i) 'S)Y2{vi,yi)w(2)) 

+ReSy.x7^6 ( — ) Xo^S ( — ) ■ 

V -xi J \ X2 J 

■\{w(i) ® Y2{v2, -xo + yi)Y2{vi,yi)w(2))- (6.42) 

(We choose the form of the expression from ()fi.4H) in anticipation of the next step.) 
By ^rn\ and the right-hand side of (jO^ is equal to 

—X2^6 ^ — — ReSyj^Xi^6 ^ ■ 

■\(Y"{V2, -Xo + Xi+ ^)W(l) ® Y2{Vi, yi)W{2.)) 

+X2'5 (^^) Res,,xr^5 (^) ■ 

■A(w(i) (g) Y2{v2, -Xo + yi)Y2{vi,yi)w^2)) 
= —Xn^d ( ^° ] ReSy-.x7^6 ( - — — ] ■ 

\ X2 J \ -Xl J 

•A(ri"(e"^(-i)i;2, X2)w^i) ® >2(t^i, l/i)w(2)) 
-\-Xn^5 I — I ReSy, a;7^(5 ( ^ | ■ 

\ X2 J \ -Xl J 

•A(w;(i) (g) Y2{v2, -Xo + yi)Y2{vi,yi)w(^2))- (6.43) 



Since 



-Xo + yi 



ReSy^y^ ^6 

^ V 2/2 

the right-hand side of ()6.43j) can be written as 

—Xo Kes„, Xi 

\ X2 J V -Xl 

■A(F°(e"^(-i)t;2, X2)w;(i) ® Y2{vuyi)w(^2)) 

-icfxi-xo\ -ixf^~yA-D -i.f-xo + yi 

+Xr, Kes„, Xl KeSuoVo o 

\ X2 J ^ \ -Xl J ' \ y2 

■X{w(i) (g) ^2(^2, -Xo + yi)Y2{vi, yi)w(^2))- (6.44) 



By and ^TTT} . (jO^ becomes 

1^ ( — — — I ReSy,x7^6 I ^ I 

\ -Xo J ^ \ -Xl J 



X{Y°{e'^^-^^V2, X2)w(i) ® Y2{vi,yi)w(^2)) 
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y2 



V 2:2 / V -^i J 

Xn""^ I — I Res„, a;7^5 ( ^ ) ■ 

■A(F°(e"^("i)t;2, X2)w;(i) ® ^2^,7/1)^(2)) 
-ir/a;i-xo\ _i _^ (-XQ + yi 

V X2 / ■ V J 

■\{W(i) (g) ^2(^2, y2)>^2(^l, yi)w^(2)) 

xo ^5 (^^) (^) • 

■A(F°(e"^(-^)t;2, X2)^i;(i) ® r2(t^i, l/i)w(2)) 
— a;o ^5 I — — — I Res,,, Res 



y2 



a^2 



■(X2 + Xq) ^5 ( — — ^ ]xq^5( — — — 
■A(tt?(i) O Y2{v2, y2)y2{vi, yi)W{2)) 

Xn^5 I — — ^ I ReSuiX7^(5 ( ^ ) • 

■\{Y^{e'^^-^^V2, X2)w(i) ® Y2{vi,y^)w(2)) 



^ ) Res„. Res,,„X2 ^5 { ^ \ Xn^5 { — — 

X2 ) V ) \ -a;o 

■A(it?(i) O ^2(^2, y2)>2K, 2/i)w^(2))- (6.45) 
Substituting (IFTi^ - ljOHIl into we obtain 

^Q(z)(^i.a;i)V'Q(^)(t^2,a;2)A^ (w{i) ®W{2)) 
1 r / ^1 ~ ^2 



^0''^ A(F°(e^^(-i)t;2,X2)F°(e^^(-^)t;i,Xi)«;(i) ®«;(2)) 

V ^0 / 

—Xn^b I ^^^^^ — ^ I Res„„X9 ^5 I - — ^ I • 

■A(F°(e"^(-^)t;i, xi)w(i) ® r2(t^2, a;2)w(2)) 

•A(F°(e^^('^)t;2, X2)w;(i) ® r2(i;i, yi)w;(2)) 

— ReSy^ReSy2a;2^^5 ^ Xg ^5 ^^^^ — ■ 

■A(w(i) ® F2(t;2,y2)^2K,l/i)w(2)). (6.46) 
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Now consider the result of the calculation from ()6.42|) to ()6.45|) except for the last two 
steps in (I6.45|) . Reversing the subscripts 1 and 2 of the symbols v, x and y and replacing xq 
by —Xq in this result and then using (j2.6j) . we have 

Xn Kes^^Xn 

V -a^o / ' y -X2 

■ (^Q(^) K > ) A) («;(!) ® 1^2 (^^2 , 1/2) W(2) ) 

_i fxi-X2\ _i^[z-y2 
= Xn \ Kes„„X9 

■\{Y°{e'^^-^~^Vi, Xi)W(i) ® Y2{V2, X2)W^2)) 

—X2^6 i — — — J ReSy^ReSj^2^^^(5 ( — ) Xq^6 ( — — — 

■A(w(i) (g) 2/1)^2(^^2, 2/2)^(2))- (6.47) 

From (j6.31|) - (|6.35|) . again reversing the subscripts 1 and 2 of the symbols v, x and y and 
replacing xq by —Xq, and (j6.47p . we have 

) ^Qiz)iv2, X2)Yl^^^^{vi, Xi) ■ A J (W(i) ® ti;(2)) 

= -x^'S (^^^) A(Fi''(e^^(-i)t;i,xi)y°(e^^(-i)t;2,X2)u;(i) ® ^(2)) 

■A(ri"(e"^(-i)i;2, X2)u;(i) ® Y2{vu yi)w^(2)) 
+Xn ^(5 I -^^ — — I Res„,a;n""'^(5 ( - — — 

■A(y°(e"^(-i)t;i, xi)w;(i) ® r2(t^2, a;2)w^(2)) 

—X2^6 I — !^ ^ j ReSyjReSj^2X2"^5 | — j Xq^6 i — — — 

\ X2 J \ —X2 J V ^0 

■A(w(i) (g) Y2{vi, yi)Y2{v2, y2)w{2)). (6.48) 
The formulas ()6.46|) and ()6.48p give: 



~^o^^ ^Q(^)(^^2,2;2)V'Q(^)(t;i,xi))A)(w(i) (g)w;(2)) 

a((xo-^5 (^^) n"(e^^(-i)t;2,X2)yAe^^(-^)t;i,xO 

-^o''^ (^T^) n°(e^''^~'^^i,^i)n"(e^^^"'^^2,X2))^(i) ® ^(2) 
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-ij- Xi-Xo\ z-y2 

' ^ X2 J ^ y 

•A(w(i) ® (^Xq^5 y—^j Y2{vi,yi)Y2{v2,y2) 



-^o'^ (^^I^) ^2(^2, 2/2)>^2K, 2/1)) w^(2)). (6.49) 
From the Jacobi identities for Y° and Y2 and ()H.58j) . the right-hand side of ()fi.49|l is equal to 

—Xo^6 I — — — I Res„, Res^^Xo ^(5 ( - — — | v^^6 { — — — 
' \ X2 J ' \ -X2 J^' \ y2 

■A(W(1) (g) Y2(Y{Vi, Xo)v2, y2)W(2)) 
Xi-_Xq 
X2 

' \ X2 J ' \ -X2 J^' \ y2 

•A(w(i) (g) Y2{Y{vi, Xo)v2, y2)w(2))- (6.50) 

Using ()6.34p . evaluating Res^^ and then using the definition of Y^f^.^^ (recall ()5.152p ). we 
finally see that the right-hand side of (j6.5U|) is equal to 

j \{Y^{Y{Vi,Xq)v2,X2 + z)Wi^i) ®W(2)) 

_i /xi-xo\ .ij.fz-y2 
—Xo Res„oXn ' 



X^Y{'{e''^^-'^Y{v,,xo)v2, X2)w^i) ® W(^2) 



^2 " I / ^^^'^y2-^2 

X2 V -X2 



•A(u;(i) ® F2(F(t;i, Xq)v2-, ^2)^(2)) 
X2^8 {— — ^) (yQ(^)(r(fi,xo)f2,a;2)A)(w;(i) ® W(2)), (6.51) 



X2 



proving Theorem I5.7()[ □ 



Proof of Theorem 5. 71 Let A be an element of {Wi W2)* satisfying the Q(2;)-compatibility 
condition. We first want to prove that each coefficient in x of Yq^^-^{u,xo)Yqi^^-^{v,x)\ is a 
formal Laurent series involving only finitely many negative powers of Xq and that 



TQiz) yz ^6 — - — j Yt{u,xo)j Y^^^){v,x)X 

= f^i^) r<^(.)(«,xo)F^(,)(t;,x)A (6.52) 
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for all u,v gV. Using the commutator formula for Yq(^z)^ have 



(Q^ y \ 
Pqw(^(^'^)"'^o)A. (6.53) 
Xq J 



Each coefficient in x of the right-hand side of ()6.53|1 is a formal Laurent series involving only 
finitely many negative powers of xq since A satisfies the Q{z)-\owei truncation condition. 
Thus the coefficients in x of Yq^^^-^{v , x)\ satisfy the Q(z)-lower truncation condition. 
By (l^.l^ljl and (|5.15'4 . we have 

TQ(z) (^^'^6 { ^^ ^ Ft(M,xo)^ FQ(^)(t;,x)A^ (w(i) ®w;(2)) 

= Xq^6 {Yq(^,){v,x)\){Y-^"{u,Xi)w^i) ® W(2)) 



-Xq^5 (rQ(^)(f,x)A)(w;(i) ® F2(M,a;i)w(2)) 

X^H ( ^^^^^ ] (\{Y°{V, X + Z)Y°{U, Xi)w^i) ® Wi2)) 



Xq 

Xq 

Xo 

-ReSx^x^^S A(Fi°(m,xi)m;(i) ^Y2{v,X2)w^2)] 

-xo'6 (^^) (A(r°(e^^(-i)t;,x)w(i) ® r2Kxi)w(2)) 



-Res^2a; ^5 ( ^— ^ j K'^{i) ® '^2(^, X2)Y2{u, xi)w^2))j ■ (6.54) 



-X 

Now the distributive law applies, giving us four terms. Inserting 

ReSx^x^^S i ^ ^ ^ ] = 1 



X4 



into the first of these terms and correspondingly replacing x + z hj X4 in Y^{v, x + z), we can 
apply the commutator formula for Y° in the usual way. Also using the commutator formula 
for Y2, ()2.6p and ()2.11|) . we write the right-hand side of ()6.54|) as 

Xo^5 ( ^^^^ ) X{Y°{u,xi)Y°{v,x + z)w^i)0w^2)) 

\ Xo / 

-Xq-^S (— — -] ReSx^ReSx^Xi^ 5 (— — —] x^'^5 ( ^—^] ■ 

\ Xo J \ Xi J \ Xi J 

■X{Y"{Y{V, X3)U, Xi)W(i) (g) 1(7(2)) 

— — j Res^2X~^5 { _^ j A(y°(u,xi)u7(i) » ^2(1;, X2)w(2)) 
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-Xo'(5 ( ) A(F°(e^^(-i)t;,x)w;(i) ®r2Kxi)«;(2)) 



Xi 



o'S (^^) XiYriu,x,)Y,°ie^'^^-%,x)w^,)®w^2)) 
-x^H (^-—^\ A(r°(e^^(-^)t;,x)w;(i) ® F2Kxi)«;(2)) 

-Res.,x-5 (^) (^0 ^5 

■A(F°(m,xi)w(i) (S) y2(^^,a;2)w(2)) 

-XqM ( — ) X{W(i)®Y2{u,Xi)Y2{v,X2)W(^2)) 

X + Z — Xz 
Xo + z 



Xq 

ReSx^^ReSxsixo + z)~^6 



_i ix + z\ _.fxi-z 
■Xa d Xn d 



■\{Y"{Y{V, X3)U, Xi)W(i) (g) W(2)) 

— ReSj^jRes^^gX I I X2 



■^0 ^'^ (^-— ^ j -^(^(1) ® ^2(>^(^^, a;3)M, xi)w(^2))^ ■ (6.55) 

Using ()5.151|1 and ()2.f)j) and evaluating suitable residues, we see that the right-hand side 
■55j) is equal to 



— ReSroa; ^5 



Xi — Xq 

-2 - X2 



rQ(,) ( z-'6 ( ^— ^ ) Y,{u, xo) ) A ) (F°(e^^(-i)t;, x)«;(i) ® «;(2)) 



^2 

' -1. f Xi-Xq 



z 



TQiz) (z 6 ( Yt{u,Xo) A (g) Y2{V,X2)W^2)) 



X — X3 
Xo 

Xo 



■Xo^5 ( ) X{Y°{Y{v, X3)U, Xi)w(i) (S)W{2)) 
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X 

■Xq^^S K^{1) ® Y2{y{v, X3)U, Xi)W(2)) j . (6.56) 

Using (jS.lSlj) and ()5.152|1 . we find that the right-hand side of ()6.56j) becomes 

'>^Q{z)iv,x)TQ^z) Iz'^S l^±_^ \ Yt{u, Xo)j Xj (W(l) ®W(2)) 



-( ReSi^gXo ^6 



Xo 



■TQiz)(^Z 1^ / ^1 ^ ^0 j Yt{Y{v,X3)u,Xo)^\^{w^i) ®W(2))- (6.57) 



By the compatibility condition for A and the commutator formula for Yq(^z)^ right-hand 
side of ()6.57p is equal to 

-lr/^l"~^o\/-r5 -I X ( X — X^ 

-z I I I KeSi,.3a;Q o ' 



Xq 

■^Q(^)(^(^5 X3)U, Xo)\) (W(i) ® W^2)] 



-Res^^XQ^6 (- — ^ j Yq^^^(Y{v,X3)u,xo)^\^{w(^i) ®W(2)) 



Xo 

= (r^(,)(«,a;o)r^(,)(t;,x)A)(u;(i) w^^))- (6.58) 

This proves ()6.52|) . In the Mobius case, the three operators are handled in the usual way. 
The first part of Theorem 15.711 is established. 

The proof of the second half of Theorem 15.711 is exactly like that for Theorem I5.4(JI □ 
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